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Editorial Help: Klára Hrůzová, Palacký University, Olomouc, Czech Republic

Book Reviews: Ernst Stadlober, Graz University of Technology

Printed by Statistics Austria, A-1110 Vienna

Published approximately quarterly by the Austrian Statistical Society, C/o Statistik Austria
Guglgasse 13, A–1110 Wien

c© Austrian Statistical Society

Further use of excerpts only allowed with citation. All rights reserved.



Contents

Page

Matthias TEMPL: Editorial . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Sanku DEY, Tanujit DEY, Sudhansu S. MAITI: Bayes Shrinkage Estimation of
the Parameter of Rayleigh Distribution for Progressive Type-II Censored Data . 3

Ricardo RAMÍREZ-ALDANA, Guillermina ESLAVA-GÓMEZ: Restricted Gra-
phical Log-linear Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

Deepesh BHATI, D V S SASTRY, PZ MAHA QADRI: A New Generalized
Poisson-Lindley Distribution: Applications and Properties . . . . . . . . . . . . . . . . . . . 35

Rahul BHATTACHARYA, Uttam BANDYOPADHYAY: On a Class of Optimal Ty-
pe Covariate Adjusted Response Adaptive Allocations for Normal Treatment Re-
sponses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

Peter FILZMOSER: Zur Emeritierung von O. Univ.-Prof. Dipl.-
Ing. Dr. techn. Rudolf Dutter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67





1

Editorial
The Rayleigh distribution is especially used in reliability theory and survival analysis.

The first paper of this issue extends exising methodology for progressive type-II censored
data, considering the removal of surviving experimental units before the termination of a
test.

In the second contribution a restricted graphical log-linear model – a special case of
hierarchical log-linear models – is extended by setting equality restrictions not only on
the main effects and first-order interactions, but also on higher-order interactions.

In 1958, Lindley proposed a distribution which is named after himself. A lot of work
has been done to show the properties of this distribution, and modifications of these dis-
tributions were published in recent years. In the third paper, it is shown that the propo-
sed generalized Poisson-Lindley distribution can be considered as an alternative to well
known distributions such as the Poisson, the Poisson-Lindley, the negative binomial, the
weighted generalized Poisson distribution, and in general to model highly skewed data.
This new distribution can be applied in applications of actuarial sciences or in the deter-
mination of bonus–malus benefits for non-life insurance products, for example.

Response adaptive allocation is a useful technique in clinical trials for comparing two
treatments, which is the content of the fourth paper. Under the presence of treatment co-
variate interaction, several exact and asymptotic properties are studied and compared with
a reasonable alternative hypothesis.

The picture on the cover page is dedicated to Rudolf Dutter. It shows a sign on a hiking
trail where he went often. Rudolf Dutter retired in October 2015. He was a pioneer in
computational statistics who brought a new thinking to the statistics department at the
Vienna University of Technology – the research and method development in statistics
with support of computers and software. Because of him, several Austrian researchers got
in touch with the important field of Robust Statistics. His career, but also his personality
that postively influenced many students and colleagues, is reflected in a Laudatio by his
close collaborator Peter Filzmoser.

Matthias Templ
(Editor-in-Chief)

Statistics Austria & Vienna University of Technology
Wiedner Hauptstr. 8–10
A–1040 Vienna, Austria
E-mail: matthias.templ@gmail.com

Vienna, December 2015

mailto:matthias.templ@gmail.com
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Visva-Bharati University

Abstract

This paper derives Bayes shrinkage estimator of Rayleigh parameter and its associated
risk function based on conjugate prior under the assumption of general entropy loss func-
tion for progressive Type-II censored data. Risk function of maximum likelihood estimate,
Bayes estimate and Bayes shrinkage estimate have also been derived and compared. An
empirical Bayes estimate procedure has been suggested to include a guess value in case
of the Bayes shrinkage estimation. Risk function of empirical Bayes estimate and empir-
ical Bayes shrinkage estimate have also been derived and compared. In conclusion, an
illustrative example is presented to assess how the Rayleigh distribution fits a real data
set.

Keywords: Bayes estimate, conjugate prior, empirical Bayes estimate, Rayleigh distribution,
risk function.

1. Introduction

Rayleigh distribution first introduced in the literature by Lord Rayleigh (1980) has been
widely used in reliability theory and survival analysis because of it’s flexibility and simplicity.
An important characteristic of the Rayleigh distribution is that its failure rate is a linear
function of time. The reliability function of Rayleigh distribution decreases at a much higher
rate than the reliability function of exponential distribution. The probability density function
of one parameter Rayleigh distribution has the form:

f(x | θ) =
x

θ
exp

(
−x

2

2θ

)
; x > 0, θ > 0. (1)

and the cumulative density function (cdf) has the form:

F (x | θ) = 1− exp
(
−x

2

2θ

)
; x > 0, θ > 0. (2)

In recent years, several authors have carried out extensive studies in relation to the estimation,
prediction and other inferences with respect to Rayleigh distribution. Sinha and Howlader
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(1983) obtained credible and highest posterior density (HPD) intervals of the parameter and
reliability of Rayleigh distribution. Ariyawansa and Templeton (1984) have also discussed
some of its applications. Howlader (1985) obtained HPD prediction intervals for the Rayleigh
distribution. Howlader and Hossain (1995) obtained Bayes estimators for the scale parameter
and the reliability function in the case of Type-II censored sampling. Abd Elfattah, Hassan,
and Ziedan (2006) studied the efficiency of the maximum likelihood estimates of the param-
eter under three cases, namely, Type-I, Type-II and progressive Type-II censored sampling
schemes. Wu, Chen, and Chen (2006) obtained Bayes estimators and highest posterior den-
sity credible intervals for parameter and reliability function of the Rayleigh distribution, as
well as the Bayes predictive estimator and prediction interval for future observations based
on progressively Type-II censored samples. Hendi, Abu-Youssef, and Alraddadi (2007) ob-
tained Bayes estimators of the scale parameter, reliability function and failure rate by using
non-informative prior and Hartigan prior based on upper record values. Dey and Das (2007)
obtained Bayesian predictive intervals of the parameter of Rayleigh distribution. Dey (2009)
also obtained Bayes estimators for the parameter and reliability function of the Rayleigh
distribution under different loss function. Dey (2009) also studied the Bayes estimators for
the parameter and reliability function of Rayleigh distribution based on complete as well as
Type-II censored samples, also compared relative risk functions.

Our key role is to obtain Bayes shrinkage estimator for the parameter of Rayleigh distribu-
tion, which is different than the approaches referenced above. The shrinkage estimator are
valuable as in many practical situations, the experimenter has some prior information about
the parameter value in the form of a point guess value and that value can be used to make
inference of the parameter. In this condition, our parameter of interest is θ and thereby the
guess value θ0 can be used to make inference for θ. In this article, we use an empirical Bayes
estimation procedure for θ0 based on sample observation.

Several authors have considered the use of the point guess value for inferences with regard
to the parameter. For instance; Prakash and Singh (2006) studied shrinkage estimators for
the inverse dispersion for inverse Gaussian distribution under LINEX loss function. Singh,
Prakash, and Singh (2007) studied shrinkage estimators for the shape parameter of Pareto
distribution using the LINEX loss function. Singh, Singh, Singh, and Upadhyay (2008) studied
the Bayes estimators of the failure rate and reliability function for a one-parameter exponential
distribution by utilizing a point guess estimate of the parameter. Prakash (2009) obtained
some shrinkage estimators and the Bayes estimators for the shape parameter of a Pareto
distribution under the general entropy loss function. Al-Hemyari and Al-Dabag (2012) studied
a class of shrinkage estimators for the shape parameter of the Weibull lifetime model. Salman
and Shareef (2014) studied preliminary test single stage Bayesian shrinkage estimator for the
scale parameter of an exponential distribution under the improper prior distribution using
the quadratic loss function.

Perhaps the most popular technique that utilizes the point guess value is the shrinkage tech-
nique, originally suggested by Thompson (1968). The shrinkage estimator performs better
than the usual estimator when a guess value is approximately the true value of the parameter
given the sample size is small. Thompson (1968) considered the problem of shrinking an
unbiased estimator ζ̂ of the parameter ζ toward a natural origin ζ0 and suggested a shrinkage
type estimator kζ̂ + (1− k)ζ0, where k (0 < k < 1)is a constant.

The shrinkage technique has been utilized in numerous studies namely; mean survival time
in epidemiological studies (Harris and Shakarki 1979), projecting the money supply (Tso
1990), estimating mortality rates (Marshall 1991) and improving estimation in sample surveys
(Wooff 1985). In life-testing and reliability experiments, units that are subject to test are
sometimes lost or removed from the experiment before failure. Such units are usually called
the censored units.The most common censoring schemes are Type-I censoring and Type-II
censoring but one of the drawbacks of the conventional Type-I and Type-II censoring schemes
is that they are inflexible in removing units at that point of execution but rather at the end
of the experiment. One censoring scheme known as progressive Type-II censoring scheme
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overcomes this shortcoming and this has led to its popularity in recent years.

1.1. Review of progressive Type-II sampling

Progressive censoring is useful in both industrial life testing applications and clinical settings;
it allows the removal of surviving experimental units before the termination of the test.
Balakrishnan and Aggarwala (2000) provided a comprehensive reference on the subject of
progressive censoring and its applications. For further reading, the readers are referred to
Kundu (2008), Kundu and Pradhan (2009), Ng, Kundu, and Chan (2009) and the references
cited therein. A schematic representation of progressively Type-II right censored sample is
depicted in Figure 1.1 (Cramer and Iliopoulos 2010).

Under this censoring scheme, n units are placed on a test at time zero and m failures are to be
observed. When the first failure is observed, r1 of surviving units are randomly selected and
removed from the experiment. At the time of second failure, r2 of the remaining n − r1 − 1
units are randomly selected and removed from the experiment. Finally, at the mth failure
all the remaining surviving units rm = n−m− r1 − r2 − . . . − rm−1 are removed from the
experiment. In this censoring scheme, r1, r2, . . . , rm are all prefixed.
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Figure 1: Schematic representation of a progressively Type-II right censored sample where
x1:m:n, x2:m:n, . . . , xm:m:n denote the observed failure times and r1, r2, . . . , rm denote the cor-
responding numbers of items removed (withdrawn) from the test.

The key goal of our article is to obtain Bayes estimator and Bayes shrinkage estimator for the
parameter of Rayleigh distribution with conjugate prior distribution based on progressively
Type-II censored samples. Since we have no idea about the true value of the parameter θ
and thus the guess value θ0, so we propose to obtain the empirical Bayes estimate of θ0 on
the basis of sample observation to approximate the guess value θ0. Unlike the publications
cited above where the focus is on obtaining shrinkage estimator based on complete or Type-
II censored samples using exponential, Pareto or Weibull distribution, we have considered
Rayleigh distribution with progressive Type-II censoring schemes. Moreover, an empirical
Bayes estimate has been taken as guess value for obtaining Bayes shrinkage estimates. Also,
risk function of empirical Bayes estimate and empirical Bayes shrinkage estimate have been
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obtained for comparison.

The rest of the paper is organized as follows. Section 2 discusses prior and loss function used
in our Bayesian estimation. In Section 3, we obtained the Bayes’ estimators of θ and risk
function of maximum likelihood estimator, Bayes estimator and Bayes shrinkage estimator.
A simulation study is performed in Section 4, and a real life data is used in Section 5 for the
evaluation of classical Bayes estimate and Bayes shrinkage estimate and their estimated risks.
We conclude the paper in Section 6.

2. Prior and loss function

In the Bayesian approach, θ is considered a random variable with some specified distribution.
In this paper, we consider conjugate prior distribution of the form

g(θ | α, β) ∝ θ−(α+1)exp

(
−β
θ

)
, θ > 0, (3)

where α > 0 and β > 0. The advantage of using natural conjugate prior is that the resulting
posterior distribution will also belong to the same family. Furthermore, Jeffreys’ prior can
be obtained as a special case of (3) by substituting α = β = 0 and Hartigan’s prior can be
obtained by substituting α = 2, β = 0.

In many practical situations it is more realistic to express the loss in terms of ratio θ̂/θ. In this
case, Calabria and Pulcini (1996) proposed a loss function, the general entropy loss function
of the form:

L(θ̂, θ) ∝
[(

θ̂

θ

)p
− p ln

(
θ̂

θ

)
− 1

]
; p 6= 0, (4)

whose minimum occurs at θ̂ = θ. This loss is a generalization of the entropy loss used
by several authors [see, for example, Dey, Ghosh, and Srinivasan (1987) and Dey and Liu

(1992)], where the shape parameter p is taken to be equal to 1. If we assume, ln
(
θ̂
θ

)
=

θ̂ − θ i.e.,
(
θ̂
θ

)
= e(θ̂−θ), we get the linear exponential (LINEX) loss function of the form,

[
ep(θ̂−θ) − p(θ̂ − θ)− 1

]
which is proposed by Zellner (1986). Following Calabria and Pulcini

(1996), the Bayes estimators for the parameter θ given data x under general entropy loss
function (GELF) may be defined as

θ̂GB =
[
E
(
θ−p | x

)]− 1
p .

3. Estimation

Let X = (X1:m:n, X2:m:n, . . . , Xm:m:n) be a progressively Type-II right censored sample from
a life test of effective sample size m from a sample of size n, where the ordered lifetimes have a
Rayleigh distribution with pdf and cdf as given by (1) and (2) with a pre-determined number
of removal of units from the test, say R1 = r1, R2 = r2, . . . , Rm = rm. For convenience, we
write Xi:m:n as X(i), the ith ordered lifetime. Here the likelihood function of θ is given by

l(θ) = A.

m∏

i=1

f(x(i) | θ)[1− F (x(i) | θ)]ri , where A = n(n− r1 − 1)...(n−
m−1∑

j=1

rj −m+ 1)

= A.θ−me−
1
2θ

∑m
i=1(1+ri)x

2
(i)

m∏

i=1

x(i)

= A.θ−me−
T
2θ

m∏

i=1

x(i), (5)
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where T =
∑m

i=1(1 + ri)x
2
(i), and x(i) is the observation of X(i); i = 1, 2, ...m. Here the

maximum likelihood estimate of θ is θ̂MLE = T
2m . It is to be noted that θ̂MLE is an unbiased

estimator of θ.

Lemma 3.1 Under progressive Type-II censoring, T
θ follows a chi-square distribution with

degrees of freedom 2m.

Proof: Let Zi =
X2

(i)

2θ ; i = 1, . . . ,m, then Z1 < Z2 < . . . < Zm is a progressive Type-II
censored sample from the standard exponential distribution. Considering the following trans-
formations
W1 = nZ1

W2 = (n− r1 − 1)(Z2 − Z1)
W3 = (n− r1 − r2 − 2)(Z3 − Z2)
.................
Wm = (n− r1 − r2 − . . .− rm−1 −m+ 1)(Zm − Zm−1)
Hence W1,W2, . . . ,Wm are all independent and identically distributed as standard exponen-
tial. Then we have
2
∑m

i=1Wi ∼ χ2
2m, that is

2
∑m

i=1Wi = 2
∑m

i=1(1 + ri)Zi = 2
∑m

i=1(1 + ri)
X2

(i)

2θ = T
θ ∼ χ2

2m. �

Combining the prior density (3) with the likelihood function (5) and by using Bayes theorem
the joint posterior distribution is derived as follows:

π(θ | T ) =

(
β + T

2

)m+α
θ−(m+α+1)e−

1
θ (β+T

2 )

Γ(m+ α)
.

The posterior distribution of θ is inverse gamma with parameters (m+α) and
(
β + T

2

)
. Under

the general entropy loss function, the Bayes estimator of θ is the posterior expectation

θ̂GB =
[
E
(
θ−p | T

)]− 1
p

=

[∫ ∞

0
θ−pπ(θ | T )dθ

]− 1
p

.

On simplification we get,

θ̂GB =

[
Γ(m+ α)

Γ(m+ α+ p)

] 1
p
(
β +

T

2

)
. (6)

We choose the parameters of the prior distribution g(θ) such that E(θ̂GB) = θ0, where θ0 is
the point guess value of θ. This gives

E(θ̂GB) = θ0 ⇒ β =

(
1

c
−m

)
θ0,

where c =
[

Γ(m+α)
Γ(m+α+p)

] 1
p
.

Substituting this value of β in θ̂GB, we obtain the Bayes shrinkage estimator for θ under
GELF as

θ̂SGB = c.m.T1 + (1− c.m)θ0 = k1.T1 + (1− k1)θ0, (7)

where, k1 = c.m =
[

Γ(m+α)
Γ(m+α+p)

] 1
p
m and T1 = T

2m(= θ̂MLE).
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The pdf of W = θ̂GB
θ = a(θ) + b.Tθ is given by

fW (w) =





1
b.2mΓ(m)e

− 1
2

(
w−a(θ)

b

) (
w−a(θ)

b

)m−1
, w > a(θ),

0, elsewhere,

where a(θ) = c.β
θ and b = c

2 .

The pdf of V =
θ̂SGB
θ = e(θ) + d.Tθ is given by

fV (v) =





1
d.2mΓ(m)e

− 1
2

(
v−e(θ)
d

) (
v−e(θ)
d

)m−1
, v > e(θ)

0, elsewhere,

where, e(θ) = (1−k1)θ0
θ and d = k1

2m .

The risk function of θ̂GB under GELF is given by

RGB(θ) = E[L(θ̂GB, θ)]

= E

[(
θ̂GB
θ

)p
− p ln

(
θ̂GB
θ

)
− 1

]

= E

[(
a(θ) + b.

T

θ

)p
− p ln

(
a(θ) + b.

T

θ

)
− 1

]

=

p∑

j=0

p(p− 1) . . . (p− j + 1)

j!
a(θ)j(2b)p−j

Γ(m+ j)

Γ(m)

−p
∫ ∞

0
ln(a(θ) + b.w).

1

2mΓ(m)
e−

w
2 wm−1dw − 1 for p > 0. (8)

Similarly, we will have the risk function of θ̂SGB under GELF as RGBS(θ) and is given by

RGBS(θ) = E

[(
θ̂SGB
θ

)p
− p ln

(
θ̂SGB
θ

)
− 1

]
(9)

= E

[(
e(θ) + d.

T

θ

)p
− p ln

(
e(θ) + d.

T

θ

)
− 1

]

=

p∑

j=0

p(p− 1)...(p− j + 1)

j!

(
(1− k1)θ0

θ

)j (k1

m

)p−j Γ(m+ j)

Γ(m)

−p
∫ ∞

0
ln

((
(1− k1)θ0

θ

)
+

(
k1

2m

)
.w

)
.

1

2mΓ(m)
e−

w
2 wm−1dw − 1 for p > 0.

