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Editorial

This issue is published by a joint editorship. It contains some very interesting new me-
thods from distribution fitting to Bayesian modelling, concepts like new views on the
bootstrap, and applications to EU-SILC data, reliability data and failure times data as
well as insights to the Austrian historical development of statistics in Vienna.

The first contribution highlights some insights to the bootstrap method by artificial po-
pulations. This approach is especially useful for teaching the concepts of the bootstrap
and extends the original work on the bootstrap from Efron.

The second contribution present an application to the Austrian SILC data to analyse ma-
terial deprivation and household income. The authors present three different MCMC me-
thods for Bayesian regression models on these variables.

In the third contribution, the authors propose a maximum likelihood method for esti-
mating the model parameters of the transmuted generalized inverse Weibull distribution.
They applied it on failure times data.

The fourth contribution take investigations in the beta transmuted Weibull distribution and
give an example on reliability data.

Finally, as last contribution, an interview with Wilfried Grossmann provides back-
ground information on data science and statistics at the University of Vienna as well as
details on the relationship of official statistics and statistics at universities. Insights from
the development from punching cards to the software environment R and Big Data is
given.

Please note that all papers in this issue are also available online at

http://www.ajs.or.at

Herwig Friedl Matthias Templ
Institute of Statistics Statistics Austria &
Graz University of Technology Vienna University of Technology
Kopernikusgasse 24/111 Wiedner Hauptstr. 8-10
A-8010 Graz, Austria A-1040 Vienna, Austria
HFriedl @ TUGraz.at E-mail: matthias.templ @ gmail.com

http://stat.tugraz.at/friedl.html http://www.statistik.tuwien.ac.at/public/templ
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The Finite Population Bootstrap - from the
Maximum Likelihood to the Horvitz-Thompson
Approach

Andreas Quatember
Johannes Kepler University

Abstract

The finite population bootstrap method is a computer-intensive alternative to estimate
the sampling distribution of a sample statistic. In one possible approach, generation of
an artificial population, the so-called “bootstrap population”, becomes a necessary step
between the original sample drawn and the resamples needed to mimic this distribution.
For this, the main problem is how to create a bootstrap population that is adequately close-
to-real for resampling. For this process, the bootstrap population need not be generated
in reality. After an overview of different methods of the finite population bootstrap, this
paper presents an approach, based on the idea behind the Horvitz-Thompson estimator,
which allows not only whole units in the bootstrap population but also parts of whole
units. In a simulation study, this method is compared with a more heuristic technique,
taken from the bootstrap literature.

Keywords: survey methodology, sampling theory, bootstrap, variance estimation.

1. Introduction

The bootstrap technique was originally published by Efron (1979) for the problem of estimat-
ing the sampling distribution of a statistic 6, depending on a random sample and an unknown
probability distribution of a variable y under study, on the basis of the observed sample. This
procedure can be described in the following way (cf. Efron 1979, p.3):

1. An ii.d. sample of size n is drawn to observe an empirical distribution of the study
variable.

2. From this empirical distribution, a bootstrap i.i.d. resample of size n is considered.

3. The sampling distribution of the statistic of interest is approximated by the theoretical
bootstrap distribution of it.

This bootstrap distribution equals the sampling distribution of the statistic if the empirical
distribution of the variable equals its probability distribution. Efron (1979) considers as “the
difficult part of the bootstrap procedure ... the actual calculation of the bootstrap distribu-
tion” (p.4). Three methods are possible: The direct theoretical calculation, an approximation
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by Taylor series expansion, and a Monte Carlo approximation. The latter has turned out
to be most common. In this case, B resamples of the same size as that of the original sam-
ple are drawn with replacement from the empirical distribution of y, which can be seen as
the Maximum-Likelihood (ML) estimator of the underlying probability distribution (cf. Chao
and Lo 1994, pp.391). Within each of the B bootstrap samples s1, ..., sp, the estimator 6 of
parameter 0 is calculated in the same way as the statistic # for the sample s (b=1,..,B).
For large B, the distribution of Hb is interpreted as an estimate of the sample dlstrlbutlon of
8. Hence, the theoretical variance V(G) of B is estimated by the Monte Carlo (MC) variance
given by

N 1 B _
Varo( )Zﬁ'Z( b—0)? (1)
=1
with
1 S
=15 > b (2)
b=1

The statistic § is the mean value of the estimators é\b in the B bootstrap samples. For
approximately normal sampling distributions, this variance estimator can be used for the
calculation of an approximate confidence interval. For large B and non-normal sampling
distributions, a confidence interval can be calculated by applying the percentile method (cf.
Efron 1981, pp.317ff).

With increasing memory space of computers, an application of this method to finite popu-
lation sampling became desirable. Such an effort has to consider complex sampling designs
consisting of complex estimators and sampling schemes drawing the sample units without
replacement, and arbitrary sample inclusion probabilities at various stages of the sampling
process (cf., as an example, the discussion of the sampling design of the Austrian PISA survey
in Quatember and Bauer 2012). For this purpose, different approaches are available in the
relevant literature (cf., for instance, Wolter 2007, p.200ff). One of them rescales the obser-
vations in the resamples drawn with replacement from the original sample in a way that the
bootstrap variance (1) approximates the actual variance under a given sampling design (cf.
Rao and Wu 1988). Another approach is to use the with-replacement bootstrap technique and
adjust its bootstrap variance estimator to the parameter by an adequate choice of the size of
the resamples (cf. McCarthy and Snowden 1985). Sitter (1992a) presented the “Mirror-Match
Method”, in which subsamples of the original sample are drawn repeatedly according to the
original sampling plan with a subsample size chosen to appropriately match the original vari-
ance of the estimator. Antal and Tillé (2011) discuss another approach, in which different
with- and without-replacement resampling procedures are mixed in a way that the bootstrap
variance estimator calculated from resamples of the same size as that of the original sample
under this mixture of resampling schemes, equals the interesting variance.