The risk function of θ̂MLE under GELF is given by

RMLE(θ) = E

[(
θ̂MLE

θ

)p
− p ln

(
θ̂MLE

θ

)
− 1

]

=
Γ(m+ p)

Γ(m)
− p[ψ(m)− ln(2m)]− 1 for p > 0, (10)

where ψ(.) is the digamma function.
To find the Bayes shrinkage estimator, we need a guess value of θ0 that at times could be
unknown. We will use the empirical Bayes estimate of θ in place of θ0. The Bayes’ estimator
given in (6) depends on α and β, and that in (7) depends on α, which are the parameters
of the prior distribution of θ. The parameters α and β, could be estimated by means of
empirical Bayes’ procedure (see Lindley (1969) and Awad and Gharraf (1986)). Given the
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random sample x, the likelihood function of θ has an inverse gamma density with shape
parameter (m − 1) and scale parameter T

2 . Following this, we can use the estimates of the
prior parameters α and β from the sample by (m− 1) and T

2 respectively. Hence we can take

θ̂0 as

θ̂0 = θ̂GB.emp =

[
Γ(2m− 1)

Γ(2m+ p− 1)

] 1
p

T

= cemp.T, (11)

with cemp =
[

Γ(2m−1)
Γ(2m+p−1)

] 1
p
.

To find out θ̂GBS.emp, we substitute θ̂0 in place of θ0 and hence

θ̂GBS.emp = cemp.m.T1 + (1− cemp.m)θ̂0

= k1.emp.T1 + (1− k1.emp)θ̂0

= k1.emp.θ̂MLE + (1− k1.emp)θ̂0

=

(
3

2
cemp −m.c2

emp

)
T = kempT. (12)

The risk functions of empirical Bayes estimator and empirical Bayes shrinkage estimator are

RGB.emp(θ) =
(2cemp)

p.Γ(m+ p)

Γ(m)
− p[ψ(m) + ln{2cemp}]− 1 (13)

and

RGBS.emp(θ) =
(2kemp)

p.Γ(m+ p)

Γ(m)
− p[ψ(m) + ln{2kemp}]− 1 (14)

respectively.

4. Simulation study

We present some experimental results to observe the performance of Bayes estimation of θ us-
ing the prior (3) for different sample sizes, different effective sample sizes, different priors, and
for different sampling schemes. We have considered different sample sizes n = 20, 25, 30, 35,
different effective sample sizes; m = 10, 15, and 20, different hyper-parameter values for α and
β, and six ([1] - [6]) different sampling schemes as described in Table 1. We have simulated
progressive Type-II samples using the algorithm proposed by Balakrishnan and Sandhu (1995)
from the Rayleigh model with θ = 2. The estimators are compared based on the average value
of estimates and their corresponding risk performances. For Bayesian computation, we have
considered two different set of hyperparameters: α = β = 0, which is a non-informative prior
(labeled as “Prior 1”) and α = β = 2, which is an informative prior (labeled as “Prior 2”).
The two different values of p are considered for the loss function: p = 1, 2. The simulation
results are summarized in Table 2 and 3. All results are based on 10, 000 repetitions.

From Tables 2 and 3 we notice that risk does not depend on sample size n but it depends on
effective sample size m, and as effective sample size increases, the risk decreases and average
Bayes estimates come closer to the true value of θ. When a guess value θ0 is chosen in the
neighborhood of θ, then obviously the risk is minimum and Bayes shrinkage estimate is better.
But in practice, θ is unknown and choosing a guess value is difficult one. Even though the risk
for empirical Bayes estimates are a bit more, but from a pragmatic point of view, empirical
Bayes shrinkage estimator is worthwhile.
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Table 1: Different progressive Type-II censoring schemes used in the simulation study

Number Scheme

[1] (0 0 0 0 0 0 0 0 0 10)
[2] (0 0 0 0 0 0 0 0 0 15)
[3] (0 0 0 0 0 0 0 0 0 0 0 0 0 0 10)
[4] (0 0 0 0 0 0 0 0 0 20)
[5] (0 0 0 0 0 0 0 0 0 0 0 0 0 0 15)
[6] (0 2 1 0 0 2 1 2 1 1 0 0 2 0 8)

∗ In the Table, Scheme (0 0 0 r) indicates that at 1st, 2nd and 3rd failure, no active unit is withdrawn or
removed but at 4th failure, r active units are withdrawn or removed from the test.

Table 2: The average MLE and the Bayes estimators (θ̂) from different estimation procedures
for the parameter θ under the general entropy loss function with p = 1. The true risk (in
bold) and the estimated risk are presented within parentheses.

(n, m, Censoring scheme)
Estimate (20,10,[1]) (25, 10, [2]) (25, 15, [3]) (30, 10, [4]) (30, 15, [5]) (35, 20, [6])

θ̂MLE 2.004 1.971 1.997 2.008 1.995 1.993
(0.051, 0.049) (0.051, 0.052) (0.034, 0.036) (0.050, 0.047) (0.033, 0.031) (0.025, 0.026)

Prior 1 θ̂GB 2.004 1.971 1.997 2.008 1.995 1.993
(0.051, 0.049) (0.051, 0.052) (0.034, 0.036) (0.050, 0.047) (0.033, 0.031) (0.025, 0.026)

θ̂GBS 2.004 1.971 1.997 2.008 1.995 1.993
(0.051, 0.049) (0.051, 0.052) (0.034, 0.036) (0.050, 0.047) (0.033, 0.031) (0.025, 0.026)

θ̂GB.emp 2.109 2.074 2.066 2.114 2.064 2.052
(0.052, 0.051) (0.052, 0.052) (0.034, 0.037) (0.052, 0.049) (0.034, 0.031) (0.025, 0.026)

θ̂GBS.emp 2.054 2.019 2.031 2.058 2.028 2.019
(0.051, 0.049) (0.051, 0.052) (0.033, 0.037) (0.051, 0.048) (0.033, 0.031) (0.025, 0.026)

Prior 2 θ̂GB 1.837 1.837 1.874 1.813 1.885 1.902
(0.045, 0.046) (0.045, 0.046) (0.031, 0.032) (0.045, 0.044) (0.031, 0.029) (0.025, 0.026)

θ̂GBS 1.921 1.921 1.934 1.896 1.943 1.949
(0.038, 0.039) (0.038, 0.039) (0.028, 0.029) (0.038, 0.037) (0.028, 0.026) (0.023, 0.025)

θ̂GB.emp 2.110 2.110 2.060 2.079 2.071 2.069
(0.052, 0.054) (0.052, 0.054) (0.034, 0.035) (0.052, 0.049) (0.034, 0.032) (0.022, 0.024)

θ̂GBS.emp 2.054 2.054 2.024 2.024 2.035 2.031
(0.051, 0.053) (0.051, 0.053) (0.033, 0.034) (0.051, 0.049) (0.033, 0.031) (0.025, 0.026)

5. Data analysis

We are considering the data that appeared in tests on endurance of deep grove ball bearings
[Lawless (1982), p.228]. The data are the number of hundreds of million revolutions before
failure for each of the 23 ball bearings in the life test:
0.1788, 0.2892, 0.33, 0.4152, 0.4212, 0.456, 0.4848, 0.5184, 0.5196, 0.5412, 0.5556, 0.678,
0.6864, 0.6864, 0.6888, 0.8412, 0.9312, 0.9864, 1.0512, 1.0584, 1.2792, 1.2804, 1.734.
To study the goodness of fit of the Rayleigh model, we compute the χ2 statistic (with 3
degrees of freedom) and it is 1.0312 with the corresponding p-value 0.7937. Therefore, the
high p-value clearly suggests that the one parameter Rayleigh model can be used to analyze
this data set. Besides this, we also plotted the scaled TTT (TTT stands for “total time on
test”) transformed (Aarset 1987) of the ball bearing data. Usually this plot is used to identify
whether a random sample is from a lifetime distribution with constant against bathtub-type
hazard rate; for further details see Aarset (1987). Figure 2 indicates that the empirical hazard
function is unimodal and therefore it is reasonable to use Rayleigh distribution to analyze the
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Table 3: The average MLE and the Bayes estimators (θ̂) from different estimation procedures
for the parameter θ under the general entropy loss function with p = 2. The true risk (in
bold) and the estimated risk are presented within parentheses.

(n, m, Censoring scheme)
Estimate (20,10,[1]) (25, 10, [2]) (25, 15, [3]) (30, 10, [4]) (30, 15, [5]) (35, 20, [6])

θ̂MLE 2.002 1.997 2.017 1.988 1.986 1.979
(0.201, 0.198) (0.201, 0.198) (0.134, 0.128) (0.201, 0.196) (0.134, 0.139) (0.104, 0.109)

Prior 1 θ̂GB 1.909 1.904 1.953 1.896 1.923 1.916
(0.196, 0.198) (0.196, 0.193) (0.131, 0.125) (0.196, 0.193) (0.131, 0.138) (0.106, 0.103)

θ̂GBS 1.979 1.974 2.001 2.039 1.971 1.967
(0.185, 0.193) (0.185, 0.182) (0.126, 0.121) (0.185, 0.181) (0.126, 0.132) (0.105, 0.103)

θ̂GB.emp 2.054 2.049 2.051 2.114 2.020 2.001
(0.208, 0.205) (0.208, 0.204) (0.136, 0.132) (0.208, 0.202) (0.136, 0.142) (0.104, 0.102)

θ̂GBS.emp 2.028 2.022 2.033 2.013 2.002 1.998
(0.204, 0.201) (0.204, 0.201) (0.135, 0.131) (0.204, 0.199) (0.135, 0.140) (0.104, 0.101)

Prior 2 θ̂GB 1.762 1.773 1.827 1.729 1.982 1.978
(0.176, 0.183) (0.176, 0.176) (0.122, 0.124) (0.176, 0.179) (0.122, 0.122) (0.100, 0.104)

θ̂GBS 1.901 1.912 1.926 1.868 1.813 1.802
(0.139, 0.146) (0.139, 0.141) (0.104, 0.115) (0.139, 0.137) (0.104, 0.116) (0.094, 0.102)

θ̂GB.emp 2.052 2.067 2.031 2.011 2.015 2.001
(0.208, 0.218) (0.208, 0.213) (0.136, 0.127) (0.208, 0.198) (0.136, 0.124) (0.082, 0.100)

θ̂GBS.emp 2.026 2.040 2.014 1.984 1.999 1.982
(0.204, 0.214) (0.204, 0.209) (0.135, 0.126) (0.204, 0.196) (0.135, 0.123) (0.101, 0.107)

data.
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Figure 2: Scaled TTT transformed plot of the ball bearing data

For the purposes of illustrating the methods discussed in this article, a progressively Type-II
censored sample was generated from this data set with effective sample size m = 13. The
observations (in hundreds of millions) and removed numbers are reported in Table 4 [see Wu
et al. (2006)].

It is observed from Table 5 that the Empirical Bayes Shrinkage Estimate of θ is better in
terms of minimum risk sense. As p increases, estimates decrease and their risks increase.
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Table 4: Progressively Type II censored sample for Example.

i 1 2 3 4 5 6 7
x(i) 0.1788 0.2892 0.33 0.4212 0.456 0.4848 0.5184

ri 0 0 3 0 0 2 0

i 8 9 10 11 12 13
x(i) 0.5196 0.6780 0.6864 0.8412 0.9312 1.2792

ri 0 2 0 2 1 0

Table 5: Empirical Bayes and Empirical Bayes Shrinkage Estimate and their risks for the ball
bearing data.

p Empirical Bayes Empirical Bayes Empirical Bayes Empirical Bayes
Estimate risk Shrinkage Estimate Shrinkage risk

1 0.3809 0.0397 0.3733 0.0391

2 0.3735 0.1586 0.3698 0.1565

6. Conclusion

In this article, we have derived Bayes shrinkage estimate of the parameter of the Rayleigh dis-
tribution under conjugate prior assuming general entropy loss function. The Bayes estimate,
Bayes shrinkage estimate assuming a point guess value are derived and their risks have been
studied. Bayes shrinkage estimate is reasonably good from a risk perspective. In practice,
as the true value of the parameter is unknown, getting a point guess value is difficult. An
empirical Bayes procedure has been followed to get an estimated guess value of the parame-
ter and utilizing so, empirical Bayes and empirical Bayes shrinkage estimates and their risks
have been calculated. The performance of the empirical Bayes shrinkage estimate is fairly
reasonable and competitive. We recommend empirical Bayes shrinkage estimate for practical
purposes intended for enhanced outcomes. Real life data analysis also echos similar trend as
observed in the simulation study.
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Abstract

We introduce a new type of graphical log-linear model called restricted graphical log-
linear model. This model is obtained by imposing equality restrictions on subsets of main
effects and of first-order interactions. These restrictions are obtained through partitions
of the variable and first-order interaction sets. The vertices or variables in the same class
have the same main effects in all their categories, and the first-order interactions in the
same class are equal. We study its properties and derive its associated likelihood equations
and provide some applications. A graphical representation is possible through a coloured
graph.

Keywords: graph colourings, graphical Gaussian models with symmetries, graphical log-linear
models, iterative proportional fitting, log-linear models, symmetry and quasi-symmetry mod-
els.

1. Introduction

In this paper we introduce a new type of model for discrete variables called restricted or
coloured graphical log-linear model (RGLL model), which combines symmetry with discrete
graphical models. Symmetry is considered through specific parameter restrictions not used
before, but inspired by those used in the continuous case. It can be seen as a tool to model
symmetry and could help to get a better understanding of the data. In a specific model we
may obtain improved knowledge about the distribution; for instance, conditional indepen-
dences as in graphical models or the relationship between cells in a contingency table. RGLL
can be fitted to different kinds of data such as panel data, where the variables have the same
categories. The model may be useful for researchers of linear models, symmetry, and graphical
models.

RGLL models are special cases of hierarchical log-linear models and can be represented graph-
ically, including equality restrictions between certain parameters. Restrictions are imposed
on two kind of parameters: the first ones correspond to main effects terms and the second
ones to first-order interactions. For the former, restriction classes consist of variables; for the
latter, the classes are defined by the parameters themselves. At the same time, marginal and

1External lecturer
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conditional independences derived from a graph are considered. A graphical representation
involves colouring the associated graph.

Symmetry and quasi-symmetry models for square contingency tables were introduced by
Bowker (1948) and Caussinus (1965), respectively; and afterwards they were further studied
by other authors; for instance, Agresti (2002, p. 423-431). For the same type of tables,
Tahata, Yamamoto, Nagatani, and Tomizawa (2009) defined a measure and three types of
symmetry through it and distinguished departures from usual symmetry assuming condi-
tional symmetry, and Yamamoto, Iwashita, and Tomizawa (2007) studied alternative ways to
decompose symmetry into models that include quasi-symmetry. More recently, Kateri, Mo-
hammadi, and Sturmfels (2014) defined one model in the same two-dimensional case in which
algebraic and graphical concepts are used, particular cases corresponding to quasi-symmetry
and the Pearsonian quasi-symmetry model, the latter defined through a divergence measure.
Lovison (2000) introduced generalized symmetry models (GS models), which are defined for
any dimension when the same variable is observed several times and where some or even all
interaction parameters of any order are invariant under any permutation of the associated
index. The other parameters are free to vary and restrictions on the main effects as the ones
derived from RGLL models are allowed. However, only GS models for the three-dimensional
case are presented.

The relationship between graphical models and symmetry has not been studied as extensively
in the discrete case. In the continuous case, Højsgaard and Lauritzen (2008) introduced
Gaussian graphical models with symmetries; in one of them (RCON model), equalities are
set among elements of the concentration matrix. In the discrete case, quasi-symmetric (QS )
and symmetric and quasi-symmetric (SQS ) graphical models were introduced by Gottard,
Marchetti, and Agresti (2011) and Gottard (2009), respectively.

Symmetry and quasi-symmetry models for square contingency tables can be expressed as
RGLL models with two variables. In this sense, RGLL models can be considered as a general-
ization of symmetry models. Any graphical log-linear model (e.g., Lauritzen 1996, ch. 4 and
Edwards 2000, ch. 2) can be expressed as an RGLL model by considering that all parameters
are unrestricted. Conditional symmetry (Andersen 1991, p. 328-329) is also a particular case
of an RGLL model.

RGLL and RCON models are similar though they are defined for different data types. There
is also a relationship between RGLL models and QS and SQS graphical models. Let uXY (ij)
represent the first-order interaction between variables X and Y when they take the values
i and j, respectively, and uX(i) a main effect. In SQS graphical models, the main effects
restrictions are similar to those for RGLL models, and in SQS and QS models there are re-
strictions of the kind uXY (ij) = uRS(ij) for all i, j = 1, ..., L (considering L levels in each
variable), for elements in the same class; including restrictions uXY (ij) = uXY (ji) for all
i, j = 1, ..., L, and uRS(ij) = uRS(ji) for all i, j = 1, ..., L; and implying specific restrictions
on the second-order interactions, i.e. on the parameters uXY Z(ijk). QS graphical models
are similarly defined, but they allow even higher-order interactions. Unlike RGLL models,
interactions of second or higher order are restricted. The first-order interaction restrictions
in any SQS or QS graphical model are a particular case of the kind of restrictions defined for
those terms in RGLL models. When these are the highest-order interactions, QS and SQS
graphical models are RGLL models.

RGLL, SQS, and GS models are different and related as follows. In SQS models, restric-
tions of the kind uXY (ij)= uRS(ij) are allowed besides invariance under permutation of the
indexes, which are the only kind of restrictions allowed in GS models. However, in RGLL
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models we allow any restriction on the indexes corresponding to first-order interactions, which
do not necessarily have to be permutations or the kind of restriction given in SQS models,
and higher-order interactions are not restricted. Hence, the three models are equivalent when
(1) a model includes at most first order interactions, (2) the restrictions are of the kind
uXY (ij) = uXY (ji), and (3) there are no other first-order interaction restrictions.

Twins data. In order to motivate RGLL models, consider the data analyzed by Drton and
Richardson (2008) (Table 1). The data consist of 597 observations for monozygotic twins
indicating whether twin i (i = 1, 2) suffers from major depression (variable Di, for i = 1, 2)
or alcoholism (variable Ai, for i = 1, 2). The values associated with Di and Ai correspond to
0 (no) and 1 (yes). Consider a model in which the parameters are obtained from the set

A = {{A1, A2} , {A1, D1} , {A2, D2} , {D1, D2}} , (1)

called the generating class. Hence, the expected frequency mA1A2D1D2(a1, a2, d1, d2) for a
specific cell in the table (a1, a2, d1, d2) has the following log-linear expansion

logm(a1, a2, d1, d2) =u+ uA1(a1) + uA2(a2) + uD1(d1) + uD2(d2)+

uA1A2(a1a2) + uA1D1(a1d1) + uA2D2(a2d2) + uD1D2(d1d2).
(2)

Let V be the set of variables or vertex set and E the set of first-order interactions. A model
in which the values of variables A1 and D1 are permuted with those of variables A2 and D2,
respectively, in such a way that the distribution is preserved corresponds to an RGLL model.
It is the model with generating class A and graph G=(V , E) where V is partitioned into two
sets V = (V1, V2) and E= (E1, E2, ..., E10). Here, V1 = {A1, A2} and V2 = {D1, D2}; and
E1= {uA1D1(00), uA2D2(00)}, E2= {uA1D1(01), uA2D2(01)}, E3= {uA1D1(10), uA2D2(10)},
E4= {uA1D1(11), uA2D2(11)}, E5= {uA1A2(01), uA1A2(10)}, E6= {uD2D1(01), uD2D1(10)},
E7= {uA1A2(00)}, E8= {uA1A2(11)}, E9= {uD2D1(00)}, and E10= {uD2D1(11)}. The parti-
tion in V means that the main effects for all the values taken by the variables in each set V1
and V2 are the same, whereas the partition in E means that the first-order interactions in
each class are the same. The associated graph G is given in Figure 1, in which the partitions
are represented by using colours; for instance, variables A1 and A2 have the same colour.
Observe that one edge of the graph is associated with each first-order interaction. To avoid
using too many colours, lines in black represent unrestricted first-order interactions.