Furthermore, the finite population bootstrap approach, which is considered a natural exten-
sion of the technique by Efron (1979) to finite population sampling, generates an artificial
population, the “bootstrap population”, from the observed sample data. For this problem, the
finite population U of N elements takes over the role of the unknown probability distribution
in the i.i.d. bootstrap. The population elements are characterized by their values y; of y and
xy, of a possible auxiliary variable z (k = 1,..., N). Gross (1980) was the first to adapt the
original bootstrap method to the specific case of a simple random sample without replace-
ment (SI), but only with the restriction of integer design weights % € N. For this purpose,
from an SI sample s, a set-valued finite population estimator U/ of size N5 = N of the true
population U of size N is generated by replicating each sample value y; exactly % times (cf.
p.184) providing a variable” y* denoting these “clones” of the sample values. Hence, the boot-
strap population U can be interpreted as the ﬁnlte population with the ML regarding the
sample drawn (cf. Chao and Lo 1994, p.396). For & o= 244(‘]%0 = 6, for example, the bootstrap
population U} comprises six units of each sample value y; resulting in a population of total
size N = 2,400 (k=1,...,n).
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This entire process can be seen as the application of the idea behind the unbiased Horvitz-
Thompson (H-T) estimator of the total ¢ of y, that is

n
1
th-T = § Yk — (3)
k=1 k

with first-order sample inclusion probabilities 7, to the problem of generating an adequate
bootstrap population. For SI sampling, Eq.(3) results in

n
N
tg-r = E Y (4)
k=1

Obviously, this estimation strategy can be described by the generation of a so-called “pseudo-
population” Uj;_;, for which each sample value y;, is replicated exactly % times (cf. Quatember
2014, pp.20ff). Compared to the bootstrap population U from above with % € N, the
pseudo-population Uj;_p of the H-T process allows not only to contain L%j whole units (|z]
denotes the integer part of x € R) with the same value y;, of variable y but also an ( % - L%j )-
piece of a unit with that value when % is not an integer (V k € s). For % = 2;1%%0 = 6.5,
for example, the H-T pseudo-population Uy - comprises six whole and one half unit of each

sample value y;, (k=1,...,n).

After U/ is generated, B resamples of size n are drawn from U/, following the original sampling
method. In other words, the resamples are no i.i.d. samples of size n from the original sample
s. Instead, the resampling process from U/, follows a multivariate hypergeometric distribution
with parameters N, n, and N times 1 (cf., for instance Ranalli and Mecatti 2012). Hence,
each of the n sample values y1, ..., y, has the same probability % of being chosen as the first
value in the resample of same size n. After the first draw, the same value already drawn at

N_
the first step has a probability of ]\;—_11 = % for being chosen also as the second element
of the resample. The other n — 1 values of y in s, not selected as the first resample element,
N

have a probability of %5 = " ]\][V_l) and so on. Generally, a value y; observed in s has a
probability

N—n-hg,_

e (5)

n-(N—j+1)

of being selected at the j-th step of a resample selection from U (j = 1,...,n). In (5), hy j—1
denotes the number of times the value y; was already selected in the first j — 1 steps of the
process to generate a resample (hro =0V k € s).

This shows that the bootstrap population U does not have to be generated in reality. The
resample process from U, might as well be carried out by applying the probability mechanism
described above directly to the sample s. This was also discussed by Ranalli and Mecatti
(2012) as a resource and time saving alternative to the physical generation of the bootstrap
population. These resamples form the basis for the estimation of the sampling distribution
of the estimator 0 (for example, the H-T estimator tz_r) for parameter 6 (for instance, the
total ¢) in SI sampling. For this purpose, in each of the B resamples s, the estimator é\b has
to be calculated in the same way as 6 was calculated in the original sample s (b =1,..., B).

Considering, for instance, the estimation of parameter ¢ of variable y by Formula (4), this
means that within each SI resample s; of size n, an estimate ty.7, is calculated using the
replication variable y* in U¢:

n

N

ta-T, = E yr - .
k=1

The MC variance (1) of these B estimates serves as an estimator of the variance V (tg-r) of
tg-7 under the SI sampling scheme. This variance estimator is approximately unbiased in
large samples (cf., for instance Sitter 1992b, p.139).

95
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Obviously, for general applicability in the practice of survey sampling, this idea has to be
extended to

i) non-integer design weights, and

ii) general probability sampling, including stratification and clustering, ensuring a bootstrap
population with the same structure as the original population (cf. Chao and Lo 1994,
pp.398ff).

The techniques to generate a bootstrap population U* proposed in the relevant literature for
different sampling schemes deviate more or less from the ML principle applied by Efron (1979)
and Gross (1980) in the generation of the bootstrap population (cf., for instance Bickel and
Freedman 1984; Kuk 1989; Sitter 1992b; Chao and Lo 1994; Booth, Butler, and Hall 1994).

General probability proportional to size random sampling without replacement (7PS), where
the selection process is carried out, for instance, by systematic selection of elements ordered
randomly in a list (cf. Sédrndal, Swensson, and Wretman 1992, p.96f), is commonly used in
large-scale surveys such as the PISA survey (cf. OECD 2012, ch.4). This sampling method
has a positive impact on the efficiency of the HT estimator of ¢, when the study variable
y and the size variable x are approximately proportionally related. But, the estimation of
the variance of the HT estimator may be hard. In particular, the calculation of the second-
order inclusion probabilities, needed for the HT variance estimator, can be cumbersome or
even impossible. Holmberg (1998) proposed a bootstrap approach to estimate the variance
for general mPS sampling. The total of size variable z in U is denoted as t;. Under the

restriction xp - n < t, V k € U, the design weight ﬂ—lk = ;}:ﬁ of survey unit k is decomposed
into an integer part th:nj and the “rest” ;@—In — xthnJ To generate the pseudo-population
Uj;, the values y;, and x;, of each unit k are jointly replicated th:nj times and, independently

from each other, randomly once more with probability ;ﬂ—”ﬁn — L:ciTsz This process creates
a bootstrap population Uj; of size Nj, with an expected value of E(N};) = N. After U
is generated, the sample inclusion probabilities 7 have to be recalculated according to the
variable x* consisting of the replicated sample values of x, before the resampling process can
start. Then, a number of B resamples of size n are drawn from Uj; according to mPS sampling.
The estimation of the parameter under study is done in each of these bootstrap samples in
the same way as it was done in the original one. For large N and n, the bootstrap variance
estimator (1), for example, achieves approximate unbiasedness with respect to the variance

of the H-T estimator of ¢ (cf. Holmberg 1998, p.381).

Barbiero and Mecatti (2010) aimed to simplify the procedure presented for 7PS sampling by
Holmberg (1998) and, at the same time, improve its efficiency with respect to the estimation
of the variance of the H-T estimator of ¢. They propose to make “a more complete use of
the auxiliary information” (Barbiero and Mecatti 2010, p.62) available for size variable z, in
particular of its total t,. According to these authors, the following understandable properties
should apply to a bootstrap algorithm with respect to the estimation of a total ¢ of variable
y (cf. Barbiero and Mecatti 2010, pp.60ff):

1. Given the sample s, in a bootstrap population U*, the total ¢,« of variable z* should
be equal to the total ¢, of x in U.

2. The total t,« of variable y* in U* should be equal to the H-T estimator ty-r of ¢
calculated in the original sample s.

3. For given s, over all B resamples s, the H-T estimator of the total t,« of y* in U”*
should have an expectation equal to the H-T estimator of ¢ in the original sample s.

Obviously, these properties are desirable for an efficient estimation of V (tgr) by Ve (tar).
For different bootstrap methods in the literature dealing with the generation of bootstrap
populations, these three properties hold only for ﬂik € NV k € s. Hence, Barbiero and Mecatti
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(2010) at least proposed an “z-balanced mPS-bootstrap”, where after replicating each sample
unit £ a number of th:nj times, further units are iteratively added to the bootstrap population

Ug s from a list where these units are sorted in decreasing order of their (é—ﬁn — L;ﬂ—xnj )-value
1

Lz 1+1
Ikn
the ratios, for the same (xi—“n — é—xnj )-values, elements with a higher integer part th;nj of
their design weight xt;n have a higher probability of again being added to Uj,,, as compared
with elements with a lower integer part. After Ug,, is generated, the probabilities 7, have
also to be recalculated before the resampling process can start.

or their ratio W—lk . until the minimum difference of ¢,~ and ¢, is achieved. Considering

But, these proposals for non-integer design weights also result in bootstrap populations not
guaranteeing a size Np,, = IN for SI sampling, when % ¢ N (cf. Ranalli and Mecatti 2012,

p.4095). For |-tz | € N and SI sampling, the methods of Holmberg (1998) and Barbiero and

TEn

Mecatti (2010) reduce to the original concept proposed by Gross (1980).

2. The proposed bootstrap method

All the methods described in the introductory section are more or less heuristic when it comes
to the generation of a bootstrap population in the presence of non-integer design weights
(cf. Rao and Wu 1988, pp.237). They all try to establish a bootstrap population to start
the resampling process from it, which includes solely integer numbers of replications of the
original sample values and, as a consequence, also of the total number of units in the bootstrap
population.

In the following, a procedure is proposed, which is a direct application of the idea behind the
H-T estimator of a total as it was described below Eq.(4) to the bootstrap population problem.
It complements the proposals of Holmberg (1998) and Barbiero and Mecatti (2010) for the
problem of non-integer design weights. This Horvitz-Thompson based bootstrap approach
(HTB) also allows non-integer numbers of replications of the sample values of y and x to

generate the bootstrap population Uf;5. Let each unit £ be replicated exactly W—lk = &—”n

times. In this way, a bootstrap population Uj; ;5 is generated which contains not only th:nj

whole units with values y; and zj, but also an additional (i—rn — th:nj)—piece of a unit with
these values when :ctfn - L;ﬂ—”nj > 0 applies (k € s). In this way, Uj;;5 has an expected
size Njjpp of E(Njirp) = > % = N. For SI sampling with 7, = &, this means that a

bootstrap population with size Nj5 = N is guaranteed. In the resampling process based on
the bootstrap population U5, @ whole unit £ belonging to this population has a resample
inclusion probability proportional to its original z-value. But, for a (xt:n - L%J)—piece of a

unit, this probability is proportional to (;—9” — t—””J) times x. Hence, after the generation of
EN TEn
Ufrp as a set-valued estimator of U, the design weights of the elements will not have to be

recalculated.

From the point of view of the underlying probability mechanism, the value y; of the original
sample s (k = 1,...,n) has a probability of

tx —n- hk,j—l Tk

n-(ty, — ZSbj, x;)

(6)

1

for being selected into the b-th resample at the j-th step of the process of drawing n resampling
units (j = 1,...,n) when zt:n —hy j—1-71 > 0 applies. Otherwise, for the j-th draw, its inclusion
probability is set to zero. In Eq. (6), hyj—1 denotes the number of times y; was already
chosen within the first j — 1 steps of the selection of n units for resample s;. Furthermore,
sp;_, denotes the subset of the resample s; after the (j —1)-th draw. Applying this probability
mechanism in the resampling process can replace the resource consuming physical generation
of the bootstrap population Uf;;p. For 2, =1V k € U and % € N, the method reduces to

the strategy of the SI technique of Gross (1980) as discussed under Section 1.
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In each of the resamples drawn, the original estimator 9 of parameter  under study is cal-
culated. In the case of the estimation of total ¢, for instance, the estimator can be the
ordinary H-T estimator, ratio or regression estimator, or other calibrated estimators based
on poststratification or iterative proportional fitting (cf., for instance Alfons and Templ 2013,
p.20f).

For the proposed HTB technique, regarding the three desired properties for efficient variance
estimation, as mentioned in Section 1 (cf. Barbiero and Mecatti 2010, pp.60ff), the following
applies:

1. The total t,« of size variable z* in U5 is given by: ¢« = ZZ:1 Ty - % = t;.

1

2. For the total t,« of variable y* in Ujyppg, ty = D> oy Yk - 7o =tHr applies.

3. The expected value of the H-T estimator of the total ¢« of y* in U}, yields E*(3 ", y;-

%) = ty« = ty-r with E* denoting the expectation over all resamples, given s and the

sampling design.