The distribution is preserved after the permutation of the values of the variables because the
expected frequency mA1A2D1D2(a1, a2, d1, d2), given the log-linear expansion in equation (2)
and the equality restrictions given by the partitions, is equal to the expected frequency for
the cell (a2, a1, d2, d1); thus mA1A2D1D2(a1, a2, d1, d2)= mA1A2D1D2(a2, a1, d2, d1). The model
also implies that A1 and D2 are conditionally independent given D1 and A2, A1⊥D2|D1, A2,
and A2⊥D1|A1, D2.

The remainder of the paper is organized as follows. In Section 2 we formally define RGLL
models. Section 3 is devoted to symmetry and quasi-symmetry models and their representa-
tion as RGLL models including an example. In Section 4 we derive the likelihood equations
and consider model selection. Finally, in the Appendix we provide a method for getting a
numerical solution.
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Table 1: Alcohol dependence and major depression for 597 pairs of female twins. Left panel:
Observed counts. Right panel: Fitted frequencies under an RGLL model.

A2 A2

0 1 0 1
D2 D2

A1 D1 0 1 0 1 0 1 0 1
0 0 288 80 15 9 285.29 84.87 12.60 11.24

1 92 51 7 10 84.87 55.97 3.75 7.41
1 0 8 4 3 2 12.60 3.75 3.52 3.14

1 8 9 4 7 11.24 7.41 3.14 6.21
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Figure 1: An RGLL model with generating class A= {{A1, A2}, {A1, D1}, {A2, D2},
{D1, D2}} associated with the twins data.

2. Preliminaries and definition

Consider V as a set of variable labels or a set of vertices. For each element δ in V we associate
a discrete random variable Iδ, so that the set of random variables can be expressed as a vector
I = (Iδ)δ∈V . The values taken by those variables, known as levels or categories, are included
in a set Iδ. Then all possible values that I takes are given by I, with I = ×δ∈V Iδ. A cell i
corresponds to one of these values, i.e. i ∈ I. Seen as a q-way contingency table, a specific
cell can be denoted as i = (i1, i2, ..., iq). A subvector of I is denoted as Ia, where a ⊆ V , and
a value taken by it is denoted as ia, where ia ∈ Ia = ×δ∈aIδ.

We denote a parameter associated with a set a, a ⊆ V , which depends on the corresponding
values ia, as ua(ia). When a = ∅ it corresponds to a constant term, when |a| = 1 to a main
effect, and when |a| > 1 to an interaction. We also denote m(i) as the expected frequency in
a cell i ∈ I, for instance in a two-way contingency table it is m(i1, i2).

A saturated log-linear model can be written as

logm(i) =
∑

a⊆V
ua(ia). (3)

By setting specific parameters ua(ia), for all ia, to zero in (3), different models are obtained.
For example, a log-linear model is called hierarchical when the presence of an interaction ua(ia)
implies the presence of all those interactions ub(ib) with b ⊂ a. The parameters included in
this model depend on a generating class A, which is a set of subsets of V . The model can be
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written as

logm(i) =
∑

a∈K
ua(ia), (4)

where K is the set of subsets of the elements in the generating class A.

Definition 1. A hierarchical log-linear model,

logm(i) =
∑

a∈K
ua(ia),

is a restricted graphical log-linear model (RGLL model) with associated graph G = (V,E)
if it satisfies two properties: (a) its generating class is C, the cliques set in the associated
graph, and (b) the set of variables V and the set of first-order interactions E are partitioned
as follows: the set V is partitioned into V1, ..., VT , with T ∈ {1, 2, ..., |V |}, such that the main
effects of the variables in the subset Vt, for t=1,..., T , are equal in all their levels in IVt , where
IVt is the level set associated with IVt = (Iδ)δ∈Vt , for t=1,..., T . The set E is partitioned into
E1, ..., ES , with S ∈ {1, 2, ..., |E|}, such that the interactions in every subset Es, for s=1,...,
S, are equal.

RGLL models can be defined assuming that all variables have the same categories, i.e. the
level set Iδ is the same for all δ ∈ V or IVt is the same for all Vt, for t = 1, ..., T . This implies
that the number of categories is the same for any variable, i.e. |Iδ|= L, for all δ ∈ V . The
advantages of such a restriction are the following: (1) it allows for symmetry interpretations,
and (2) it simplifies some of the computational programming. This condition could have been
relaxed assuming that only those variables in the same vertex class Vt with |Vt| > 1 for every
t = 1, ..., T should have the same number of categories or even the same categories; however,
interpretation of such models might not be straightforward. The interpretation of an RGLL
model depends on the equality restrictions. Some RGLL models have a symmetry interpre-
tation; for instance, in Section 1 this was discussed through an example.

Even though RGLL models could be represented through a graph, this representation might
be too complex, for instance when there are six or more variables with three or more levels
each one. However, a graphical representation is optional, in the sense that it helps to rep-
resent a model but does not define it. In fact, this also happens for any graphical model, so
that concepts from graph theory are used, but a graphical representation is not necessary.

Consider an RGLL model with set of variables V and set of first-order interactions E. We
define the associated diagram G =(V,E∗) as a graph with vertex and edge set V and E∗,
respectively. The set E∗ is formed by elements {Xk, Yk}, for k= 1,..., |IX | |IY |, where |IX | |IY |
corresponds to all combination of categories of X and Y , considering that uXY (ij) ∈ E for
every (i, j), where i ∈ IX and j ∈ IY , for any {X,Y } ∈ V . By definition, there is a one-to-one
correspondence between the sets E∗ and E so that the graph (V,E) is the same as the graph
(V,E∗). As a consequence, the first graph is also denoted as G. For example, if we define a
model including two binary variables X and Y , so that IX = IY = {1, 2}, and the associated
first-order interactions uXY (ij); i, j =1, 2, then the set E contains the elements uXY (11),
uXY (12), uXY (21), uXY (22). As a consequence, E∗ contains the edges {X = 1, Y = 1},
{X = 1, Y = 2}, {X = 2, Y = 1}, and {X = 2, Y = 2}, which are multiple edges joining X
with Y . The graph G= (V,E) is a multigraph, a graph with multiple edges without loops,
which is determined by the first-order interactions. Clearly, there is a one-to-one correspon-
dence between the first-order interactions and the edges, so that it is equivalent to partition



22 RGLL Models

over the parameters or over the edges.

The representation of G= (V,E) consists of circles representing the variables, two of which
may be united with an edge when a first-order interaction including those variables is part of
the model. There are multiple edges between vertices according to the possible combinations
of values of the associated variables. We note that the underlying simple graph Gu associated
with the graph G obtained from an RGLL model is the independence graph associated with
a graphical log-linear model (e.g., Bondy and Murty 1976, p. 103).

Symbolically, X and Y are in the same vertex class if and only if uX(l) = uY (l), for all
l = 1, ..., L, where uX and uY are main effects and L is the number of categories for variables
X and Y . Similarly, two first-order interactions or their corresponding edges, one joining
variable X with variable Y at the values (i1, j1) and another joining variable Z with variable
R at the values (k1, l1), are in the same class if and only if uXY (i1j1) = uZR(k1l1), where
X,Y, Z,R ∈ V ; with i1 ∈ IX , j1 ∈ IY , k1 ∈ IZ , and l1 ∈ IR; and where uXY (i1j1) and
uZR(k1l1) are first-order interactions.

To represent an RGLL model, the graph G is coloured using a different colour for each class,
as in Figure 1, i.e. using a vertex and edge colouring. Given any coloured multigraph, we
can identify the parameter restrictions corresponding to the associated RGLL model. Then
all restrictions in an RGLL model can be identified with a vertex and edge colouring.

We have the following observations concerning Definition 1:

a) In the graphical representation of RGLL models, there are multiple edges between vari-
ables, so that if there is a clique, it is not important which edges are used to obtain it. For
instance, if there is a clique corresponding to a triangle and there are 4 multiples edges be-
tween each pair of edges on it, then there are 64 possible different cliques.

b) When |Vt| = 1 or |Es| = 1 for some s or t, where t = 1, ..., T and s = 1, ..., S, we have
atomic classes; otherwise, they are composite. Atomic classes are those where the correspond-
ing parameters are not restricted, and an RGLL model with only atomic classes is a graphical
log-linear model.

c) Independences between variables can be read off from the graph by using separator sets as
in graphical log-linear models.

d) Interactions of order higher than one are not restricted.

It is important to notice that we are not assuming any identification constraint on the pa-
rameters. As it is defined, any set of restrictions is possible even though they may generate
redundant equations among the likelihood equations. However, there are specific RGLL mod-
els that do not generate such redundant equations, for instance when the parameter restriction
do not change when the identification constraint is effect coding instead of using the parame-
ters without such a constraint. This occurs, for example, when the restrictions on the model
are of the form uXY (ij)=uZR(ij) or uXY (ij)=uZR(ji) or when the restrictions are imposed
on the main effects.

Example 1. Consider three binary variables A, C, and M with categories coded as 0 and 1
and the hierarchical log-linear model with generating class A={{A,C}, {A,M}}:

logm(i, j, k) = u+ uA(i) + uC(j) + uM (k) + uAC(ij) + uAM (ik), i, j, k = 0, 1; (5)
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and the equality restrictions

uA(0) = uM (0), uA(1) = uM (1),

uAM (0, 1) = uAM (1, 0), uAC(0, 1) = uAC(1, 0),

uAM (0, 0) = uAM (1, 1), uAC(0, 0) = uAC(1, 1).

Observe that model (5), without equality restrictions, is a graphical log-linear model with
graph Gu= (V u, Eu), where V u= {A,C,M} and Eu= {{A,C}, {A,M}}, shown in Figure
2(a).

M

CA
(a) Graphical model

(0, 1)

(1, 0)

(0, 0)

(1, 1)

(0, 1)

(1, 0)

(0, 0) (1, 1)

M

CA

(b) RGLL model

Figure 2: Two hierarchical log-linear models for Example 1: (a) a graphical log-linear model;
(b) an RGLL model.

According to the parameter restrictions, we see that the vertex set V = {A,C,M} in the
restricted model is partitioned as V = (V1, V2), with V1 = {A,M} and V2 = {C}. The set of
first-order interactions or its corresponding edge set E is partioned as (E1, E2, E3, E4), where

E = {uAM (00), uAM (01), uAM (10), uAM (11), uAC(00), uAC(01), uAC(10), uAC(11)} , and E1=
{uAM (01), uAM (10)}, E2={uAC(01), uAC(10)}, E3={uAM (00), uAM (11)}, andE4={uAC(00),
uAC(11)}.

We obtain the corresponding graph G= (V,E) shown in Figure 2(b) whose underlying simple
graph Gu= (V u, Eu) is shown in Figure 2(a). Using any of these graphs, we see that the
generating class corresponds to the cliques set, which together with the restrictions on the
parameters of the model define an RGLL model.

The following section shows symmetry and quasisymmetry as instances of RGLL models.

3. Symmetry and quasi-symmetry models as RGLL models

Symmetry and quasi-symmetry models were introduced to analyze square contingency tables
with a symmetrical pattern. A square table formed by cells (i, j); for i, j= 1, 2, ..., L, satisfies
symmetry if

m(i, j) = m(j, i), for all i 6= j.

If we consider two variables X and Y , symmetry can be represented using the log-linear model

logm(i, j) = u+ uX(i) + uY (j) + uXY (ij) (6)

with additional restrictions
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uX(i) = uY (i), i = 1, 2, ..., L;

uXY (ij) = uXY (ji), i, j = 1, 2, ..., L.

Quasi-symmetry is used to analyze cases where there is no symmetry due to marginal hetero-
geneity, which means that the main effects in the symmetry model differ. Such a model can
be written as (6) with restrictions

uXY (ij) = uXY (ji), i, j = 1, 2, ..., L.

The parameterization used to define these models is not unique (e.g., Meiser, von Eye, and
Spiel 1997), some parameterizations can be obtained through those log-linear models classified
as non-standard as discussed by Mair (2007).

Example 2. Migration patterns data. For a sample of U.S. residents, Agresti (Agresti
2002, p. 423) presents some data given in Table 2 based on data by the U.S. Census Bureau
that compare region of residence in 1985 with that of 1980. The variables involved are place
of residence in 1980 and 1985. Each variable has four possible values: Northeast, Midwest,
South and West. We can see from the observed counts that the table is more or less sym-
metric; however, the symmetry model is rejected because we get a deviance of 243.55 with
6 degrees of freedom so that the deviance is greater than the associated χ2 quantile at a
significance level α = 0.05.

A closer look at the table reveals that 366 people moved from Northeast to South whereas
only 172 people moved from South to Northeast. A model which fits well these data according
to the deviance is the quasi-symmetry model. It means that the lack of symmetry in the table
is caused by some marginal heterogeneity. In other words, the number of people emigrating
from region i in 1980 to region j in 1985 would be similar to the one entering to i in 1985
from j in 1980 if the number of people in each region for 1980 were the same as the number
of people in the same region in 1985. RGLL models fitted for these data are presented in
section 4.

Table 2: Observed counts1 and fitted expected frequencies under symmetry2 and quasi-
symmetry3 models for the data described in Example 2.

Residence Residence in 1985
in 1980 Northeast Midwest South West

Northeast
116071 100 366 124
116072 93.50 269.00 93.50
116073 95.79 370.44 123.77

Midwest
87 13677 515 302

93.50 13677 370.00 239.00
91.21 13677 501.68 311.11

South
172 225 17819 270

269.00 370.00 17819 278.00
167.56 238.32 17819 261.12

West
63 176 286 10192

93.50 239.00 278.00 10192
63.23 166.89 294.88 10192



Austrian Journal of Statistics 25

Symmetry and quasi-symmetry models can be expressed as RGLL models as follows. In the
symmetry model there is only one vertex colour class formed by both vertices and there are
L atomic edge colour classes, one for every uXY (ii) interaction, and

(
L
2

)
edge colour classes

for the interactions uXY (ij) = uXY (ji), for i 6= j. In the quasi-symmetry model there are
the same edge colour classes as in symmetry models, but every vertex belongs to a different
atomic class.

As an example, consider two binary variables X and Y with categories 0 and 1, and the
saturated log-linear model given in (6) for i,j= 0, 1.

Now consider the RGLL model with graph G = (V,E) given in Figure 3(a). From G,
we observe that E = (E1, E2, E3), where E1 = {uXY (00)}, E2 = {uXY (11)}, and E3 =
{uXY (01), uXY (10)}. Edges in E3 belong to the same class, indicating that the correspond-
ing interactions are identical. The remaining edges belong to different atomic colour classes.
The vertex set, V = {X,Y }, is not partitioned. Then, the main effects corresponding to X
and Y are the same for all the categories. The model associated with Figure 3(a) can be
expressed as (6), for i,j= 0, 1, with restrictions

uXY (ij) = uXY (ji), i, j = 0, 1;

uX(i) = uY (i), i = 0, 1.

� �
X Y

(0, 0)

(0, 1)

(1, 0)

(1, 1)

(a) Symmetry mode(a) Symmetry model

� �
X Y

(0, 0)

(0, 1)

(1, 0)

(1, 1)

(b) Quasi-symmetry mo(b) Quasi-symmetry model

Figure 3: Colourings for models with two binary variables: (a) symmetry model and (b)
quasi-symmetry model.

Hence, the symmetry model for V={X,Y } is the RGLL model generated by A= {{X,Y }}
with vertex class V and edge set E partitioned into E1 = {uXY (00)}, E2 = {uXY (11)}, and
E3 = {uXY (01), uXY (10)}, whose graph is given in Figure 3(a).

On the other hand, consider the RGLL model whose graph G = (V,E) is shown in Figure 3(b).
From G, we have the same edge or first-order interactions partition as in the symmetry model.
The vertex set V = {X,Y } is partitioned into V1 and V2, with V1 = {X} and V2 = {Y },
so that the main effects are not restricted. Then, the quasi-symmetry model for V={X,Y }
given in (6), for i,j= 0, 1, with restrictions

uXY (ij) = uXY (ji), i, j = 0, 1;

is the RGLL model generated by A= {{X,Y }} with vertex set V = (V1, V2), where V1 = {X}
and V2 = {Y }, and edge set E = (E1, E2, E3), where E1 = {uXY (00)}, E2 = {uXY (11)}, and
E3= {uXY (01), uXY (10)}, whose associated graph is given in Figure 3(b).
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4. Likelihood equations

There is some additional notation that has to be introduced before obtaining the likelihood
equations. We denote by n the vector of observed or cell counts n(i), for i ∈ I, and m cor-
responds to a vector containing the expected frequencies for each cell m(i), for i ∈ I, i.e.
m′ = (m(i))i∈I.

Consider an RGLL model with associated graph G = (V,E) in which V is partitioned into T
classes V= (V1, ..., VT ) with T ∈ {1, 2, ..., |V |}. It is useful to identify each variable within a
vertex class Vt, for t = 1, ..., T , as vtk, with k= 1,..., kver(t), where kver is a vector identifying

the number of vertices included in each class. Hence, Vt =
{
vt1, ..., v

t
kver(t)

}
. We assume that

each variable has L levels and define the associated parameters as

uvtk
(l): main effect for variable vtk in category l, for t=1,..., T ; k=1,..., kver(t), and l=1,..., L.

For each vertex class Vt, for t=1,...,T , we obtain the following equality restrictions

uvt1(l) = ... = uvt
kver(t)

(l) = uVt(l), for l = 1, ..., L;

where uVt(l) is the parameter representing all the equated parameters associated with colour
class Vt and level l.

We define the marginal total for the k-th variable in class Vt for level l, n(vtk = l), as the sum
of observed counts in all cells in which vtk takes value l:

n(vtk = l) =
∑

z:z
vt
k
=l

n(z), l = 1, ..., L; k = 1, ..., kver(t); t = 1, ..., T.

We similarly define the corresponding marginal total for the expected frequencies m(vtk = l).

Consider an RGLL model in which the first-order interactions set E is partitioned into S

classes E1,..., ES . Each class Es =
{
es1, ..., e

s
ked(s)

}
for s=1, 2,..., S, where esr corresponds

to the r-th element within class Es, for r = 1, 2, ..., ked(s), with s=1,..., S, where ked is a
vector consisting of the number of edges in each class. We denote ulsrms

r
(isrj

s
r) as the first-order

interaction associated with the edge esr, so that esr is an edge joining variable lsr to variable ms
r

at the values (isr, j
s
r). That is, lsr and ms

r are the r-th variables for the class Es in the first and
second entries, respectively, of ulsrms

r
(isrj

s
r), whose associated values are isr and jsr , respectively.