Clearly, for usual design weights, the proposed HTB method it is not expected to perform
much better than, for instance, the technique of Holmberg (1998). Nevertheless, it is shown
that the three desirable properties regarding estimation quality mentioned by Barbiero and
Mecatti (2010) always hold for this method. The proposed method to generate the bootstrap
population might as well seem more understandable in terms of educational reasons than the
heuristic methods from the literature, because it follows the same idea as the one behind the
widely used H-T estimator when it comes to the composition of the bootstrap population.
Moreover, it is not necessary that the bootstrap population needed for the resampling process
is physically generated, which often may be cumbersome. The resampling can be done directly
from the original sample applying the probability mechanism behind the sampling scheme.
Additionally, the HTB bootstrap can still be used in situations, where other methods fail
because of first-order sample inclusion probabilities 7, of the population units which are close
to one. For a mPS sample, this might provide resample inclusion probabilities that are outside
the acceptable range (see Section 3).

3. Simulation study

A simulation study was undertaken to compare exemplarily the performance of the proposed
H-T based technique (HTB) with the method (H) presented by Holmberg (1998). For this
purpose, the Swedish MU 281 population as described in Appendix B of Siarndal et al. (1992),
formed the basis. This specific population was also used by Holmberg (1998) as basis for a
simulation study. It consists of all but the largest three municipalities Stockholm, Gothenburg
and Malmo.

Different sets of study variables y and auxiliary size variables x were used. For all the variables,
in the simulation results, almost the same pattern appeared. Hence, as a typical example,
the simulation results for study variable SS82 (= y), that is the number of social-democratic
seats in municipal council, are presented. The total ¢ of y in the population is 6,193. 10,000
simulations were conducted according to a 7PS sampling scheme with size variable

i) P75 (= z1, the number of inhabitants in the municipality in 1975),
ii) 2o =1+ {55, and
i) 23 =1V ke U.

As the values of 1 widely differ, so do the first-order sample inclusion probabilities 7 = %

For size variable xs, these probabilities are much closer. With size variable xg, the wPS
method reduces to an SI scheme.
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The parameter to be estimated is the variance of the H-T estimator tg-7 of t. For each
simulation, the chosen sample sizes were n; = 40 and, if possible, no = 100. The chosen
number B of bootstrap resamples was B = 300.

The simulation results are reported in Tables 1 and 2 for the two simulated sample sizes, as
also for all three 7PS sampling schemes where possible. Furthermore, the results are shown
exemplarily for one of these setups in the form of boxplots in Figures 1 and 2. For ns = 100,
with y and 21, no 7PS design could be carried out because % was greater than one for at

least one k € U. Moreover, for each setup, the relative simulation bias (in percent)

Eszm(v) - ‘/sim(tH-T)
Veim(tm-1)

Tbsim (V) = - 100 (7)

was computed as an indicator of its performance. The terms Fg;, (V) in Eq.(7) and sdgim (V)
in Tables 1 and 2 denote the simulation mean values and standard deviations, respectively,
of the MC bootstrap variance estimates V. according to Eq.(1) with respect to the boot-
strap method HTB (Vigrg) or H (Vi) within the 10,000 simulations. Furthermore, the term
Vsim (tg-1r) in Eq.(7) denotes the variance of the H-T estimates within the 10,000 simulations
as the reference value because for 7PS sampling, the true variance of the H-T estimator can-
not be calculated exactly. This reference term is substituted by the known variance V' (tsr) in
the simulations of the SI method. In the tables that follow, the simulated standard deviations
sdgim (N*) of the unbiased 10,000 respective bootstrap population sizes N* are also presented
for both bootstrap methods. Eventually, the percentage coverage rates of approximate confi-
dence intervals in the simulations using the variance estimates can be found in the tables for
both approaches.

Table 1: Simulation results for three different sampling designs (sample size n; = 40)

Sampling scheme 7PS (y,21) 7PS (y,x2) ST (y)

. HTB H HTB H HTB H
Tosim (V) T1.09 118 | 1071 240 | -1.90 2.8
$dsim (V) 182,044 180,328 | 9,662 9,688 | 20,867 21,055
sdim (N) 36.34 3628 | 653  7.06 0 100
coverage . (in %) 92.61 92.34 | 94.23 94.23 | 93.72  93.64

Table 2: Simulation results for two different sampling designs (sample size ng = 100)

Sampling scheme | 7PS (y,x2) ST (y)
. HTB H HTB H
Thaim (V) 280 -081| 214 -0.63
sdsim (V) 1,936 1,975 | 4,054 4,084
sdgim (N*) 328  4.99 0 3.90
coverage . (in %) | 94.98 94.70 | 94.54 94.30

As expected, no major improvement is found with respect to the performance of the variance
estimator in comparison to the performance of the one presented by (Holmberg 1998). Never-
theless, in all the simulations, the HTB method strongly tends to perform slightly better with
respect to relative bias and standard deviation. Figure 1 shows, as an example, the boxplots
regarding the mPS sampling design with auxiliary variable x5 and sample size n = 100.

A 7PS sampling with auxiliary variable z; is defined only for n < 49 because for all elements
k of the population U, mtzkln < 1 has to apply. Whereas the HT'B method is applicable for all
sample sizes n < 49, method H does not work for sample sizes close to the upper limit of 49,
because the inclusion probabilities have to be recalculated for a given bootstrap population
Uj;. Depending on the drawn sample s, this process may yield resample inclusion probabilities
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outside the admissible range. In the HTB method, for the resamples drawn from the bootstrap
population, no recalculation of the original first-order inclusion probabilities 7 is required.
Hence, it is sufficient that the original probabilities are within the admissible range.

Allowing not only integer numbers of clones of the original sample values in the bootstrap
population has also an impact on the size Nj;5 of the bootstrap population. While for both
the methods, size N* is unbiased for IV, the standard deviation of N* is smaller for the HTB
method in almost all simulation results. The difference between these standard deviations
increases with less differing original first-order inclusion probabilities. This is shown in both
the tables as well as in Figure 2.
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Figure 1: Boxplots of simulated variance estimates calculated according to the HTB and the
H approaches for 7PS sampling with size variable xo (ny = 100)
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Figure 2: Boxplots of simulated bootstrap population sizes N* calculated according to the
HTB and H approaches for 7PS sampling with size variable x2 (n2 = 100)

Eventually, in all the simulated cases, the coverage rates of the usual approximate confidence
intervals, calculated by using the variance estimates of the HTB method are closer to the
desired 95% level than the intervals calculated by using the variance estimates of the H
method.
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4. Conclusion

The H-T approach to the generation of the bootstrap population presented herein applies the
idea behind the H-T estimator to the generation of a bootstrap population for finite pop-
ulations. Overall, as expected, the simulation results indicate that the bootstrap estimator
of the variance of a total based on this bootstrap population Uj;_; is slightly more efficient
than the one proposed by Holmberg (1998). For the proposed method, the three proper-
ties, considered desirable by Barbiero and Mecatti (2010) for efficient variance estimation,
hold. This approach has an effect on the precision of the variance estimates. Applying this
approach, the size of the bootstrap population, a variable unbiased for the true size of the
original population, has a smaller standard deviation as compared to that of the approach by
Holmberg. Furthermore, this method, unlike other methods in the literature, does not require
the recalculation of the inclusion probabilities in general 7PS sampling. This also means that
the method proposed here can be applied even in situations where other methods fail.