For each class Es, for s = 1, ..., S, we obtain the following equality restrictions

uls1ms
1
(is1j

s
1) = ... = uls

ked(s)
ms

ked(s)
(isked(s)j

s
ked(s)) = uEs ,

where uEs denotes the parameter representing all parameters in class Es for levels isr and jsr ,
with r = 1, 2, ..., ked(s) and s = 1, ..., S.

The marginal total for esr is defined as the sum of observed counts in all cells in which lsr and
ms
r take the values isr and jsr , respectively:

n(lsr = isr,m
s
r = jsr) =

∑

z:(zlsr ,zms
r
)

=(isr,j
s
r)

n(z), r = 1, ..., ked(s); s = 1, ..., S.
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The corresponding marginal total for the expected frequencies m(lsr = isr,m
s
r = jsr) is similarly

defined. Finally, the marginal counts for a subset b of the set of variables V , b ⊂ V , for a
specific slice ib corresponds to

nb(ib) =
∑

j:jb=ib

n(j).

Cell counts n may follow a Poisson, multinomial, or multinomial with fixed marginals sam-
pling scheme. The first one corresponds to having independent Poisson-distributed random
variables for each cell i ∈ I. The second one corresponds to having a fixed sample size |n|,
random counts, and observations that independently belong to cell i with probability p(i),
for i ∈ I, where p(i) ≥ 0 and

∑
i∈I p(i) = 1. The third one corresponds to having counts in

specific slices ib which are independent and multinomially distributed.

Independently of the sampling scheme, the logarithm of the kernel of the likelihood function
L(m) is (e.g., Lauritzen 1996, p. 71)

∑

i∈I
n(i) logm(i)−

∑

i∈I
m(i). (7)

When a hierarchical log-linear model (4) is considered, expression (7) becomes

∑

a∈K

∑

ia

na(ia)ua(ia)−
∑

i∈I
exp

(∑

a∈K
ua(ia)

)
. (8)

This expression is used to obtain the likelihood equations corresponding to an RGLL model
by including the corresponding parameter restrictions.

For an RGLL model, expression (8) becomes

T∑

t=1

L∑

l=1

kver(t)∑

k=1

n(vtk = l)uVt(l)+
S∑

s=1

ked(s)∑

r=1

n(lsr = isr,m
s
r = jsr)uEs+

∑

a∈K,|a|6=1,2

∑

ia

na(ia)ua(ia)−
∑

i∈I
exp(

∑

a∈K
ua(ia)). (9)

When expression (9) is differentiated with respect to each parameter and equated to zero, we
obtain an equation system as follows:

kver(t)∑

k=1

n(vtk = l) =

kver(t)∑

k=1

m(vtk = l), t = 1, ..., T ; l = 1, ..., L;

ked(s)∑

r=1

n(lsr = isr,m
s
r = jsr) =

ked(s)∑

r=1

m(lsr = isr,m
s
r = jsr), s = 1, 2, ...., S;

na(ia) = ma(ia), for all a ∈ K, |a| 6= 1, 2;

(10)

where, ma(ia) denotes the marginal expected frequency for the slice ia, i.e. ma(ia) =∑
j:ja=ia

m(j).

Redundant equations can be eliminated by replacing the last equation in (10) with
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na(ia) = ma(ia), for all a ∈ A, |a| 6= 1, 2.

Hence, the corresponding equation system is solved to obtain the maximum likelihood esti-
mators of the expected frequencies m.

4.1. Solution of likelihood equations

There is a closed expression that solves the likelihood equations for a symmetry model; how-
ever, for a general RGLL model an approximated solution through numerical methods is
necessary. Log-linear models are fitted using iterative proportional fitting, IPF (e.g., Bishop,
Fienberg, and Holland 1975, p. 83-102), or the Newton Raphson (Fisher scoring) method
(e.g., Agresti 2002, p. 143-146, p. 342-343). We have written programs to fit an RGLL model
based only on the IPF method. The Newton Raphson method can be directly used when the
restrictions can be equivalently used for parameters without identification constraints that
consider all possible values of the variables (full parameters) or for the parameters under a
parametrization. Instances of restrictions of such kind were described before Example 1 in
Section 2. In these cases, an RGLL model and its associated design matrix can be obtained
using such a parameterization, and the associated design matrix has full rank. This is straight-
forward on models with vertex colouring only (main effects restrictions), but when there is
an edge colouring (first-order interactions restrictions), equalities between parameters with
different parameterizations are not always represented in the same way by simply changing
the parameter. When we can not easily find such parametrization, we use the full parameters
to obtain a system of equations where some of them are redundant. Hence, we can solve a
subset corresponding to linearly independent equations and the rest are automatically solved.
The modified IPF method described in the Appendix depends on those equations and can
always be used.

A group of Fortran programs has been written to fit and select RGLL models, we refer to
them as REGRAPH and are available upon request from the first author. The modified IPF
method was implemented using some subroutines from Haberman (1972, 1976) to fit log-linear
models, but most of the subroutines used were specifically written for RGLL models. Fitted
expected frequencies, deviance, the associated design matrix, and the number of degrees of
freedom for the associated asymptotic chi square distribution was also calculated. The number
of degrees of freedom is calculated from the design matrix and is corrected when necessary,
for instance, when an estimated expected frequency has a value of zero. Numerical results
obtained with REGRAPH have been compared with those obtained by using MIM 3.2.0.6
(Edwards 2000) or R for models in which the comparison is possible, e.g. quasi-symmetry
and symmetry models.

4.2. Model selection

In order to fit an RGLL model to some data, three components have to be considered: (1)
the graph structure given by the generating class, (2) the colouring or partition of the sets V
and E, and (3) the estimated expected frequencies. Usually, the generating class is obtained
performing a model search looking for a graphical log-linear model that fits the data using
software like MIM. Then we apply a model search method to get a colouring, defining in this
way an updated RGLL model. We obtained a method to see whether it is convenient to join
colour classes using the deviance. Two classes are joined whenever its p value is greater than
a significance level. With this method, we implemented an iterative search in REGRAPH
to get, from any initial RGLL or graphical log-linear model, a new RGLL model that fits
some data. Hence, only the last two components can be obtained through REGRAPH. The
iterative search consists of joining pairs of vertex (or edge) classes from an initial model. We
iteratively try to join all pairs of classes until a pair is significant according to its p value, ob-
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taining new updated classes. The process is repeated with the new classes and so on until it is
not possible to join more classes. We can first apply a model search for the vertex classes and
use the final model obtained through this process as an initial model to obtain the edge classes.

Example 2 (continued). First, we label residence in 1980 and residence in 1985 as vertices 1
and 2, respectively. The four possible values, Northeast, Midwest, South and West, are coded
as 1, 2, 3, and 4, respectively. The quasi-symmetry model fits these data and corresponds to
an RGLL model with generating class A={{1, 2}} with V=(V1, V2), E=(E1,...,E10), where

V1 = {1}, V2 = {2}; Ei = {u12(ii)}, i = 1, .., 4, E5 = {u12(12), u12(21)},
E6 = {u12(13), u12(31)}, E7 = {u12(14), u12(41)}, E8 = {u12(23), u12(32)},

E9 = {u12(24), u12(42)}, E10 = {u12(34), u12(43)}.

The deviance for this model obtained with REGRAPH is 2.99 with three degrees of freedom
and a p-value of 0.39, indicating that we do not reject the null hypothesis that the model fits
the data.

Starting from the quasi-symmetry model, we apply a selection method that preserves the
vertex colour classes using REGRAPH. Assuming a significance level of 0.05, we get an RGLL
model with generating class A={{1, 2}} with V = (V1, V2) and E=(E1,E2,...,E7), where

V1 = {1}, V2 = {2}; E1 = {u12(22)}, E2 = {u12(12), u12(21)}, E3 = {u12(13), u12(31)},

E4 = {u12(14), u12(41)}, E5 = {u12(23), u12(32)}, E6 = {u12(33), u12(11), u12(34), u12(43)},
E7 = {u12(44), u12(24), u12(42)}.

This model has a deviance of 2.98 with three degrees of freedom, p-value of 0.39, while the
value of the Pearson X2 statistic is 2.98. Of these classes, only two differ with respect to those
in the quasi-symmetry model. The class containing u12(34) and u12(43) now also contains
u12(11) and u12(33) and the class containing u12(24) and u12(42) now also contains u12(44).
The graphs associated with this and the quasi-symmetry model are not presented here be-
cause they involve too many edges and colours to be helpful.

Example 2 shows the fitting of a quasi-symmetry model as an RGLL model and offers a sec-
ond fitting of another RGLL model. Both indicate that the expected cell frequencies in the
same class would be equal if the marginal effects were not considered or that the variables
and values in the same class are equally associated.

Example 3 (twins data, continued). In Section 1 we defined an RGLL model with two
vertex and ten edge colour classes. The associated restrictions are as usual for the main effects
and of the kind uXY (ij)=uZR(ij) or uXY (ij)=uZR(ji) for the first-order interactions. This
allows us to equivalently apply the restrictions on the full parameters or on those under effect
coding as described in Section 4.1. Hence, the model can be fitted with R using the glm
function by generating the effect coding variables and summing those whose associated full
parameters are equal. Similar statistics were obtained with REGRAPH, which uses an IPF
algorithm, and R, where a Newton-Raphson algorithm is used. Using R we got a residual
deviance of 9.49 with 10 degrees of freedom, and p value of 0.49, while using REGRAPH the
statistic is 9.18 with the same degrees of freedom, and a p value of 0.51. When compared
with the graphical model (the unrestricted model defined only by the generating class) whose
deviance is 4.75 with seven degrees of freedom, the deviance between models is 4.74 (or 4.43
with REGRAPH) with three degrees of freedom and associated p value of 0.19 (or 0.21 with
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REGRAPH). Hence, the model fits the data well when compared with both the saturated or
graphical models. It improves the inference because it allows the symmetric interpretations
discussed earlier. The associated fitted expected values are shown in Table 1.

5. Discussion and perspectives

We have introduced RGLL models mainly as a way of generalizing symmetry in graphical
log-linear models. We have used both the parameterization and the kind of restrictions used
by Agresti (Agresti 2002, p. 423-426) for symmetry and quasi-symmetry models. We could
have used any other parameterization to define the parameter restrictions in RGLL models;
for example, parameters under effect coding. In some particular cases, the restrictions with
any kind of parameter are exactly the same. The graphical representation can be helpful
when there are few variables and levels. RGLL models can be fitted to specific panel data,
which can be represented using contingency tables as discussed by Lovison (2000).

RGLL models can be fitted using REGRAPH. Care should be taken with the interpretation of
a fitted model. Indeed, in some cases the fitted model could be too complex to be interpreted
in terms of the relationship between the cells. We have to be careful with which restrictions
are imposed, for instance if all first-order interactions are in one class, then the correspond-
ing parameter becomes a constant term and the model is non-hierachical. Even though we
proved in Ramı́rez-Aldana (2010) that the IPF method converges to the estimators, we have
to be careful with the initial values. The problem with this type of numerical methods is that
for higher-dimension contingency tables, the solution can slightly differ depending on those
values. This can be more evident on contingency tables in which there are cells with very
small counts and others with very large counts. Future work could include to improving the
computational algorithm in this sense.

There are two types of models defined in Ramı́rez-Aldana (2010) for graphical log-linear
models with associated triangle-free graphs called label and level invariant graphical log-
linear models. They represent four types of symmetry: (a) graph symmetry, (b) model and
distribution preservation after permuting subsets of variables, (c) expected frequencies equal-
ities, and (d) scale invariance. They can be expressed as RGLL models though they have
different properties. The RGLL model associated with a label invariant model can be easily
obtained using graphical and algebraic concepts. The example given in Section 1 corresponds
to a particular level invariant graphical log-linear model, which is almost equivalent to a
label invariant model but without scale invariance. The advantage of such a model is that
its associated RGLL model can be obtained using similar concepts as the ones used for a la-
bel invariant model. The classes for the RGLL model in Section 1 can be obtained in this way.

We could extend RGLL models by setting equality restrictions not only on the main effects
and first-order interactions, but also on higher-order interactions. This generalization requires
additional work in both computational and theoretical terms. A graphical representation of
these models, even with multi-graphs, is not possible, much less when we consider that the
equalities involve not only variables but also their values. If we obtained these generalizations,
more symmetry generalizations, for example complete symmetry or quasi-symmetry (Bishop
et al. 1975, p. 299-306), would be particular cases.
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A. Solution to the likelihood equations

The IPF method (e.g., Lauritzen 1996, p. 83-84) consists of three steps applied to every cell i,
for i ∈ I. For RGLL models, there are likelihood equations that have to be solved in addition
to the ones for the generating class A. These equations correspond to first-order interactions
and main effects, first and second equations in (10). The algorithm then solves RGLL models
similarly to the IPF method; however, in step 2 we add transformations corresponding to the
restrictions or colourings. The usual IPF method consists of the following steps:

1. Assign an initial value, m0(i), for i ∈ I. For instance, m0(i) can be one.

2. Take all the elements in the generating class A, and order them in a set (b1, b2, ..., bz).
Define the transformation Tv = Tbv , for v = 1, 2, ..., z, as

(Tbvm)(i) = m(i)
n(ibv)

m(ibv)
, i ∈ I.

Define recursively

mr+1(i) = (T1T2...Tz)mr(i), r = 0, 1, 2, ....

In every step, we adjust all the elements in the generating class, so that there are z
sub-steps for every step.

3. The process continues until the maximal difference between the marginal counts and
the marginal adjusted expected frequencies reaches a predetermined error δ.

For RGLL models, we add other transformations. Considering that all variables have the
same categories, L levels in each, we define for every vertex class Vt, where t = 1, 2, ..., T and
l = 1, ..., L, the following transformations

(TVt(l)m)(i) = m(i)

∑
vtk∈Vt n(vtk = l)

∑
vtk∈Vt m(vtk = l)

, i ∈ {(i1, i2, ..., i|V |) ∈ I|ivtk = l, for some vtk ∈ Vt}.

For each edge or first-order interaction class Es, with s = 1, 2, ..., S, we define the following
transformations for i ∈ {(q1, q2, ..., q|V |) ∈ I|qlv = iv, qrv = jv, for some {lv = iv, rv = jv} ∈
Es}

(TEsm)(i) = m(i)

∑
{lv=iv ,rv=jv}∈Es

n(lv = iv, rv = jv)∑
{lv=iv ,rv=jv}∈Es

m(lv = iv, rv = jv)
.

We define 0/0 = 0. The element {lv = iv, rv = jv} ∈ Es denotes an edge on Es joining the
variable lv to rv for the value combination (iv, jv), for v = 1, ..., ked(s), where s = 1, ..., S.

Then, we define for r, where r = 0, 1, 2, ...
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mr+1(i) = (T1T2...TzTV1(1)TV1(2)...TV1(L)...TVT (1)TVT (2)...TVT (L)TE1TE2 ....TES
)mr(i).

We emphasize that the transformation Tbv = Tv is applied for |bv| 6= 1, 2 and that not all
transformations associated with the colourings are applied to every cell, it depends on the
class and cell. For example, if we have a cell whose entries corresponding to all the variables
in a colour class Vt are all different from l, then there is no sense in applying to this cell the
transformation TVt(l).
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Abstract

A new generalized Poisson-Lindley distribution is obtained by compounding Poisson
distribution with a two parameter generalised Lindley distribution. The new distribu-
tion is shown to be unimodal and over–dispersed. This distribution has a tendency to
accommodate right tail, and for particular values of parameter, the tail tends to zero at a
faster rate. Various properties like cumulative distribution function, generating function,
moments etc. are derived. Knowledge about the parameters is obtained through method
of moments, maximum likelihood method and EM algorithm. Moreover, an actuarial
application to collective risk model is shown by considering the proposed distribution as
primary distribution and exponential and Erlang as secondary distributions. The model
is applied to real data sets and found to perform better than other competing models.

Keywords: compound distribution, Poisson-Lindley distribution, over–dispersion, EM algo-
rithm, collective risk model, Bonus–Malus premium.

1. Introduction

Researchers in the recent past proposed many distributions, most popular being the gener-
alizations of exponential, gamma and Weibull distributions. Lindley (1958) suggested a one
parameter distribution to illustrate the difference between fiducial distribution and posterior
distribution. Ghitany et al. (2008) studied many statistical properties of the Lindley dis-
tribution and showed that the mathematical properties are more flexible than exponential
distribution, as such, Lindley distribution is found to be better model than exponential dis-
tribution. Many researchers viz. Zakerzadeh and Dolati (2009), Zamani and Ismail (2010),
Nadarajah (2011), Bakouch et al. (2012), Elbatal et al. (2013), Hassan (2014), Shanker
(2013) have proposed new classes of distributions by modifying the Lindley distribution and
discussed various properties of their proposed generalizations.
Sankaran (1970) while modelling count data, introduced Poisson-Lindley distribution, by as-
suming the parameter of the Poisson distribution, λ, to follow a Lindley distribution. Ghitany
et al. (2008) proposed different methods of estimation for the discrete Poisson-Lindley dis-
tribution. Ghitany et al. (2008) have used the zero truncated Poisson-Lindley distribution
to model count data when the data structurally excludes zero counts. Size-biased Poisson-
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Lindley Distribution and its application were also studied by Ghitany et al. (2008). Mahmoudi
et al.(2010) generalized the Poisson-Lindley distribution of Sankaran (1970) and showed that
their generalized distribution has more flexibility in analysing count data. Hernández et al.
(2010) in the context of insurance have used the Poisson-Lindley to study the collective risk
model when number of claims and size of a single claim are incorporated into the model.
Another form of discrete Lindley distribution was introduced by Gómez et al. (2011) by dis-
cretizing the continuous Lindley distribution. The model is over-dispersed and competitive
with the Poisson distribution to fit automobile claim frequency data sets. After revising some
of its properties a compound discrete Lindley distribution is obtained. Gómez et al. (2013)
analysed the collective risk model by assuming Erlang distribution to the loss data and gen-
eralised Lindley distribution to the claim frequency data.
In many potential branches like insurance, clinical trials, engineering, biology etc. the vari-
able of interest is a count variable. Though classical models like Poisson, geometric, negative
binomial, and their generalizations (see for example Philippou (1983), Gómez (2010, 2011),
Chandra et al. (2013), Sastry et.al. (2014)), are available for count data analysis, it is found
that these models are not supportive to capture the right tail behaviour of the data set prop-
erly. Few attempts have been made by researchers to capture this right tail behaviour (see
for example Gomez et al. (2013)), but not much work has been done. The importance of
right tail behaviour is illustrated in the following example.
In insurance industry, the actuary while fixing the premium, assumes a claim distribution
which may or may not be realised after a claim is made, therefore it becomes a challenge to
the actuary to develop new statistical distributions which take care of this subtle difference.
Besides properly fitting to the available data set, the proposed distribution has to capture
specific characteristics like shape and tail behaviour. The tail can either tapers out quickly or
slowly. When the tail approaches zero slowly, the extreme values can be properly understood.
Therefore, besides fitting properly to the data, the shape of the distribution should capture
the behaviour of extreme values also with their tendency to approach zero.
This critical observation has motivated the authors to search for a discrete distribution which
fades away to zero much more slowly/faster than the classical compound Poisson-Lindley
distribution by Sankaran (1970).
In this paper we propose a new generalized Poisson-Lindley distribution which is obtained
from Poisson distribution when its parameter λ, follows a two parameter Lindley distribution
(T PLD(θ, α)) as suggested by Shanker et al. (2013) defined as

f (x;α, θ) =
θ2

(θ + α)
(1 + αx)e−θx, x, α, θ > 0

The paper is structured as follows: In Section 2, a new distribution is proposed. Various
properties like shape, quantile function, generating function and moments are presented in
Section 3. An algorithm for simulation of random variable is shown in Section 4. Estimation
methods like method of moments, maximum likelihood estimation and EM algorithm are
discussed in Section 5. Section 6 addresses the actuarial application to auto mobile insurance
of the proposed model. In Section 7, applicability of the proposed model is shown, and com-
pared with other competing probability models. Moreover, by using Bayesian methodology,
Bonus-Malus premium for automobile insurance product is being computed and shown in
same Section 7.