In practice, the generation of the bootstrap population will not have to be processed physically.
The whole resampling procedure can be carried out using the probability mechanism behind
the process.

However, further studies including other populations than the one used here, and topics such
as the optimum number B of resamples, or the estimation of other parameters than totals,
are necessary to examine the suitability of this method in greater detail.
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Abstract

In many applications multidimensional outcome variables measured on different scales are of
interest. In this paper we consider regression modelling of a bivariate response with a normal and a
binary component. We use three different approaches to model dependence: a joint logit-normal
model for the two responses, a factorization model with linear dependence and a factorization
model with flexible non-linear dependence. We apply these approaches to Austrian SILC data to
analyse material deprivation and household income.

Keywords: joint modelling, logit-normal, factorization model, data augmentation, material depriva-
tion, living conditions.

1. Introduction

In the past years the topic of well-being of societies became increasingly important in European
politics. It is commonly agreed that the GDP does not sufficiently measure this concept and that com-
plementary indicators are necessary to get a more comprehensive picture of living conditions. Ini-
tiatives that deal with this subject are the "GDP and beyond" initiative (http://www.beyond-gdp.eu/),
the Stiglitz-Sen-Fitoussi Commission (Stiglitz, Sen, and Fitoussi 2009) and the Sponsorship Group
on Measuring Progress, Well-being and Sustainable Development (Eurostat 2011). Currently score-
boards of indicators are being developed in European statistics. These scoreboards consist e.g. of
economic indicators, social indicators, or environmental indicators. Since such scoreboards include
many different measures we face an increasing need for analyses of dependencies between them and
of driving factors. From the methodological point of view the analysis of such dependencies requires
models which are able to deal with multidimensional data of mixed type. Our paper meets these
needs. We develop mixed data models which incorporate continuous and binary data in regression
type models. In our application we focus on social measures coming from the European survey on
income and living conditions (EU-SILC).

In this paper we investigate the dependence between a monetary and a material aspect of living con-
ditions in Austria. The monetary aspect is captured via the household income - the money each
household has to make its living from, whereas the material aspect is represented by the so-called
material deprivation indicator. According to the definition a household faces material deprivation if
the members are not capable to meet certain predefined needs like e.g. TV, phone, holiday away from
home.
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We combine the continuous outcome variable household income and the binary outcome variable
material deprivation in mixed data models and analyse their dependence on socio-demographic factors
like e.g. the age or activity status of the main-income earner, the household type and migration status.
We derive the importance of these explanatory variables by introducing variable selection.

We consider different modelling approaches to deal with multidimensional data of mixed type. We
define the models for a continuous and a binary outcome, but they may easily be extended to other
data types. In all joint models we use a linear regression model for the continuous and a logistic
regression model for the binary outcome. Based on a representation of the binary outcome through
a latent continuous utility, the joint bivariate distribution of the error terms is specified as a mixture
of bivariate normal distributions in the first modelling approach, whereas the other models use a
factorization of the joint bivariate error distribution.

Our paper is organized as follows: Section 2 introduces the different models and corresponding priors
for the Bayesian analysis. MCMC estimation is explained in Section 3. In Section 4 we analyse
Austrian SILC data and compare results from the three different models. We summarize the findings
of the paper in Section 5.

2. Model specification

2.1. Regression model

Lety; = (yf ,yI")’ denote a bivariate response observed for subjects i = 1, ..., n, where yf is a binary
and y;' a normal component. x; = (1, x1,...,2;q) denotes a 1 x (d + 1) vector of covariates. To
specify a joint regression model for y;, we assume an underlying latent continuous variable u;, which
determines the value of the binary response: yf = 1lifu; > 0 and yi? = 0 otherwise, and model the
bivariate response (u;, y!*)’. In all models considered in this paper we use a regression specification
for the mean of the bivariate response and model dependence via the error terms.

The joint regression model of (u;,y") thus is a SUR (seemingly unrelated regressions) model, given

as
w\ (%8 , (e
() = () ree == (3): g

where 8" = (83, 67, ..., B) and Bt = (38, B ..., BS)’ denote the regression coefficients includ-
ing the intercept for the two responses. Further we assume that € ~ A (0, 02) in all models, i.e. we
specify a standard normal regression model for ¥,

Y~ N (x;8",07) )

and specify either the marginal distribution of 52’ or the conditional distribution of 5?|5? as an (approx-
imate) standard logistic distribution. In all models we use the representation of the standard logistic
distribution Log(0, 1) as a scale mixture of six normal components derived by Mohanan and Stefanski
(1992). Table 1 gives the fixed variances s2 and weights w, of this approximation, which was shown
to be very accurate in Frithwirth-Schnatter and Frithwirth (2010).

Table 1: Variances and weights of the normal components in the finite mixture approximation of the
standard logistic distribution.

r 1 2 3 4 5 6
s2 0.68159 1.2419 2.2388 4.0724 74371 13.772

T

100w, 1.8446  17.268 37.393 31.697 10.89  0.90745
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Using this approximation the logistic regression model with linear predictor nf can be represented as

6
ui = + €, p(e) = Zwr@(ﬁi; 0,57), 3)
r=1

Y2 = I(0,00) (ui), 4)

where (y;; 1, o) denotes the pdf of the N (,u, 02) -distribution.