2. Proposed model

Definition 1: A random variable X is said to be a new generalized Poisson-Lindley distri-
bution if it follows the stochastic representation

X|λ ∼ Po(λ)

λ|θ, α ∼ T PLD(θ, α)
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for λ > 0 and θ, α > 0. We denote unconditional distribution of by NGPL(θ, α).

Theorem 1: If X ∼ NGPL(θ, α), then probability mass function (pmf) of X is

f(x; θ, α) =
θ2

(θ + α)(1 + θ)x+1

(
1 +

α(x+ 1)

(1 + θ)

)
, x = 0, 1, 2, ...

with θ, α > 0.
Proof: If X|λ ∼ Po(λ) and λ|θ, α ∼ T PLD(θ, α), then pmf of unconditional random variable
X is given as

Pr(X = x) =

∞∫

0

Pr(X = x|λ)f(λ; θ, α)dλ

where f(λ; θ, α) is two parameter Poisson Lindley distribution.

Pr(X = x) =

∫ ∞

0

θ2e−λλx(1 + αλ)e−θλ

(θ + α)x!
dλ

=
θ2

(θ + α)x!

∫ ∞

0
e−λ(1+θ)λxdλ+

αθ2

(θ + α)x!

∫ ∞

0
e−λ(1+θ)λx+1dλ

=
θ2

(θ + α)x!

Γ(x+ 1)

(1 + θ)x+1
+

αθ2

(θ + α)x!

Γ(x+ 2)

(1 + θ)x+2

Pr(X = x) =
θ2

(θ + α)(1 + θ)x+1

(
1 +

α(x+ 1)

(1 + θ)

)
, x = 0, 1, 2, ... (1)

where θ > 0, α > 0.

Remarks

i For α→ 0, pmf (1) reduces to geometric distribution G
(

θ
1+θ

)
.

ii For α = 1, pmf (1) reduces to discrete Poisson-Lindley distribution proposed by Shan-
karan (1970).

iii For α→∞, pmf (1) tends to negative binomial NB(2, θ
1+θ ).

iv (1) can also viewed as a mixture of G( θ
1+θ ) and NB(2, θ

1+θ ) with mixing proportion θ
θ+α .

For different values of θ and α, the probability function is evaluated and presented in Figure
1. It can be observed that for fixed θ and increasing α, the distribution accommodates more
right tail, whereas, for fixed α and increasing θ, the distribution condenses and the right tail
approaches to zero at a faster rate. Our proposed model fits appropriately to those data sets
where there is large right tail or the tail approaches to zero at a faster rate. Such data sets
are quite common in insurance problems and count data example in biology.
The cumulative density function of X ∼ NGPL(θ, α) can be given as

FX(x) =
x∑

n=0

θ2

(θ + α)

(1 + θ + αn+ α)

(1 + θ)n+2

=
(α+ θ)(θ + 1)x+2 − (2αθ + α+ θ2 + θ + αθx

)

(θ + 1)x+2(α+ θ)
(2)

3. Properties of the new generalized Poisson-Lindley distribution

3.1. Shape of the probability function

It can be seen that

p(0) =
θ2(1 + α+ θ)

(α+ θ)(1 + θ)2
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Figure 1: Plots of the p.m.f.for different value of θ, α
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Figure 1: Pmf plots for different values of θ and α
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p(x+ 1)

p(x)
=

1 + (2 + x)α+ θ

(1 + θ)(1 + (1 + x)α+ θ)
, x = 1, 2, 3, · · · (3)

The above expression is a decreasing function in x implying unimodalilty. Further,

Pr(X = x+ 2)Pr(X = x)

(Pr(X = x+ 1))2
=

1 + α
1+θ+α(x+2)

1 + α
1+θ+α(x+1)

< 1 (4)

As such Pr(X = x) is log-concave and hence the distribution (1) has an increasing failure
rate, see Johnson et al.(2005), p. 209. It can also be verified that,

(i) For θ > 1, (1) is unimodal and has a unique mode at 0.

(ii) When 0 < θ ≤ 1 and α ≥ θ(θ+1)
1−θ , the mode of pmf (1) is unimodal and unique at [x∗]+1,

where [x∗] denotes integer part of x∗ defined as

x∗ =
α− θ − θα− θ2

αθ

(iii) For 0 < θ ≤ 1 and α ≤ θ(θ+1)
1−θ , the pmf (1) has mode at 0.

The above facts are shown in Fig. 1 for selected values of θ, α.

Further, if we define a ratio R = Pr(N1=n;θ,α)
Pr(N2=n,θ)

=
1+ 1+αx

α+θ

1+ 1+x
1+θ

, where N1 ∼ NGPL(θ, α) and

N2 ∼ PL(θ)(i.e. Poisson-Lindley), then we can observe, NGPL will have heavier (thinner)
right tail probability as compare to PL(θ) i.e R > (<)1 for α > (<)1 and x > (<)x0(= 1/θ).

3.2. Quantile function

Let X ∼ NGPL(θ, α), then the quantile function QX(γ) = F−1X (γ), 0 < γ < 1 is xγ given in
Theorem 2: The quantile function of the NGPL(θ, α) is

xγ = −

(
2αθ + α+ θ2 + θ

)
log(θ + 1) +W

(
− (1−γ)(θ+1)

−α+θ2+θ
αθ (α+θ) log(θ+1)
αθ

)

αθ log(θ + 1)

where W (.) denotes the Lambert W function.

Proof: The c.d.f of the distribution is

FX(x) =
(α+ θ)(θ + 1)x+2 − (2αθ + α+ θ2 + θ + αθx

)

(θ + 1)x+2(α+ θ)

the γth quantile function is obtained by solving FX(x) = γ.

γ = 1− αθx+ 2αθ + θ + θ2 + α

(1 + θ)x+2(α+ θ)

1− γ =
αθx+ 2αθ + θ + θ2 + α

(1 + θ)x+2(α+ θ)

Multiplying both sides of the above equation by − (1+θ)
−θ−θ2−α

αθ

αθ log(1 + θ) and after re-
arranging the terms, we get

−(α+ θ)(1− γ)(1 + θ)
−θ−θ2−α

αθ

αθ
log(1 + θ) = −

(
2αθ + αθx+ α+ θ + θ2

)

αθ
log(1 + θ)

∗e−
(2αθ+αθx+α+θ+θ2)

αθ
log(1+θ)
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Using definition of Lambert-W function (W (z)eW (z) = z, where z is a complex number, see
Joŕda (2010)), the right hand side of the above expression is the Lambert W function of the

real argument − (α+θ)(1−γ)(1+θ)
−θ−θ2−α

αθ

αθ log(1 + θ). Thus we have

W


−(1− γ)(θ + 1)−

α+θ2+θ
αθ (α+ θ) log(θ + 1)

αθ


 = − 1

αθ
log(1 + θ)

(
2αθ + αθx+ α+ θ + θ2

)

Solving the above equation for x, we get

xγ = F−1(γ) = −

(
2αθ + α+ θ2 + θ

)
log(θ + 1) +W

(
− (1−γ)(θ+1)

−α+θ2+θ
αθ (α+θ) log(θ+1)
αθ

)

αθ log(θ + 1)
(5)

The first three quantiles can be obtained by substituting γ = 1
4 ,

1
2 and 3

4 in equation (5).

Q1 = −2αθ + α+ θ2 + θ

αθ
−
W

(
−3(θ+1)

−α+θ2+θ
αθ (α+θ) log(θ+1)

4αθ

)

log(θ + 1)

Median = Q2 = −2αθ + α+ θ2 + θ

αθ
−
W

(
− (θ+1)

−α+θ2+θ
αθ (α+θ) log(θ+1)

2αθ

)

log(θ + 1)

Q3 = −2αθ + α+ θ2 + θ

αθ
−
W

(
− (θ+1)

−α+θ2+θ
αθ (α+θ) log(θ+1)

4αθ

)

log(θ + 1)

3.3. Generating functions

The Probability Generating Function of (1) is given by

PX(t) =
∞∑

x=0

tx
θ2

(θ + α)(1 + θ)x+1

(
1 +

α(x+ 1)

(1 + θ)

)

=

(
θ2

θ + α

)(
αθ + α+ θ2 + 2θ − θt− t+ 1

(θ + 1)(−θ + t− 1)2

)

PX(t) =
θ2(α+ θ − t+ 1)

(α+ θ)(θ − t+ 1)2
(6)

The Moment Generating Function works out to

MX(t) =
∞∑

x=0

etx
θ2

(α+ θ)(1 + θ)x+1

(
1 +

α(x+ 1)

(1 + θ)

)

= −
(
−α− θ + et − 1

(−θ + et − 1)2

)(
θ2

θ + α

)

MX(t) =
θ2
(
α+ θ − et + 1

)

(α+ θ) (θ − et + 1)2
(7)

3.4. Moments, skewness and kurtosis

The first four raw moments of X can easily be obtained by simple computations and are as
follows

µ′1 =
2α+ θ

θ(α+ θ)
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µ′2 =
2α(θ + 3) + θ(θ + 2)

θ2(α+ θ)

µ′3 =
θ
(
θ2 + 6θ + 6

)
+ 2α

(
θ2 + 9θ + 12

)

θ3(θ + α)

µ′4 =
2α
(
θ3 + 21θ2 + 72θ + 60

)
+ θ

(
θ3 + 14θ2 + 36θ + 24

)

θ4(θ + α)
(8)

and the moments of X about the mean are

µ2 =
2α2(1 + θ) + θ2(1 + θ) + αθ(4 + 3θ)

θ2(α+ θ)2

µ3 =
2α3

(
θ2 + 3θ + 2

)
+ α2θ

(
5θ2 + 18θ + 12

)
+ αθ2

(
4θ2 + 15θ + 12

)
+ θ3

(
θ2 + 3θ + 2

)

θ3(α+ θ)3

The expressions for skewness

(
µ3

µ
3/2
2

)
and kurtosis

(
µ4
µ22

)
are large and complicated; however

their values for different parametric values can be determine and are presented in Table 1.
Moreover, Figure 2 and 3, respectively, represents the surface plot of skewness and kurtosis
with α and θ as axes.

Table 1: Skewness (Kurtosis) for various value of parameter (θ, α)

θ ↓, α→ 0.5 1 1.5 2 2.5 3

0.25 1.556(6.676) 1.488(6.336) 1.464(6.225) 1.453(6.171) 1.446(6.139) 1.442(6.119)
0.50 1.708(7.460) 1.598(6.830) 1.550(6.586) 1.525(6.460) 1.509(6.383) 1.498(6.332)
1.00 1.916(8.210) 1.792(7.765) 1.723(7.188) 1.679(6.984) 1.650(6.851) 1.628(6.758)
1.50 2.063(8.240) 1.949(7.832) 1.875(7.547) 1.824(7.351) 1.787(7.212) 1.759(7.108)
2.00 2.186(7.989) 2.083(7.895) 2.010(7.734) 1.956(7.593) 1.915(7.479) 1.884(7.387)
2.50 2.297(7.675) 2.203(7.848) 2.132(7.823) 2.078(7.755) 2.035(7.682) 2.001(7.614)
3.00 2.401(7.387) 2.314(7.765) 2.246(7.865) 2.191(7.872) 2.148(7.846) 2.112(7.810)

Figure 2: Skewness Figure 3: Kurtosis

It can be seen from the above that for fixed θ, as α increases, both skewness and kurtosis
are decreasing. For fixed α, as θ increases, skewness is increasing while kurtosis is showing a
mixed behaviour.

The coefficient of variation (C.V) of the distribution comes out to be

C.V. =
σ

µ

=

(√
2α2(1 + θ) + θ2(1 + θ) + αθ(4 + 3θ)

θ2(α+ θ)2

)(
θ(α+ θ)

2α+ θ

)

C.V. =

√
2α2(1 + θ) + θ2(1 + θ) + αθ(4 + 3θ)

(2α+ θ)
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The index for dispersion is given by

r =
σ2

µ

=

(
2α2(1 + θ) + θ2(1 + θ) + αθ(4 + 3θ)

θ2(α+ θ)2

)(
θ(α+ θ)

2α+ θ

)

r =
2α2(θ + 1) + αθ(3θ + 4) + θ2(θ + 1)

θ(α+ θ)(2α+ θ)

As the new distribution comes from a mixture of a Poisson distribution and two parameter
Lindley distribution, the variance–to–mean ratio is greater than one (see Karlis (2005) and
Sundt and Vernic (2009), p. 66) the proposed distribution is over-dispersed.

4. Simulation of random variables

Note that, If Y ∼ P (λ) and λ follows a two parameter Lindley distribution, which can also
be represented as a mixture of two independent random variable V1 ∼ exp(θ) and V2 ∼
gamma(2, θ) with mixture parameter p = θ

θ+α , then following steps can be used to generate
NGPL(θ, α) random variates

Step 1: Generate Ui, i = 1, 2, ·, n from U(0, 1) distribution.

Step 2: If Ui ≤ θ
θ+α , generate λi ∼ exp(θ); otherwise, generate λi ∼ gamma(2, θ)

Step 3: Generate Yi, i = 1, 2, · · · , n, where Yi ∼ P (λi).

5. Estimation

5.1. Method of moments

Given a random sample x1, x2, · · · , xn of size n from (1), the moment estimates, α̃ and θ̃, of
α and θ can be obtained by solving the following equations

m1 = µ′1 =
2α+ θ

θ(α+ θ)
(9)

and

m2 = µ′2 =
2α(θ + 3) + θ(θ + 2)

θ2(α+ θ)
. (10)

where m1 and m2 are the first and second sample moments. Solving the above equations, we
get

α̃ =
θ̃ −m1θ̃

2

m1θ̃ − 2
and θ̃ =

2m1 +
√

4m2
1 + 2m1 − 2m2

m2 −m1
(11)

Theorem 3: For fixed α, the estimator θ̃ of θ is positively biased, i.e. E(θ̃) > θ.

Proof: Let θ̃ = g(X̄) and g(t) = 1−αt+
√
1+6αt+α2t2

2t for t > 0. Then

g′′(t) =
1

t3
+

9αt+ 3α3t3 + 15α2t2 + 1

t3 (1 + 6αt+ α2t2)3/2
> 0

therefore, g(t) is strictly convex. Thus, by Jensenś inequality, we have E
{
g(X̄)

}
> g{E(X̄)}.

Finally, since g{E(X̄)} = g
(

2α+θ
θ(α+θ)

)
= θ, we obtain E(θ̃) > θ.
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Theorem 4: For fixed values of α, the moment estimate θ̃ of θ is consistent and asymp-
totically normal and distributed as

√
n
(
θ̃ − θ

)
→d N

(
0, ν2(θ)

)

where ν2(θ) =
θ2(α+θ)2(2α2θ+2α2+3αθ2+4αθ+θ3+θ2)

(2α2+4αθ+θ2)2
.

Proof: Consistency : Since µ < ∞, X̄ →P µ. Also since g(t) = 1−αt+
√
1+6αt+α2t2

2t is a

continuous function at t = µ, g(X̄)→P g(µ) i.e. θ̃ →P θ.
Asymptotic normality: Since σ2 <∞, then by the central limit theorem, we have

√
n
(
X̄ − µ)→d N

(
0, σ2

)

Also, since g(µ) is differentiable and g′(µ) 6= 0, by the delta-method, we have

√
n
(
g
(
X̄
)− g(µ)

)→d N
(
0, ν2(θ)

)

where

ν2(θ) = [g′
(

2α+ θ

θ(α+ θ)

)
]2σ2

=
θ2(α+ θ)2

(
2α2θ + 2α2 + 3αθ2 + 4αθ + θ3 + θ2

)

(2α2 + 4αθ + θ2)2

Hence the theorem.
As a result of this, the asymptotic 100(1−γ)% confidence interval for θ is given by θ̂∓zα/2 ν(θ̂)√n ,

where zα/2 is the (1− α/2) percentile of the standard normal distribution.

5.2. Maximum likelihood estimation

Let x1, x2, · · · , xn be random observations of size n from our proposed generalized Poisson-
Lindley distribution. The log-likelihood function for the vector of parameters Θ = (θ, α)>

can be written as

ln (α, θ |x) = 2n log θ − n log(θ + α)−
n∑

i=1

(xi + 1) log(1 + θ) +
n∑

i=1

log

(
1 +

α (xi + 1)

1 + θ

)
(12)

The associated score function is given by Un =
(
∂ln
∂θ ,

∂ln
∂α

)>
, where

∂ln
∂θ

=
2n

θ
− n

θ + α
− (

∑n
i=1 xi) + n

1 + θ
−

n∑

i=1

α (xi + 1)

(1 + θ + α (xi + 1)) (1 + θ)
(13)

∂ln
∂α

=
−n
θ + α

+
n∑

i=1

(xi + 1)

(1 + θ + α (xi + 1))
(14)

the ML estimator can be obtained by equating
(
∂ln
∂θ ,

∂ln
∂α

)>
(θ̂,α̂)

= (0, 0)>, hence we get

α̂ =
θ̂2x̄− θ̂
2− θ̂x̄

and
−n
θ̂ + α̂

+
n∑

i=1

(
xi + 1

1 + θ̂ + α̂ (xi + 1)

)
= 0

The second partial derivatives are given by
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∂2l

∂θ2
=

n∑

i=1

α (xi + 1) (α+ 2θ + αxi + 2)

(θ + 1)2 (α+ θ + αxi + 1) 2
+

n∑

i=1

xi + 1

(θ + 1)2
+

n

(α+ θ)2
− 2n

θ2

∂2l

∂θ∂α
=

n

(α+ θ)2
−

n∑

i=1

xi + 1

(α+ θ + αxi + 1) 2

∂2l

∂α2
= −

n∑

i=1

(xi + 1)2

(θ + 1)2
(
α(xi+1)
θ+1 + 1

)2 +
n

(α+ θ)2
(15)

The above equations can be solved numerically by using open source R software.