In our first model we specify the bivariate distribution of the error term €; in equation (1) as a finite
scale mixture of bivariate normal distributions,

6 2
_ } : . [ 8 SrOp
p(s) - wT¢2(€7 07 27‘)7 27" - <STO'p 0_2 > . (5)

r=1

Here p2(y; p, X) denotes the pdf of the bivariate Normal distribution with moments p and X. The
mixture components share the same correlation p, but the variances s? are component specific. We
call this model the logit-normal model (LN), as the marginal distribution of u; is essentially logistic
with mean nf = x;0°, yielding a logit regression model for the binary response yf.

As a further modelling approach we consider factorization models with a conditional logit model
for yf. In the conditional linear model (CL) we specify the predictor ni? as a linear function of the

covariates x; and the standardized error of the normal model, i.e.

Y —x;B8"

77? = Xzﬂb + Y
g

The composite error of the latent utility is given as
b b 2
e =ui —xiff’ =v—+e,

where the error ¢; has a standard logistic distribution and hence the conditional distribution of the
composite error is £%e? ~ Log(ye?/o,1). Note, that marginally €2 has not a standard logistic
distribution but a location mixture of logistic components with normal mixing distribution,

pleh) = / D(E]Cog(t €7 /o, 1)) (e 0, 1) de?,
R

and the conditional linear model therefore is not equivalent to the logit-normal model.

To highlight the difference between both models we make use of the finite mixture approximation of
the standard logistic distribution: the joint error distribution in the conditional linear model is

p(e’ ") =) wrple’ et fo,s7)p(e" o) = Y wrpa((e” " 0)'50,5)),

. s2 4+ 92 Yo .. . . e .
where 37 = o2 ) This is a mixture of bivariate normal distributions, where correlations

Yo
pr = ¥/+/s2 + 12 and variances s? + 1% are component specific. An implication of this model is
that dependence will be smaller for mixture components with higher variance. Note, that in contrast
the correlation p is constant for all mixture components in the logit-normal model.

The third model we consider is an extension of the conditional linear model, where the linear term
x; 3" is combined with a smooth function of the standardized residuals 7 /o to

W=+ O, ®)

The smooth function f(z) is represented as a linear combination of B-spline basis functions Bj, see
Lang and Brezger (2004),

J
f(2) =) 7iBj(2),
j=1
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where v = (71, ..., ) denotes the coefficients of the B-spline basis functions. As this model allows
to capture non-linear dependence between the two error terms €™ and €? it is more flexible than the
conditional linear model, and we will call it the conditional flexible model (CF). We note here that
also in the flexible model the marginal error distribution of ¢® is no longer logistic.

2.2. Prior distributions

Bayesian model specification is completed by assigning prior distributions to the model parameters.
We consider a prior of the structure p(8", 8%, 02, 9) = p(8™)p(B8°)p(c?)p(19), where ¥ denotes the
model specific parameters.

Priors for the regression coefficients 3¢, ¢ = n, b could be specified as multivariate normal distribu-
tions. As we intend to perform variable selection we will however use spike and slab prior distributions
for all regression effects. Spike and slab priors are mixtures of a spike component at zero, which al-
lows to shrink small effects to zero and a rather flat slab component, see e.g. George and McCulloch
(1997); Ishwaran and Rao (2005); Malsiner-Walli and Wagner (2011) for different variants of spike
and slab priors. We introduce a vector of binary indicators 6 = (4¢,...,03)" for ¢ = n,b, with
elements taking the value 1 if the corresponding coefficient is unrestricted and O otherwise. The prior
for 3¢ can be specified hierarchically as

p(ﬁc‘éc) = pslab(/BS) H pslab(/BJC') H pSpike(ﬁjc')v (7
j:65=1 5:65=0
d
p(8%) = [T (1 —w)' ™%, W~ Blaoe boc), (8)
j=1

where B() denotes the Beta distribution. Note, that for both components the intercept is not subject to
selection in this specification, and hence is assigned a slab prior.

We will use independent normal slabs p.(37) = »(55;0, Bf) and either Dirac spikes, i.e. a point
mass at zero or continuous spikes specified as N (0, «B§) with & << 1. Our choice of the spike
component is dictated by convenience of MCMC sampling: Dirac spikes require computation of the
marginal likelihood, which can be determined analytically only for normal and conditionally nor-
mal regression models. With the normal mixture approximation of the standard logistic distribution,
marginal likelihoods are analytically available for all parameters in the joint logit-normal model and
the conditional linear model and we use a Dirac spike for 3" and ﬁb in these models. In the condi-
tional flexible model a Dirac spike is assigned to 3° but we use a continuous spike for the regression
effects 3" of the normal response.

For the remaining model parameters we assign priors which are standard for Bayesian analysis. In
the logit-normal model we assume prior independence of o and p with § = Ino ~ N (dy, Dy) and
a standard normal prior truncated to [—1,1] for p. In both factorization models a G~! (s, Sp)-prior
is specified for the error variance o2. We chose a normal prior, N (0, Py) for ¢ in the conditional
linear model. As an alternative a spike and slab prior distribution could be specified to determine
whether there is linear dependence between the error terms in both models. Finally, in the conditional
flexible model we assume the standard second order random walk prior for the spline coefficients ~y
with variance 72 ~ G~ (a, b), see Lang and Brezger (2004).

3. Bayesian inference

Bayesian inference for the models specified in Section 2 is feasible by sampling from the posterior
distribution using data augmentation and MCMC methods. As we use the latent utility representa-
tion for the binary response and the finite mixture approximation of the standard logistic distribution,
the latent utilities u = (uq, ..., u,)" as well as component indicators r = (71, ...,7,)" have to be
sampled additionally to the model parameters. We will use ® to denote the collection of all model pa-
rameters and the indices LN, CL, CF to address a specific model. The different modelling approaches
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lend themselves to different MCMC schemes, which are convenient for posterior estimation. These
are detailed below.

3.1. MCMC for the logit-normal model

Conditional on the auxiliary variables u and r the logit-normal model is a bivariate linear Gaussian
regression model with regression coefficients 3 = ((8")’, (B ),, where joint sampling of the binary

indicators § = ((8")’, (8% ), and the regression coefficients 3 is feasible. Posterior inference for all
model parameters can be accomplished by the following sampling scheme:

(I) Sample the component indicators r from p(r|3, d, p,0,u,y) x [, p(ui|B, 8, p, 0, ri, y")p(rs).
(I1) Sample (p, §) and the latent utilities u:

(ITa) Sample p and 0 together from the posterior p(p, 8|3, r,y) = [, p(yil3, p, 0, ri)p(8)p(p)
using an MH-step.

(IIb) Fori = 1,...,n sample the latent utilities u from the posterior p(u;|3, p, 0, 74,y:).

(IIT) Sample the indicator variables and the regression coefficients (&, 3) from the full conditional
posterior p(8, Bp, 0,w", Wb, u, r,y).

(IV) For ¢ = n, b sample w® from the Beta posterior, B (Z 53? +ap,e,d—) (5]6- + bo,c> .

All sampling steps with the exception of step (Ila) are simple Gibbs steps. The component indicators
in step (I) are sampled independently from the discrete distributions

P(ri:r)oc¢<w>wT, r=1,...,6,
@7

where m; , and s; , are the parameters of the conditional normal distribution u;|y;* ~ N (mi,r, s?r) s

given as

n

6.
mip =X +50p -, 9)
Sir = Sp\/ 1 — p2. (10)

As proposal for the MH-step (Ila) we use a bivariate Student t-distribution with 10 degrees of freedom,
where the mean is the ML estimate of the likelihood p(y|3, 6, p, r) after a few maximising iterations
and the variance-covariance parameter is the inverse Hessian at this point. The full conditionals for

the latent utilities u; in step (IIb) are the normal distributions N (miyr, s%r) truncated to (—oo, 0) if
y? =0 and to (0,00) if y = 1.

Details on sampling step (III), which is a standard step for variable selection in Gaussian regression
models, are given in Appendix A.

3.2. MCMC for the conditional linear model

In the conditional linear model the joint likelihood of normal observations and latent utilities, condi-
tional on the component indicators is given as

n n

Hp(uuy?‘r’h GCL) = Hp(yin’ﬁna02)p(ui‘®CL7$7‘i7yzn>7 (11)
i=1 i=1
where g
% 3 .
u;|OcL, Sr;, Yj' :Xi5b+¢%++€iv & ~N(0,57,) . (12)

This suggests sampling (6°, 3%, 1)) and (8", 8") separately, as the full conditional posterior distribu-
tion of (8%, 8%, 1) involves only the linear regression model (12).

Hence we use the following sampling scheme for the conditional linear model:
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(I) Sample the indicators and regression coefficients (6™, 3") jointly from p(&™, 3"|o?, B v, u,r, y).
(II) Sample the error variance o from its conditional posterior G~ (so + n/2, So + >_(y — x;8™)?).
(II1) Sample the auxiliary variables u and r from the full conditional p(u, r|o2, 3", 8%, 1, y).

(IV) Sample the indicators and regression coefficients in the conditional logit model (& b, Elb, 1) from
the full conditional

p(ab’ﬁb7¢|ﬁn’ 0-27 u7 r’ y)'

(V) Sample w®, ¢ = n, b from the B (Z 05 + ao,e,d — > oj + boyc) .

Sampling steps (III), (IV) and sampling of w® in step (V) are standard steps for Bayesian variable
selection in a logit regression model, see e.g. Wagner and Duller (2012) for full details. If » = 0
the joint model decomposes into a linear and a logit regression model and the remaining steps (I),
(II) and sampling of w" in step (V) perform Bayesian estimation with variable selection in the normal
regression model. For ¢ # 0, 3" is a regression parameter the heterogeneous linear regression model

yi' = xiB" + &, gi ~N(0,0%),
w; = %xi,@" + €, & ~ N (0, szl) ,

with working observations defined as w; = w% — (u; — x4 ﬁb). For this model, the indicators 6" and
the regression coefficients 3" can be sampled jointly in one Gibbs step, see in Appendix B for details.
3.3. MCMC for the conditional flexible model

In the flexible specification of the conditional model given as

J n n
n_x
uly? = %8+ Y0 By

J=1

)V + &, &~N(0,s2) (13)

the errors of the normal regression model enter nonlinearly. Hence the posterior of ", marginalised
over the regression effects 3™ is not available in closed form. This is the reason why we choose a spike
and slab prior with continuous spike for the regression effect 3" which allows to sample the indicators
&" conditional on 3" (see Malsiner-Walli and Wagner 2011, for more details). As the full conditional
posteriors of 3" and o2 are not of closed form we sample these parameters using an MH-step.

The sampling scheme for posterior inference in the conditional flexible model consists of the following
steps:

(I) Sample 8" and 8™.

(Ta) Sample the regression coefficients 3" of the normal model from the full conditional
p(8"6",8%, 4,02, u,r,y) using an MH-step.
(Ib) Sample the indicators 6" from the full conditional p(6"|3", w™) = H;l:l p(0} = 1|87, w™),

where .
1 L o pspike(ﬂj )

p(0f =1) = ———, = .
( J ) 1 + lw(;; L] / pslab(ﬁy)

(II) Sample the error variance o? from its conditional posterior p(02| a", ,Bb, ~,u,r,y) using an
MH-step.

(III) Sample the auxiliary variables u and r from the full conditional p(u, r|o2, 3", Bb ~, y).

(IV) Sample the indicators and regression coefficients in the conditional logit model (éb, ,Bb) from
the full conditional
(6", 8°18",7, 0%y, u,x).
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(V) Sample the spline coefficients v from the model

Ly xipn
ui —xiB8" =) Bj(F———)y + &
7j=1

g

and the hyper-parameter 72 from p(72|).

Sampling steps (III) and (IV) are described in Wagner and Duller (2012) and details on step (V) are
given in Lang and Brezger (2004). For sampling 3" and o in steps (Ia) and (II) respectively, we
use the posterior distributions resulting from the marginal regression model (2) as proposals. As these
proposals ignore only the information on 3" and o contained in the binary observations, this strategy
works well.