5.3. EM algorithm for a new generalize Poisson-Lindley distribution

The MLE of α and θ needs to be computed numerically. Newton-Raphson algorithm is one
of the standard methods to estimate the parameters. The algorithm requires second order
derivatives of the log-likelihood for all iterations which makes it quite complex. This problem
can be handled by another estimation method known as Expectation-Maximization (EM) (see
Dempster et al. (1977)). The EM algorithm consists of two steps: the E-step and the M-step.
E-Step computes the expectation of the unobservable part given the current values of the
parameters and M-step maximizes the complete data likelihood and updates the parameters
using the conditional expectations obtained in E-step. This procedure can be useful when
there are no closed-form expressions for estimating the parameters and the derivatives of the
likelihood are complicated.
To start with, a hypothetical complete-data distribution is defined with joint probability
function

g(X,λ; θ, α) =
θ2(1 + αλ)λxe−λ(1+θ)

(θ + α)x!
, θ > 0;α > 0

It is straightforward to verify that the E-step of an EM cycle requires the computation of

the conditional expectations of (λ|xi; θ(h), α(h)) and ( λ
1+αλ |xi;α(h), θ(h)), say t

(h)
i and s

(h)
i

respectively, where (θ(h), α(h)) is the current estimate of (θ, α). Using,

g(λ|X) =
λx(1 + αλ)e−λ(1+θ)(1 + θ)x+2

x!(1 + θ + α(x+ 1))

t
(h)
i = E(λ|xi; θ(h), α(h)) =

(xi + 1)
(
1 + θ(h) + α(h) (xi + 2)

)

(
1 + θ(h)

) (
1 + θ(h) + α(h) (xi + 1)

)

s
(h)
i = E

(
λ

1 + αλ
|xi; θ(h), α(h)

)
=

xi + 1

1 + θ(h) + α(h)(θ(h) + 1)

The EM cycle completes with the M-step, involving complete data maximum likelihood over
(θ, α), with the missing λ’s replaced by their conditional expectations E(λ|x; θ(h);α(h)). Thus
the EM iterates

θ(h+1) =
−
(
t̄(h)α(h) − 1

)
+
√(

t̄(h)α(h) − 1
)2

+ 8t̄(h)α(h)

2t̄(h)

α(h+1) =
1

s̄(h)
− θ(h)

until defined convergence criterion is satisfied.

6. Collective risk model

In non-life insurance portfolio, say, automobile insurance, the aggregate loss (S) is a random
variable defined as sum of claims incurred in a certain period of time. Let N be number
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of claims in a certain period which is a random variable and Xi be claim severity random
variable, which is independent of N , is the size of ith claim. Thus, aggregate loss is defined

as S =
N∑
i=0

Xi. It is well known that the pdf of S is given as fs(x) =
∞∑
n=0

pnf
n∗(x), where

pn denotes the probability of n claims (primary distribution) and fn∗(x) is the nth fold
convolution of f(x), the claim amount (secondary distribution). For more detail on classic
risk model, see Freifelder (1974), Rolski et al. (1999), Nadarajah and Kotz (2006a and 2006b)
and Klugman et al. (2012) and reference therein. Here, we consider two such situations: In
one case, the primary distribution is as defined in Section 1 and claim severity distribution
as exponential distribution with parameter (λ). In the second case, the Erlang distribution
with parameters r and λ is the secondary distribution. Erlang loss distribution may arise in
insurance settings when the individual claim amount is the sum of exponentially distributed
claims.

Theorem 5: If we assume a NGPL(θ, α) as primary distribution and an exponential distri-
bution with parameter (λ) as secondary distribution, then the pdf of aggregate loss random

variable S =
N∑
i=0

Xi is given by

fS(x) =
θ2λe−

θλx
θ+1

(
2αθ + 2α+ θ2 + 2θ + αλx+ 1

)

(1 + θ)4(θ + α)
, for x > 0 (16)

whereas,

fS(0) =
θ2 (1 + α+ θ)

(θ + α)(1 + θ)2

Proof: By assuming that the claim severity follows an exponential distribution with parameter
λ > 0, since the nth fold convolution of exponential distribution is gamma distribution with
parameter n and λ, the nth fold convolution is given by

f∗n(x) =
λn

(n− 1)!
xn−1e−λx, n = 1, 2, ...,

Then the pdf of the random variable S is given by

fS(x) =
∞∑

n=1

θ2

(θ + α)(1 + θ)n+1

(
1 +

α(n+ 1)

1 + θ

)
λn

(n− 1)!
xn−1e−λx

=
θ2e−λx

(θ + α)

∞∑

n=1

λn

(1 + θ)n+1(n− 1)!
xn−1

(
1 +

α(n+ 1)

1 + θ

)

=
θ2e−λx

(θ + α)

e
xλ
1+θλ

(
1 + 2α+ xαλ+ 2θ + 2αθ + θ2

)

(1 + θ)4

fS(x) =
θ2λe−

θλx
1+θ

(
2αθ + 2α+ θ2 + 2θ + αλx+ 1

)

(θ + α)(1 + θ)4

The pdf of the aggregate loss has a jump of size Pr(S = 0) at the origin. The no claim
probability comes out to be

fS(0) =
θ2(1 + α+ θ)

(θ + α)(1 + θ)2

It is well known in the actuarial literature that the mean of the aggregate loss random variable
S can be obtained as E(S) = E(X)E(N) (see eqn. 9.9 of Klugman(2012)). Hence, when
X ∼ exp(λ) then

E(S) =
2α+ θ

λθ(α+ θ)
(17)

Theorem 6: In collective risk model, if the primary distribution follows NGPL(θ, α) and
the secondary distribution follows an Erlang(2,λ) distribution, then the pdf of aggregate loss
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random variable S =
N∑
i=0

Xi is given by

fS(x) =
θ2e−λxλ

(
(θ + 1)(3α+ 2θ + 2) sinh

(
λx√
θ+1

)
+ α
√
θ + 1λx cosh

(
λx√
θ+1

))

2(θ + α)(θ + 1)7/2
for x > 0

(18)
whereas

fS(0) =
θ2 (1 + α+ θ)

(θ + α)(1 + θ)2

Proof: By assuming that the claim severity follows an Erlang(2,λ) distribution, the nth fold
convolution of exponential distribution is gamma distribution with parameter 2n and λ. The
nth fold convolution is given by

f∗n(x) =
λ2n

(2n− 1)!
x2n−1e−λx, n = 1, 2, · · · ,

Then, the pdf of the aggregate loss random variable S is given by

fS(x) =
∞∑

n=1

θ2

(θ + α)(1 + θ)n+1

(
1 +

α(n+ 1)

1 + θ

)
λ2n

(2n− 1)!
x2n−1e−λx

=
θ2e−λx

(θ + α)

∞∑

n=1

λ2n

(1 + θ)n+1(2n− 1)!
x2n−1

(
1 +

α(n+ 1)

1 + θ

)

=
θ2e−λx

(θ + α)

λ
(
(θ + 1)(3α+ 2θ + 2) sinh

(
λx√
θ+1

)
+ α
√
θ + 1λx cosh

(
λx√
θ+1

))

2(θ + 1)7/2

fS(x) =
θ2e−λxλ

(
(θ + 1)(3α+ 2θ + 2) sinh

(
λx√
θ+1

)
+ α
√
θ + 1λx cosh

(
λx√
θ+1

))

2(θ + α)(θ + 1)7/2

The pdf of the aggregate loss random variable has a jump of size Pr(S = 0) at the origin.
The probability of zero claim comes out to be

fS(0) =
θ2(1 + α+ θ)

(θ + α)(1 + θ)2

7. Application to real data set

In this section, we fit our proposed distribution to 3 data sets so as to illustrate our claim
that our proposed model fits well when compared to other competing models. The first data
set has a long right tail and approaches to zero slowly and in the other data sets the right
tail approaches zero at a faster rate. In one of the illustrations, we propose a method for
calculation of automobile insurance premium under Bonus–Malus system.

Illustration 1: A dataset representing epileptic seizure counts (see Chakraborty (2010)) are
used. Comparability of the proposed model with other distributions like Poisson distribution
(P), negative binomial (NB), Generalized Poisson-Lindley (GPL) and Weighted Generalized
Poisson (WGP) Distribution (Chakraborty (2010)) have been shown in Table 2. In each of
these distributions, the parameters are estimated by using the maximum likelihood method.
Further, based on the values of log likelihood and chi-square, we observe that New General-
ized Poisson-Lindley (NGPL) distribution provides a satisfactorily better fit for the data set
compared to other distributions.

It can be seen that the log-likelihood and Chi-square statistic for the NGPL are lower that
those of competing models showing that our model satisfactorily fits better to the data set.
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Table 2: Distribution of epileptic seizure counts

Observed Expected frequency

Count frequency P NB WGP GPL NGPL
0 126 74.94 91.00 118.11 121.51 122.00
1 80 115.71 86.60 95.81 92.00 91.00
2 59 89.34 63.37 59.89 59.00 58.74
3 42 46.00 42.57 34.49 35.10 35.22
4 24 17.75 27.60 19.24 20.10 20.52
5 8 5.48 17.60 10.59 11.18 11.22
6 5 1.41 10.50 5.81 6.10 6.39
7 4 0.31 6.52 3.18 3.30 3.25
8 3 0.06 5.00 3.88 2.71 2.50

Total 351 351 351 351 351 351

parameter λ̂=1.544 r̂=1.757, â=1.089, θ̂=1.139, θ̂ =1.116,

p̂=.463 ŝ=-1,b̂=.295 α̂=1.292 α̂ = 2.9061

Log likelihood -636.05 -595.22 -595.83 -594.61 -594.48

Chi square 256.54 22.53 7.12 5.94 5.75

Illustration 2: Klugman et al. (2012, pp. 664) presented the distribution of automobile
insurance policyholders according to number of claims. We reproduce the data set in Table
3. It is found that this data set is highly right skewed and over–dispersed (variance is greater
than mean). We mentioned in the text that our proposed model can be applied to such over-
dispersed data sets. We chose chi-square statistic χ2 =

∑
n

(
(On − En)2/En

)
for comparison

purposes and calculated this statistic for other competing models Poisson, Negative Binomial,
Poisson-Lindley, Generalized Poisson-Lindley Distribution.

Table 3: Number of claims in automobile insurance

Observed Expected frequency

Claim count frequency P NB PL GPL NGPL
0 1563 1544.153 1566.40 1569.525 1566.407 1564.504
1 271 299.772 261.500 256.341 261.384 264.251
2 32 29.1 40.146 41.340 40.202 39.686
3 7 1.883 5.990 6.600 5.985 5.589
4 2 0.0914 0.880 1.044 0.874 0.870

Total 1875 1875 1875 1875 1875 1875

parameter λ̂=0.19413 τ̂= 6.135, θ̂=5.898, θ̂=6.6715, θ̂ =7.8747
â=1.191 α̂=1.1648 α̂=8.835

χ2-value 57.04 3.610 3.874 3.655 3.489

From the above calculations, it appears that our proposed model fits better to the data set.

Illustration 3: It is known that Poisson distribution is not a suitable choice for automoble
insurance claims because of the restriction that mean equals variance for Poisson distribu-
tion. As such, Negative Binomial distribution is preferred in this case. In many countries
Bonus–Malus system (BMS) is operative wherein policyholders with no claims are given bonus
whereas policyholders with claims are punished. Therefore, next year premium depends on
the history of the policyholder till this year irrespective of size of the claim. Gómez and
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Vázquez (2003) calculated the premium under BMS by

Pt+1 = 100
Ef(λ|n )(δ(λ))

Ef(λ)(δ(λ))

where δ(λ) =
∞∑
n=0

nP (N = n|λ), f(λ) is the prior distribution and f(λ|n) is the poste-

rior distribution. Thus for sequence of independent and identical distributed claims n =
(n1, n2, · · · , nt), we can see that the posterior distribution is easy to obtain by dividing the
mixing distribution by the marginal distribution as follows.

f(λ|n) =
P (n|λ)f(λ)∫∞

0 P (n|λ)f(λ)dλ

Thus,

Pt+1 = 100

n+1
t+θ

(
1 + α

t+θ+α(n+1)

)

1
θ

(
1 + α

θ+α

) (19)

Using the data presented in Table 3, we have computed the BMPs which are shown in Table 5.
Finally, while calculating the premium under BMS, Lemaire (1979) remarked on the problem
of overcharges. It can be seen that NGPL model produces a lower penalization as compared
to traditional Poisson-Gamma models (as shown in Table 4 and 5)

Table 4: BMP using Poisson-Gamma model

t ↓ n→ 0 1 2 3 4

0 100
1 85.9845 158.1799 230.3752 302.5704 374.7657
2 75.4148 138.7355 202.0561 265.3768 328.6974
3 67.1592 123.5483 179.9372 236.3262 292.7152
4 60.5328 111.3580 162.1832 213.0084 263.8336

Table 5: BMP using new generalized Poisson-Lindley distribution

t ↓ n→ 0 1 2 3 4

0 100
1 86.9991 154.7229 217.6116 278.5636 338.5467
2 76.7979 137.7936 194.5001 249.4317 303.4587
3 68.6009 124.0580 175.6913 225.6937 274.8505
4 61.8849 112.7019 160.0944 205.9848 251.0835

8. Final comments

This paper provides a new generalized discrete distribution with an infinite and non-negative
integer support. It has been shown that the proposed distribution can be considered as an al-
ternative to well known distribution like Poisson, Poisson-Lindley, negative binomial, weighted
generalized Poisson Distribution for the dataset possessing a right tail which approach to zero
at a slower/faster rate. Further, in the context to actuarial science, close expression of pdf of
aggregate loss random variable is obtained by considering our proposed distribution as primary
distribution and exponential and Erlang distributions as secondary distributions. Moreover,
our proposed model can also be useful in the determination of Bonus–Malus premium for
non-life insurance products.
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[12] Gómez D.E. and Caldeŕın-Ojeda E. (2013). The Compound DGL/Erlang Distribution in
the Collective Risk Model. Journal of Quantitative Methods for Economics and Business
Administration, 16, 121–142.
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[14] Gómez-Déniz E. (2010). Another Generalization of the Geometric Distribution. Test, 19,
399–415.
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[20] Joŕda P. (2010). Computer Generation of Random Variables with Lindley or Poisson-
Lindley Distribution via the Lambert W function. Mathematics and Computers in Simu-
lation, 81, 851–859.

[21] Karlis D. (2005). EM Algorithm for Mixed Poisson and Other Discrete Distributions.
Astin Bulletin, 35 (1), 3–24.

[22] Klugman S., Panjer H., Willmot G. (2012). Loss Models. From Data to Decisions. John
Wiley and Sons, New York.

[23] Lemaire J. (1979). How to Define a Bonus-Malus System with an Exponential Utility
Function. Astin Bulletin, 10, 274–282.

[24] Lindley D.V. (1958). Fiducial Distributions and Bayes’ Theorem. Journal of the Royal
Statistical Society, 20 (1), 102–107.

[25] Mahmoudi E. and Zakerzadeh H. (2010). Generalized Poisson-Lindley Distribution. Com-
munications in Statistics - Theory and Methods, 39 (10), 1785–1798.

[26] Nadarajah S., Bakouch H.S., Tahmasbi R. (2011). A Generalized Lindley Distribution.
Sankhya B, 73, 331–359.

[27] Nadarajah S. and Kotz S. (2006a). Compound Mixed Poisson Distributions I. Scandina-
vian Actuarial Journal, 3, 141–162.

[28] Nadarajah S. and Kotz S. (2006b). Compound Mixed Poisson Distributions II. Scandi-
navian Actuarial Journal, 3, 163–181.

[29] Philippou A.N., Georghiou C. and Philippou G.N. (1983). A Generalized Geometric
Distribution and Some of Its Properties. Statistics and Probability Letters, 1, 171–175

[30] Rolski T., Schmidli H. Schmidt V. and Teugel J. (1999). Stochastic Processes for Insur-
ance and Finance. John Wiley & Sons.

[31] Sankaran M. (1970). The Discrete Poisson-Lindley Distribution. Biometrics, 26 (1),
145–149.

[32] Sastry D.V.S., Bhati D., Rattihalli R.N., Gmez-Dniz E. (2014). On Zero Distorted Gen-
eralised Geometric Distribution. Communications in Statistics: Theory and Methods. (In
press).

[33] Shanker R., Sharma S. and Shanker R. (2013). A Two-Parameter Lindley Distribution
for Modeling Waiting and Survival Times Data. Applied Mathematics, 4, 363–368.

[34] Sundt B., Vernic R. (2009). Recursions for Convolutions and Compound Dis- tributions
with Insurance Applications. SpringerVerlag, New York.

[35] Zakerzadeh H. and Dolati A. (2009). Generalized Lindley Distribution. Journal of Math-
ematical Extension, 3 (2), 13–25.



Austrian Journal of Statistics 51

[36] Zamani Hossein and Ismail Noriszura (2010). Negative Binomial-Lindley Distribution
and Its Application. Journal of Mathematics and Statistics, 6 (1), 4–9.

Affiliation:
† Corresponding Author
Deepesh Bhati
Department of Statistics
Central University of Rajasthan
NH-8 Jaipur Ajmer Highway, Kishangarh-Ajmer, India
E-mail: deepesh.bhati@curaj.ac.in

Austrian Journal of Statistics http://www.ajs.or.at/

published by the Austrian Society of Statistics http://www.osg.or.at/

Volume 44 Submitted: 2014-07-28
December 2015 Accepted: 2015-06-08





AJS

Austrian Journal of Statistics
December 2015, Volume 44, 53–65.

http://www.ajs.or.at/

doi:10.17713/ajs.v44i4.69

On a Class of Optimal Type Covariate Adjusted

Response Adaptive Allocations for Normal

Treatment Responses

Uttam Bandyopadhyay
Calcutta University

Rahul Bhattacharya
Calcutta University

Abstract

In the context of clinical trials for comparing two treatments, a new class of covariate
adjusted response adaptive procedures is developed to achieve a balance between clinical
optimality and inferential precision. Assuming normally distributed responses, several
exact and asymptotic properties are studied and compared with a reasonable alternative
under the presence of treatment covariate interaction.

Keywords: response adaptive design, covariate adjusted allocation, optimality.

1. Introduction

Response adaptive allocation is a useful technique in clinical trials to skew the allocation of in-
coming subjects towards the better performing treatment by using the available information.
Assuming homogeneity among the subjects, a number of response adaptive allocation designs
were developed in the last few decades. But heterogeneity with respect to some covariate (e.g.
age, sex etc.) is quite obvious in trials involving human beings. The presence of covariate
information often influences the responses of the subjects and this suggests to incorporate
such information into the process of randomization. Therefore, a sensible allocation design
should randomize any entering subject on the basis of the data accrued thus far together with
his/her covariate information. Such allocations are referred to as covariate adjusted allocation
designs (Hu and Rosenberger, 2006).
A number of attempts (see, for example, Begg and Iglewicz (1980), Atkinson (1982) and Wong
and Zhu (2008)) is made to incorporate covariates into the randomisation process using the
Efron’s biased coin methodology in the framework of optimum design theory. But these
schemes do not allow to incorporate the information of the previous treatment outcomes, and
hence are not response adaptive and consequently lacks the ethical requirement of reducing
the assignment fraction to the inferior treatment. However, in the context of continuous
response trials, only a few response adaptive procedures incorporates covariate information,
in addition. Although Bandyopadhyay and Biswas (2001) and Biswas et al. (2006) incor-
porated available responses, allocations and covariate information in randomisation, ignored
the current covariate information. Therefore, the allocation designs developed with covari-
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ates either minimize the variability of the estimated treatment effect incorporating covariates
(see, for example, Begg and Iglewicz (1980), Atkinson (1982) and Wong and Zhu (2008))
without caring allocation of patients or favour the better performing treatment for allocation
(see, for example, Bandyopadhyay and Biswas (2001) and Biswas et al. (2006)) accepting a
significant loss in statistical precision. Although Jennison and Turnbull (2000) provided an
unified approach to find an allocation ratio as a trade off between the ethical need of optimiz-
ing a clinically relevant criteria (e.g., number of allocations to the inferior treatment, total
expected response or number of failures) and preservation of power for testing the equality
of treatment effects, ignored the possibility of any covariate information. Along the line of
Jennison and Turnbull (2000), Biswas and Mandal (2004) made an attempt to incorporate
covariate information with an aim to minimise treatment failure but ignored the assessment
of the so claimed optimality. It is worth mentioning at this point that, recently Azriel et al.
(2012) derived an optimal proportion considering only the maximization of power of a test
of equality of treatment effects but in the context of covariate independent binary response
trials.
The existence of interaction between treatments and covariates is a common phenomena in
any clinical trial. But the effect of such interactions under a response adaptive set up is not ex-
plored completely. In fact, most of the works related to covariate either ignored the possibility
of such interactions (e.g., Bandyopadhyay and Biswas (2001), Biswas and Mandal (2004)) or,
if incorporated, avoid to assess the effect in details. However, the ethical goal consists always
in assigning a greater fraction of subjects to the better performing treatment independently
of the presence or absence of treatment-covariate interaction. But the only difference is that
in the presence of such interactions, the benefit of the treatments depends on the kind of
patients (Friedman et al. (2010)). The present work, in the presence of treatment covariate
interaction, is an attempt to develop a class of target allocation proportions by combining
the views of both statistician and clinician when the response variable is continuous. The
relevant measures of optimality, optimal target proportions and their implementation, along
with some limiting results, are all given in Section 2. In Section 3 we explore and compare the
small sample properties of the proposed allocation for a hypothetical clinical trial. Section 4
concludes with a discussion of some related issues.

2. The proposed allocation

2.1. Clinical optimality

Suppose two treatments, denoted by A and B , are under a clinical trial and the patients
appear in the clinic sequentially. Each patient is treated once, the responses are immediate
and a lower response indicates a favourable situation. Let Yki denote the potential outcome
of the ith subject on treatment k, k = A,B with Zi as the associated p component vector
of covariates. In practical situations either YAi or YBi is observed for the ith subject. We
assume that the conditional distribution of Yki given Zi = z is normal with mean µk(z) =
αk + βTk z and variance σ2k. We further assume that the variables Zi’s are independently and
identically distributed (iid) according to a p-variate distribution which is completely/partially
known. However, in real clinical trials, the covariates are the measurements on some clinical
characteristics of human beings (e.g. age, blood pressure, glucose level), and hence they vary
within certain limits. Therefore, it is clinically meaningful to assume that the covariates
{Zj , j ≥ 1} are uniformly bounded.
As indicated earlier, the first step in deriving an optimal allocation is to define a measure of
ethical sensitivity. Treatment failures, allocations to the inferior treatment and the expected
treatment responses are often used to measure the ethical sensitivity. But, before quantifying
such measures, we need to define a treatment success and an effective treatment. Unlike
a binary response trial, a treatment success, in the context of a continuous response trial,
is not uniquely defined. However, if we look at real clinical trials to reduce hypertension,
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blood pressure or blood sugar, we find that the response is continuous and a lower response,
irrespective of the covariate value, is favourable. Therefore, if a lower response indicates
a favourable situation, a treatment producing a response lower than a clinically relevant
threshold can be regarded as successful. Thus treatment k is successful/beneficial for the ith
subject if Yki ≤ c for some clinically relevant threshold c. Moreover, if a lower response is
favourable, treatment k is more effective for the ith patient than treatment k′ if Yki < Yk′i, k 6=
k′. Therefore, we can set the following choices of the ethical metric γk(Z) for treatment k:
γk1(Z) = P (Yk1 > Yk′1|Z), γk2(Z) = P (Yk1 ≥ c|Z) and γk3(Z) = P (Yk1 ≥ c, Yk1 > Yk′1|Z),
where lower values are desired for any treatment k. Suppose nk subjects are assigned to
treatment k (= A,B) in a non-randomized manner and it remains to define a combined
metric. However, different covariate profiles are of different importance and hence deriving
a combined metric requires further consideration. For a better apprehension, assume that
the covariate Z is categorical taking only the values z1, z2 and z3 with the consideration
that z1 (z3) is the most (least) favorable covariate profile. That is, z1 < z2 < z3 and hence,
the response of a subject with covariate profile z1 to a particular treatment is expected to
be the smallest. Then an ethical metric corresponding to treatment k can be expressed as∑3
j=1wjγk(zj), where wj is the non-negative weight assigned to covariate profile zj , j = 1, 2, 3.

Since, a lower value of γk(z) indicates higher treatment effectiveness for covariate profile z,
γk(z) must be increasing in z. Now, under the presence of treatment covariate interaction,
treatment effectiveness depends on the covariate profile and in the current context we assume
that treatment A is most effective for Z = z1 and least effective for Z = z3 but for Z = z2 both
of the treatments are equally effective. Thus the relations γA(z1) ≤ γB(z1), γA(z2) = γB(z2)
and γA(z3) ≥ γB(z3), are natural. Although different choices of weights provide different
metrics but we use wj = P (Z = zj), j = 1, 2, 3 in the current work. Such a choice reduces the
treatment effectiveness measure for treatment k to EZ {γk(Z)} and in the current work, we
continue our development with this. Now, if we consider the first criterion, it can be observed
that EZ {γA1(Z)} = P (YA1 ≥ YB1) represents the probability that treatment A is inferior
than treatment B. Naturally, nAP (YA1 ≥ YB1) +nBP (YB1 ≥ YA1) can be looked upon as the
expected number of assignments to the inferior treatment. Again, EZ {γA2(Z)} = P (YA1 ≥ c)
gives the probability that treatment A is not beneficial and hence the expected number of
subjects not benefited under the trial can be expressed as nAP (YA1 ≥ c) + nBP (YB1 ≥ c).
In a similar fashion, nAP (YA1 ≥ YB1, YA1 ≥ c) + nBP (YB1 ≥ YA1, YB1 ≥ c) represents the
expected number of subjects assigned to the inferior and non-beneficial treatment. Therefore,
a combined measure of the ethical sensitivity corresponding to any ethical metric γk(Z) can
be expressed as

G(nA, nB) = nAEZ {γA(Z)}+ nBEZ {γB(Z)} .

Clearly, with these choices of γk(Z), minimization of G(nA, nB) is required to maintain
the ethical requirements. Under normality of responses, the ethical metrics can be ex-

pressed as γk1(Z) = Φ

(
µk(Z)−µk′ (Z)√

σ2
A+σ2

B

)
and γk2(Z) = Φ

(
µk(Z)−c

σk

)
. For the derivation of

the third criterion, we note that the conditional (i.e. for given Z) joint distribution of
Yk1 and Yk1 − Yk′1 is bivariate normal with means µk(Z) and µk(Z) − µk′(Z), variances
σ2k and σ2A + σ2B and correlation coefficient ζk = σk√

σ2
A+σ2

B

. Hence γk3(Z) can be expressed as

Φ2

(
µk(Z)−c

σk
,
µk(Z)−µk′ (Z)√

σ2
A+σ2

B

, ζk = σk√
σ2
A+σ2

B

)
, where Φ2(., ., ζ) is the distribution function of a

standard bivariate normal distribution with correlation coefficient ζ. Now it is observed that
γk1(Z) is sensitive to only the difference in the treatment effectiveness and γk2(Z) is sensitive
only to the departure from the threshold whereas γk3(Z) is sensitive to both difference in the
treatment effectiveness and the departure from the threshold.

2.2. Statistical optimality

In a statistical optimal procedure one can search for an allocation rule by controlling the
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variability of a distance measure between the two parameters ηA and ηB , where ηk =
(αk,β

T
k )T , k = A,B. However, the true parameters are never known in advance and hence,

as an alternative, we suggest to control the variability of a relevant sample distance measure.
In the current work we suggest to control the variability of the Wald type distance measure,
used in testing the equality of ηA and ηB. If η̂kn denotes the maximum likelihood (ML)
estimate of ηk based on n = nA + nB observations, then such distance is defined by the
statistic

Wn = (η̂An − η̂Bn)T V̂ −1n (η̂An − η̂Bn),

where V̂n is the ML estimate of Vn, the conditional (given all the covariate values) dispersion
matrix of η̂An − η̂Bn. Under the normal response model, the conditional distribution (given
all the covariate values) of η̂An − η̂Bn is (p + 1) variate normal with mean vector ηA − ηB
and dispersion matrix

Vn =
σ2A
nA

S−1A +
σ2B
nB

S−1B ,

where Sk = 1
nk

∑nk
j=1 ξjξ

T
j and ξj = (1,ZTj )T and is independent of V̂n. Then, since Wn is a

quadratic form involving η̂An− η̂Bn and V̂n, the conditional variance of Wn can be expressed
as (see, for example, Seber and Lee (2003))

4(ηA − ηB)T V̂ −1n VnV̂
−1
n (ηA − ηB) + 2Trace(V̂ −1n VnV̂

−1
n Vn).

We now assume that n → ∞ and nk
n converges to a limit belonging to (0, 1). Then, if

EZ1(ξ1ξ
T
1 ) is positive definite, V̂n is asymptotically equivalent in probability to Vn and hence

the asymptotic variance of Wn comes out to be a decreasing function of
σ2
A
nA

+
σ2
B
nB

. Therefore,

fixing the asymptotic variance of Wn or equivalently
σ2
A
nA

+
σ2
B
nB

, a statistically optimal procedure
can be obtained.

2.3. The optimal target

Thus we have in our hand the measures of both statistical and clinical optimality, the prereq-
uisites to derive an optimal allocation ratio. But minimisation of G(nA, nB) alone provides
degenerate rules and this necessitates the consideration of statistical optimality. Naturally, to

find the optimal ratio nA
nA+nB

, we need to minimise G(nA, nB) fixing
σ2
A
nA

+
σ2
B
nB

below a suitable
quantity. We, therefore, formulate the following optimization problem:

min
nA,nB

[
nAEZ {γA(Z)}+ nBEZ {γB(Z)}]

subject to

σ2A
nA

+
σ2B
nB

= κ,

where κ is a prefixed positive quantity. With Ψk = EZ {γk(Z)} (> 0), the optimal solution
to the optimisation problem above is

πA =

(
nA

nA + nB

)

opt
=

σA
√

ΨB

σA
√

ΨB + σB
√

ΨA
.

2.4. CARA allocation in practice

It is worth mentioning at this point that the presence of treatment covariate interaction
implies that a treatment is not uniformly effective for every covariate profile and hence the
allocation probability to a treatment must depend on the patient’s covariate profile. For
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example, suppose treatment A is more (less) effective than treatment B for a given covariate
profile. Naturally, the allocation probability of a subject with that covariate profile must be
higher (lower) for treatment A than treatment B. However, the optimal ratio πk does not
depend on the covariate profile Z and hence to assign patients according to their covariate
profile, we need to use the current patient’s covariate for his/her assignment. In most of
the trials the covariate information is available at the time of randomisation, and hence it
is not difficult to incorporate such information in the randomisation procedure. In addition,
the optimal ratio πk depends on the unknown parameter θ = (θTA,θ

T
B) with θk = (ηTk , σk)

T

and hence we need to replace them by suitable estimates. Therefore, in order to develop a
reasonable randomization procedure based on the optimal ratio, we need to use the current
patient’s covariate and the available parameter estimates in a reasonable way. In the present
work, for the assignment of the (i+ 1)th subject, we suggest to replace the unknown quantity
EZ {γk(Z)} by its projection γ̂ki(Zi+1), where the unknown parameters are replaced by the
estimates, calculated on the basis of the response, allocation and covariate data prior to the
randomization of the (i + 1)th subject and Z by the current covariate value Zi+1. If δkj is
the treatment indicator of the jth subject, that is, δkj = 1 if treatment k is applied and 0
otherwise and Fi, i ≥ 1 denotes the information on allocations, responses and covariates up
to and including the ith subject then the suggested CARA randomization corresponding to
any metric γk(Z) can be described by the allocation probability

P (δk,i+1 = 1|Fi,Zi+1) = πki(θ̂i,Zi+1)

where θ̂i is the ML estimate of θ based on history of the data up to the ith entry of the
incoming subject and

πAi(θ̂i,Zi+1) = 1− πBi(θ̂i,Zi+1) =
σ̂Ai

√
γ̂Bi(Zi+1)

σ̂Bi
√
γ̂Ai(Zi+1) + σ̂Ai

√
γ̂Bi(Zi+1)

.

Clearly πki(θ̂i,Zi+1) is an estimate based on the available data where EZ {γk(Z)} is replaced
by its projection γ̂ki(Zi+1) and σk is replaced by its available estimate σ̂ki, k = A,B. However,
for implementation in practice, we need to assign an initial number n0 of subjects to each
treatment arm to get the starting estimates of the parameters. For the estimation of parame-
ters, we suggest to use sequentially updated maximum likelihood estimates. Specifically, with
the response model as Ykj ∼ N(ηTk ξj , σ

2
k), j ≥ 1 and observations up to stage i, the likelihood

function of θ, ignoring the constant of proportionality, can be expressed as

Li(θ) = Li(θA)Li(θB),

where

logLi(θk) = −
∑i
j=1 δkj

2
logσ2k −

1

2

i∑

j=1

δkj

(
Ykj − ηTk ξj

σk

)2

.

Now, writing

Nki =
i∑

j=1

δkj , ȳki =

∑i
j=1 δkjYkj

Nki
, Z̄ki =

∑i
j=1 δkjZj

Nki

S
(k)
zz,i =

i∑

j=1

δkj(Zj − Z̄ki)(Zj − Z̄ki)
T

s
(k)
zY,i =

i∑

j=1

δkj(Zj − Z̄ki)Ykj ,

we can express the ML estimates based on the data available up to ith stage as

β̂ki = S
(k)−1

zz,i s
(k)
zY,i, α̂ki = Ȳki − β̂

T

kiZ̄ki, σ̂2ki =
1

Nki

i∑

j=1

δkj(Ykj − α̂ki − β̂
T

kiZj)
2.
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Let θ̂kn denote the ML estimate of θk based on the data available up to the nth stage. Then
irrespective of any metric γk(Z) we have the following results, proved in Appendix A.

Result 2.1: As n→∞,

θ̂kn → θk

almost surely, k = A,B.

Result 2.2: As n→∞,
Nkn

n
→ EZ1πk(θ,Z1)

almost surely, k = A,B.
Now to examine the extent of benefited proportion of subjects under the proposed allocation,
we define the indicator variable Fi = δAiI[YAi≤c] + δBiI[YBi≤c], i ≥ 1 for the ith patient. We
use F̄n = n−1

∑n
i=1 Fi as an indicative measure of the proportion benefited under the trial,

which takes into account the covariate information. Then we have the following result, which
is proved in Appendix B.

Result 2.3: As n→∞,

F̄n → ψ = EZ1




∑

k=A,B

πk(θ,Z1)P (Yk1 ≤ c | Z1)



 ,

almost surely.

However, the role of covariate information can be best explained if we can separate the co-
variate levels. For example, considering Z to be categorical, we denote the number of subjects
having covariate level z assigned to treatment k by Nkn(z) and the corresponding total num-
ber of subjects for a given covariate level z by Nn(z), after the completion of n assignments.

Then we get Nkn(z)
Nn(z) as the the conditional proportion of subjects assigned to treatment k at

Z = z. Now we have the following result, the proof of which follows from Zhang et al. (2007).

Result 2.4: As n→∞,
Nkn(z)

Nn(z)
→ πk(θ, z)

almost surely, for a given covariate, provided P (Z1 = z) > 0.

In a similar fashion, the conditional proportion of subjects benefited in the trial can be ex-
pressed as Fn(z)

Nn(z) , where Fn(z) denote the number of subjects benefited under the trial for

a given covariate category z. Proceeding as in Zhang et al. (2007), for a given covari-
ate z, we find the almost sure limit of the conditional proportion of benefited subjects as∑
k=A,B πk(θ, z)P (Yk1 ≤ c | z), provided P (Z1 = z) > 0.

However, assessing the optimality in the presence of covariate is not only critical but also a
debatable issue. In a covariate ignored procedure, optimality means achieving the optimal
target proportions in the limit. But there is no real guideline on deriving and defining an
optimal allocation in the presence of covariate information. The current work is a reasonable
extension of the framework developed in Jennison and Turnbull (2000) to derive the optimal
target proportions. Although the derivation of the optimal proportion is based on average pa-
tients but in actual implementation, the current patient’s covariate is used to calculate his/her
assignment probability. In particular, we suggested to replace EZ {γk(Z)} by its projection
γ̂ki(Zi+1) to allow the assignment probability of the (i + 1)th patient to depend on his/her
covariate. This makes the allocation covariate adjusted but leads to a limiting allocation
proportion which is different from the target optimal proportion. On the other hand, if one
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replaces EZ {γk(Z)} by the conventional estimate i−1
∑i
j=1 γ̂kj(Zj) for the assignment of the

(i+ 1)th subject, the optimal target proportion πk is realized in the limit and makes the allo-
cation conventionally optimal. But in any clinical trial the ethical imperative lies in ensuring
the best possible care for the subjects using all available information, and a conventionally
optimal procedure does not incorporate the current patient’s covariate for his/her allocation
even if it is available prior to randomization and hence lacks sensibility. Naturally, the pro-
posed allocation seemed to be more desirable than the conventionally optimal allocation in
the context of a real clinical trial. In fact, we have modified the un- conditional optimal pro-
portion πk in accordance with the clinician’s requirement to get the conditional (conditional
on the covariate) treatment allocation probabilities and hence, refer the allocation as near or
pseudo optimal.

3. Performance evaluation

3.1. A hypothetical clinical trial

To assess the performance of the proposed allocation, we consider a hypothetical clinical
trial on reducing systolic blood pressure of the patients. Since, in general, the response to a
treatment of blood pressure reduction varies with age, we consider age as the only covariate
and assume a realistic situation, where the experimental treatment (i.e. treatment A) is more
efficient than the Control (i.e. treatmentB) for all age groups but the effectiveness for both the
treatments is the highest for the young patients, moderate for the middle aged and the lowest
for the old aged. This naturally convinces the presence of a quantitative treatment-covariate
interaction. The patients enter the study sequentially , their ages are noted and depending
on the age they are classified either Young (age < 30 years) or Middle-aged (age falls in the
interval 30-60 years) or Old-aged (age > 60 years). Naturally, the effect of the treatment
is expected to be the most for the young patients and the least for the old-aged patients
and hence the young patient category is the most favourable (MF), the middle-aged category
is only favourable (F) whereas the old-aged category is least favourable (LF). Since we are
categorizing a continuous variable (i.e. age), it becomes necessary to assign appropriate values
to different categories. If the relative weights of different categories are known, then one can
use the well known Likert’s category scaling (Garret (1966)) to determine the representative
numerical values. Specifically, depending on the proportion of patients in the MF, F and LF
categories, the corresponding values of the categorizing variable Z can be determined.

3.2. Performance measures

For the present hypothetical trial a treatment is naturally beneficial if it is capable of re-
ducing the systolic blood pressure of the subject below the Normal limit. Recent reports
(e.g. ”Understanding blood pressure readings”, American Heart Association, 2011; http:

//www.heart.org/HEARTORG/Conditions/HighBloodPressure) reveal that a systolic blood
pressure of less than 120 mmHg is defined as Normal and this suggests to take c as 120 (in
mmHg), irrespective of the other prognostic factors. Being consistent with the development
so far, we assume that the response of a subject assigned to treatment k has a normal dis-
tribution with mean αk + βkz and constant variance σ2, for given covariate value z of Z
following a discrete probability distribution. Suppose the proportion of patients in the MF,
F and LF categories are respectively 1

6 , 1
3 and 1

2 . The categories are ordered and hence to
run the allocation, we need to assign appropriate numerical weights to each category. Then
Likert’s method under the assumption of normality of age gives, respectively, the weights -1.5,
-.45 and .80 for the most favourable, favourable and the least favourable categories. Thus we
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can take

Z =





−1.5 for a young patient
−.45 for a middle-aged patient
+.80 for an old-aged patient

.

with pMF = P (Z = −1.5) = 1
6 , pF = P (Z = −.45) = 1

3 , and pLF = P (Z = .80) = 1
2 . For the

evaluation of performance, we consider

• The overall and conditional allocation proportions to treatment A together with the
standard errors.

• The overall and conditional proportions of benefited subjects together with the relevant
standard errors.

• The power of a test of equality of treatment effects H0 : αA = αB, βA = βB.

Now to assess the performance of the class of allocation procedures in small samples, we
consider the allocation designs corresponding to each of the metrics γk1, γk2 and γk3 where
the allocation design corresponding to the metric γkj is indicated by Dj. We, in addition,
consider equiprobability randomization (denoted by D4), where either of the treatments is
assigned with probability 1

2 and conduct a simulation study and calculate the sample size
necessary to attain 80% power using D4 for a test of equality of treatment effects under
specific alternatives and evaluate the performance at this sample size. Specifically, for each
fixed z, we examine Nkn(z)

Nn(z) , the conditional proportion of allocations (CAP) to treatment

k and Fn(z)
Nn(z) , the conditional proportion of subjects benefited (CBP) in the trial when the

trial is conducted with n subjects. The conditional proportion of allocations to treatment
A (denoted by CAPA), expected allocation proportions to treatment A (denoted by EAPA),
the conditional and overall benefited proportions (indicated, respectively, by CBP and EBP)
are also computed together with their standard errors. The relevant test statistic is W ∗n ,

which is the same as Wn except that the estimates used are obtained following the adaptive
procedure with nk replaced by the corresponding observed number Nkn. A larger value of W ∗n
indicates possible rejection of the null hypothesis. We always take αB = 121, αA = 119.5 and
vary σ, βk and p = (pMF , pF , pLF )T . For the purpose of computation, we always choose βk’s
to ensure highest (lowest) expected response for the patients with most (least) favourable
covariate categories. Now the covariate categories may be of equal as well as unequal im-
portance. But equal proportions in p is not convincing in practice and therefore, we always
assume that pMF is the highest. We provide the relevant performance measures assuming
unequal weights for the covariate categories in Table 1.
Remarks: As expected, the presence of treatment covariate interaction led to reasonable
outcomes. Except for design D4, we observe the experience of the lowest and the highest allo-
cation proportions by the subjects with the most favourable and the least favourable covariate
category, respectively. That is, the allocation provides the safeguard to the subjects who ac-
tually needs the better therapy (i.e. patients with Z = 0.80). The conditional proportions
(both allocation and benefited) vary sensibly with both the covariate values and treatment
effectiveness. However, the precision level (i.e. statistical power) decreases for all the CARA
allocation designs (i.e. D1, D2 and D3) with an increase in βB. In fact, the loss in power is
minimum when βA = βB and increases with a decrease in βA − βB. It is interesting to note
that among the CARA allocation designs, the loss in precision (i.e. statistical power) com-
pared to 80% mark is minimum for D1 . This is not surprising if we look at the corresponding
CAP (or EAP) values, where lower difference in βA − βB indicates larger allocation towards
the better treatment and with higher loss in power. However, such a loss can be compensated
with the significant gain in the ethics measures. Thus we have derived a class of allocations
which uses all available information, even the covariate information of the entering subject.
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Moreover it assigns subjects according to the importance of the covariate and therefore, has
the ability to perform sensibly in real situations.

4. Concluding remarks

The development of the current work is made for two treatments assuming continuous treat-
ment outcomes. The corresponding development with several treatments for any type of
responses incorporating some additional clinically relevant issues is left for future work.
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Appendix A

Proof of Result 2.1: We note that the ML estimator θ̂kn is a solution to the equation

∂logLn(θk)

∂θk
= 0.

Since {Zj , j ≥ 1} are assumed uniformly bounded, under the normal response model it follows
from the Corollary 3.1 of Zhang and Hu(2009) that for ε > 0 small enough

logLn(θ∗k) < logLn(θk)

with probability 1 whenever ‖ θ∗k − θk ‖= ε and n is large enough. This in turn implies

θ̂kn → θk

almost surely as n→∞. Hence the strong consistency of the parameters under the response
adaptive set up is established.

Proof of Result 2.2: It is easy to observe that η̂kn, the ML estimate of ηk, satisfies the
equation

n∑

j=1

δkj(Ykj − η̂Tknξj)ξj = 0,

which can be rewritten as

n∑

j=1

δkj(Ykj − ηTk ξj)ξj +
n∑

j=1

δkj(ξ
T
j ηk − ξTj η̂kn)ξj = 0.

Therefore, η̂kn satisfies the following equation

1

n

n∑

j=1

δkjξjξ
T
j (η̂kn − ηk) =

1

n

n∑

j=1

δkj(Ykj − ηTk ξj)ξj . (A.1)

It can be observed that the matrices

Aj =
j∑

i=1

1

i
ξiξ

T
i {δki − E(δki|Fi−1)} , j ≥ 1

and the vectors

bj =
j∑

i=1

1

i
[δki(Yki − ηTk ξi)ξi − E

{
δki(Yki − ηTk ξi)ξi|Fi−1

}
], j ≥ 1

are both martingales. Now noting the fact that |δki−E(δki|Fi−1)| ≤ 1 and using the martin-
gale property, we get

E[Trace(AjA
T
j )] ≤ EZ1 [Trace(ξ1ξ

T
1 )]2

∞∑

i=1

1

i2

and

E[Trace(bjb
T
j )] ≤ σ2kEZ1 [Trace(ξ1ξ

T
1 )]

∞∑

i=1

1

i2
, k = A,B
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for every j ≥ 1. Since {Zj , j ≥ 1} are uniformly bounded and the response variances are
finite, the right hand members of the above two inequalities are both finite. Thus using L2-
martingale convergence theorem together with Kronecker’s lemma (see, for example, Theorem
4 of Shirayev(1996),pp.519), we have as n→∞

1

n

n∑

j=1

{
δkjξjξ

T
j − E(δkjξjξ

T
j |Fj−1)

}
→ 0p+1×p+1

and

1

n

n∑

j=1

[
δkj(Ykj − ηTk ξj)ξj − E

{
δkj(Ykj − ηTk ξj)ξj |Fj−1

}]
→ 0

almost surely. Since

E(δkj |Fj−1,Zj) = πkj(θ̂j−1,Zj),

we have

E(δkjξjξ
T
j |Fj−1)− EZ1

{
πkj(θ̂j−1,Z1)ξ1ξ

T
1

}
= 0.

Further, as πk(θ,Z) is continuous in θ for fixed Z, it follows from the strong consistency of
θ̂n that as n→∞

1

n

n∑

j=1

EZ1

{
πkj(θ̂j−1,Z1)ξ1ξ

T
1

}
→ Iπk(θ)

almost surely, where

EZ1

{
πk(θ,Z1)ξ1ξ

T
1

}
= Iπk(θ), k = A,B.

Hence, assuming Iπk(θ) to be non-singular, equation (A.1) implies

(η̂kn − ηk)− I−1πk (θ)
1

n

n∑

j=1

δkj(Ykj − ηTk ξj)ξj → 0

almost surely,k=A,B. Thus the required conditions of Theorem 2.1 of Zhang et al.(2007) are
satisfied if we take

hkj(Ykj , ξj) = I−1πk (θ)(Ykj − ηTk ξj)ξj ,

where E
{

(Ykj − ηTk ξj)ξj |Zj
}

= 0 for any j, k=A,B. In a similar fashion, it follows that as
n→∞

(σ̂kn − σk)− I∗−1πk (θ)
1

n

n∑

j=1

δkj

{
(Ykj − ηTk ξj)

2

σ3k
− 1

σk

}
→ 0

almost surely, where

I∗πk(θ) =
2

σ2k
EZ1 {πk(θ,Z1)}

is non-singular, k=A,B. Thus the required conditions of Theorem 2.1 of Zhang et al. (2007)
are satisfied with

hkj(Ykj , ξj) = I∗−1πk (θ)

{
(Ykj − ηTk ξj)

2

σ3k
− 1

σk

}
, j = 1, 2, ...
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Hence the result follows.

Appendix B

Proof of Result 2.3: Writing

1

n

n∑

i=1

Fi =
1

n

∑

k=A,B

n∑

i=1

{δkiFki − E(δkiFki | Fi−1)}+
1

n

n∑

i=1

E(Fi | Fi−1), (B.1)

where Fki = I[Yki≤c] represents the failure indicator for the i-th patient with treatment
k,k=A,B. Since |δkiFki − E(δkiFki | Fi−1)| ≤ 1, we as in the proof of Result 2.2, apply
L2−martingale convergence theorem on the martingale

Mj =
j∑

i=1

1

i
{δkiFki − E(δkiFki | Fi−1)} , j ≥ 1

and get that

1

n

n∑

i=1

{δkiFki − E(δkiFki | Fi−1)} → 0 (B.2)

almost surely, k=A,B. Thus the convergence will be established if we can show that, as n→∞,

P (Fn = 1 | Fn−1)→ ψ

almost surely. Moreover, since the covariates are iid, we have

E(Fn | Fn−1) = EZ1




∑

k=A,B

P (Fkn = 1 | δkn = 1,Z1,Fn−1)P (δkn = 1 | Z1,Fn−1)


 . (B.3)

It can be easily seen that that

P (Fkn = 1 | δkn = 1,Z1,Fn−1) = P (Yk1 ≤ c | Z1), (B.4)

and, as in Zhang et al.(2007),

P (δkn = 1 | Z1,Fn−1)→ πk(θ,Z1) (B.5)

almost surely. Hence, by the dominated convergence theorem together with Kronecker’s
lemma, the required result follows from (B.1) through (B.2)-(B.5).
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Laudatio verfasst von Peter Filzmoser
TU Wien

Zur Emeritierung von O.Univ.-Prof. Dipl.-Ing. Dr.techn Rudolf Dutter

Rudolf Dutter wurde in dem kleinen niederösterreichischen Dorf Grünsbach am 11.11.1946
vormittags geboren. Es wird behauptet, dass die genaue Geburtszeit 11:11 Uhr sei, was auf-
grund der statistischen Schwankungsbreite dieser Information auch nicht widerlegbar ist. Sein
Streben nach höherer Schulausbildung brachte ihn in die HTL für Elektrotechnik nach St. Pöl-
ten, und schließlich an die Technische Hochschule nach Wien, wo er von 1966-1970 das Studium

”
Technische Mathematik“ absolvierte. Seine Diplomarbeit zu einem Verkehrsflussmodell zeig-

te bereits das Interesse für fachübergreifende Kooperation. Diese Arbeit resultierte schließlich
in seiner ersten Publikation in der damals noch jungen Zeitschrift

”
Computing“. Nicht zuletzt

aufgrund dieser Publikation wurde er zum Doktoratsstudium an der Universität Montreal in
Kanada aufgenommen.

Dieser große Schritt stieß von Seiten seines Elternhauses nicht nur auf Wohlwollen, denn er
war aus ihrer Lebenssituation betrachtet sehr ungewöhnlich. In seiner Dissertation, betreut
von den Professoren Anatole Joffe und Irwin Guttman, beschäftigte er sich unter anderem
mit der Problematik von Ausreißern in statistischen Daten. Nach dem Abschluss seines PhD

1968: Diplomstudium

im Jahr 1973 erhielt Dr. Dutter eine Stelle als Forschungsassistent
bei Prof. Peter J. Huber an der ETH Zürich. Huber war durch
seine grundlegende Arbeit zu

”
M-Schätzern“ bereits damals sehr

bekannt, und daher zog es viele heute wissenschaftlich sehr eta-
blierte Personen zu dieser Geburtsstätte der

”
Robusten Statistik“.

Von diesem Umfeld profitierte auch Rudolf Dutter stark, er entwi-
ckelte eine Faszination für

”
Computational Statistics“ und erlebte

dort die vermutlich nachhaltigste Zeit für seine Forschungskarrie-
re. Im Jahr 1976 erhielt er eine Stelle als Universitätsassistent am
Institut für Statistik der TU Graz bei Prof. Ulrich Dieter. Dort
konnte er sich vier Jahre später für das Fach

”
Statistik“ habilite-

ren. Als Dozent unterhielt er u.a. sehr intensiven Kontakt mit der
Montanuniversität Leoben, lehrte dort das

Fach
”
Geostatistik“, war in diverse Forschungsprojekte involviert, war recht aktiv mit statis-

tischer Beratung und begann mit der Softwareentwicklung zur grafischen Analyse von räum-
lichen Daten.

Dieses Tätigkeitsprofil entsprach dann offensichtlich den Anforde-
rungen des ausgeschriebenen Lehrstuhls für

”
Technische Statistik“

an der TU Wien. Rudolf Dutter erhielt somit 1984 den Ruf und
trat mit großer Begeisterung seinen Dienst am damaligen Insti-
tut für Statistik und Wahrscheinlichkeitstheorie an, also vor 31
Jahren.
Die Besetzung der

”
Technischen Statistik“ wurde nicht nur au-

ßerhalb, sondern auch innerhalb der TU Wien sichtbar: Statistik
wurde für Studierende in Geoinformatik, Informatik, Maschinen-
bau und Betriebswirtschaft sowie Bauingenieurwesen in die

1973: Ph.D.-Studium
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Studienpläne integriert und von Prof. Dutter abgehalten.

Ein
”
Statistisches Labor“ wurde ins Leben gerufen, um sowohl innerhalb als auch außerhalb

der TU bei statistischen Fragestellungen zu beraten. Dies resultierte auch in zahlreichen

Emeritierungsfeier
(7.11.2015)

Kooperationen mit anderen Fachgebieten, sowie in Firmenkoope-
rationen.

In seiner wissenschaftlichen Tätigkeit kann man Prof. Dutter un-
mittelbar mit den Themen

”
Computational Statistics“,

”
Robuste

Statistik“ und
”
Geostatistik“ assoziieren. Mit mehreren Fachbü-

chern und zahlreichen Artikeln in Fachzeitschriften hat er seine
Kompetenz zu diesen Themen unter Beweis gestellt. Seine Be-
geisterung für den computerorientierten Zugang zur Statistik und
seine eigene Forschungsarbeit wirkten auch

”
ansteckend“, denn

mehrere seiner früheren Mitarbeiterinnen und Mitarbeiter sind
dem Ruf der Wissenschaft gefolgt und mittlerweile international
anerkannte Forscherpersönlichkeiten geworden. Viele seiner Ab-
solventinnen und Absolventen konnten die erworbene Statistik-
Kompetenz in der Berufspraxis erfolgreich umsetzen.

Als ehemaliger Student und langjähriger Mitarbeiter von Rudi möchte ich kurz aus meiner

Sicht darstellen, warum der Funken der Begeisterung für Statistik
übergesprungen ist. Bereits bei der ersten Besprechung einer grö-
ßeren Projektarbeit wurde klargestellt, dass man

”
Du“ zueinander

sagt – eine ungewöhnliche Haltung eines Professors zu Studieren-
den. Dieses

”
Du“ war ein Zeichen dafür, dass Rudi die Zusam-

menarbeit auf gleicher Augenhöhe angestrebt hat. Automatisch
wurden die Inhalte seiner Forschungsarbeit auch meine Aufga-
benstellungen, an denen wir dann gemeinsam gearbeitet haben.
Man wurde selbst mit noch unausgereiften Ideen ernst genom-
men und niemals bloß gestellt. Rudi war ein guter

”
Streitpartner“.

Trotz unterschiedlicher Ansichten und teilweise heftiger Ausein-
andersetzungen darüber änderte das nichts an der persönlichen
Beziehung zueinander, Ärger wurde nicht nachgetragen. Bei Peter Filzmosers 30er

Besonders wertvoll waren die Kontakte zu anderen Forschern, die Rudi vermittelt hat. Nicht
der eigene Glanz war ihm wichtig, sondern das Vorankommen der Mitarbeiterinnen und Mit-
arbeiter, an deren Erfolg er sich ehrlich gefreut hat. Ihm war die Sache wichtig, aber vor allem
auch der Mensch, der dahintersteht, und daher hat er Gemeinschaft immer wieder gefördert
durch Institutskaffee, Wanderungen, sportliche Aktivitäten, und Gespräche. Das dadurch ent-
standene gute Arbeitsklima brachte nicht nur wissenschaftliche Erfolge, sondern es führte auch
zu tragfähigen Freundschaften. Rudis bescheidene und herzliche Art auch als Institutsvorstand
hat gezeigt, wie wichtig nicht nur die wissenschaftliche Qualifikation ist, sondern wie stark die
menschliche Komponente zu fruchtbringender Zusammenarbeit beiträgt.

Vorbildhaft für mich war auch sein Durchhaltevermögen, das er beim Marathonlaufen unter
Beweis stellen konnte, sich aber auch in seiner ganzen Lebenshaltung zeigte. Diese Zähigkeit
erwies sich als sehr vorteilhaft beim Lösen von wissenschaftlichen Problemen, aber auch beim
Bewältigen von gesundheitlichen Problemen.

Natürlich war und ist ihm Familie stets ein großes Anliegen. Heute sind es wohl die Enkel-
kinder, die von ihm am meisten verwöhnt werden.
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Nachdem die Emeritierung nur eine Entbindung von den Dienstpflichten ist, hoffen wir natür-
lich, dass Rudi diese Freiheit auch dazu nützt, um weiterhin die Kontakte zur Wissenschaft,
zu Kolleginnen, Kollegen und Freunden zu pflegen. Die vorbildhafte Bescheidenheit, den Ta-
tendrang, den kämpferischen Geist, die Ausdauer, und die Sanftmütigkeit möchte ich Dir auch
in Zukunft wünschen, sowie bestmögliche Gesundheit im Kreise Deiner Lieben.
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