4. Analysis of household income and material deprivation

4.1. Data

Our data come from the European household survey EU-SILC, which focuses on income and living
conditions but also includes questions about socio-demographic attributes. We combine the logarithm
of household income and the material deprivation indicator to the bivariate mixed response, which is
analysed applying the different models. According to European guidelines a person is hit by material
deprivation if at least four out of the following nine criteria are fulfilled: (1) arrears on mortgage or
rent payments, utility bills, hire purchase instalments or other loan payments; (2) household cannot
afford paying for one week’s annual holiday away from home; (3) household cannot afford a meal
with meat, chicken, fish (or vegetarian equivalent) every second day; (4) household cannot bear un-
expected financial expenses of an amount which varies for different countries and is about 900 Euros
for Austria; (5) household cannot afford a telephone (including mobile phone); (6) household cannot
afford a colour TV; (7) household cannot afford a washing machine; (8) household cannot afford a car
and (9) household is not able to pay for keeping its home adequately warm.

Our data set contains 3694 households from the EU-SILC 2009 survey in Austria BMASK (2011).
Following Fusco, Guio, and Marlier (2010) we consider only those data sets where the main-income-
earner of the household, i.e. the person with the highest income, is not retired and at least one adult
person is less than 60 years old.

We include several covariates which may have an influence on the responses material deprivation
and household income, respectively. Some of these covariates are associated with the main-income
earner whereas other covariates are household variables. The variables of the main-income-earner are
gender, age, activity status (with categories full-time work, part-time work, unemployed and out-of-
labour-force), education (with categories lower education, medium education, higher education and
university) and migration background. A person has migration background if he or she either now
has or once had a non-EU/EFTA citizenship. To allow for a deviation from a pure linear relationship
between the two responses and age we add the logarithm of age as predictor. The household variables
are the type of household (with six categories: single, two adults/no children, single-parent household,
two adults/one or two children, two adults/more than two children and other household), the type of
building (categorized in single-family house, house with two families, multi-family house with three
to nine households, multifamily house with more than nine households and other) and the population
density (with categories high, medium and low).

4.2. Variable Selection

As a first step of data analysis we performed Bayesian variable selection to identify important regres-
sors for both response variables. We use a uniform prior for the inclusion probabilities w® ~ B (1, 1),
normal slabs with variance By = 5 and set a = 0.0052 for the continuous spike. We use a standard
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normal prior for 6 in the logit-normal model and an improper G~ (0, 0)-prior for o2 in both factor-
ization models. Finally ¢ ~ A (0,5) in the conditional linear model and in the conditional flexible
model we use cubic P-splines with 41 inner knots on the interval [—8, 8] and 72 ~ G~1 (0.001, 0.001).

To estimate posterior inclusion probabilities MCMC was run for 100 000 iterations after a burn-in of
10000 draws where the first 5 000 draws are from the unrestricted model. Convergence was checked
by running several chains. Integrated autocorrelation times are highest for the conditional flexible
model, where they range from 12-82 for the regression coefficients of the binary and from 5-54 for
the coefficients of the normal response. Posterior means are estimated by the means of all draws after
burn-in.

The variable selection results were similar for the normal response log income in all three models,
which differ only with respect to the specification for the binary response. Table 2 gives detailed
results on estimated inclusion probabilities. Based on posterior inclusion probabilities larger 0.5 the
following variables were selected: linear age effect, dummy variables for all categories of activity
status and education, migration background, dummy variables for all household categories except
for households with 2 adults and 1-2 children, the category "multifamily house with more than nine
households" for the type of building variable and the category "low population density". For material
deprivation there are slight differences in the three specifications. In all three models dummy variables
for all categories of activity status and education, migration background, as well as two dummies
for the type of building variable (3-9 families, multifamily house with more than nine households)
were selected. The posterior inclusion probability for a logarithmic effect of age and the dummy for
households with two adults and no children are close to 0.5 in all three models. The dummy variables
for single parent households and for low population density have a posterior inclusion probability
larger than 0.5 in the conditional linear model but slightly below 0.5 in the two other models.

To check for sensitivity with respect to the number of P-spline knots, the analysis was repeated with
only 21 inner knots, yielding essentially the same results.

4.3. Model Selection

We compare model adequacy of different specifications of the three models by the DIC (Spiegelhalter,
Best, Carlin, and Van der Linde 2002), defined as

DIC = D(®) + pp(y,O(y)).

Here D(®) is the posterior mean of the deviance

D(®) = —2logp(y[®) + 2log f(y),

where f(y) is some fully specified standardizing term. pp(y, ®(y)) is a measure of complexity,

po(y, O(y)) = Egjy(—2logp(y|®)) + 2log p(y|O(y)),

where ©(y) is the posterior mean of ©. The model with the smallest DIC is to be preferred. DIC is
very popular for Bayesian model comparison, as it can readily be computed from the MCMC output.
We follow here Celeux, Forbes, Robert, and Titterington (2006) and set f(y) = 1.

For all models we compute the likelihood based on the factorization

n

logp(y|©) =)~ (log p(y}'|®) + log p(y!|©, y}")).
=1

For the logit-normal model the conditional distribution of y? is given as

SRR T yF TCTS P
PO JCS R Y Y

where conditional mean m; , and standard deviation s; ;. are given in equations (9) and (10).
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Table 2: Posterior inclusion probabilities for the regression effects.

household income material deprivation

inclusion probability NL CL CF NL CL CF
gender (base: male) 0.20 0.23 0.15 0.30 0.36 0.23
age (centered at 15)

linear (in 10 years) 1.00 1.00 0.99 0.23 026 0.23

log 0.06 0.07 0.07 049 050 0.51
activity status (base: full time)

part-time 1.00 1.00 1.00 1.00 1.00 1.00

unemployed 1.00 1.00 1.00 1.00 1.00 1.00

out-of-labour 1.00 1.00 1.00 1.00 1.00 1.00
education (base: lower)

medium 1.00 1.00 1.00 0.65 0.76 0.64

higher 1.00 1.00 1.00 1.00 1.00 1.00

university 1.00 1.00 1.00 1.00 1.00 1.00
migration (base: no migration) 1.00 1.00 1.00 1.00 1.00 1.00
type of household (base: single)

2 adults/no children 1.00 1.00 1.00 049 056 0.51

single-parent 0.84 0.89 0.74 041 054 042

2 adults/1-2 children 0.02 0.03 0.03 0.18 0.22 0.20

2 adults/3+ children 1.00 1.00 1.00 0.19 026 0.20

other 1.00 1.00 0.99 021 027 022
type of building (base: single-family)

2 families 0.02 0.03 0.02 023 0.27 0.22

3-9 families 045 047 0.22 095 092 092

10+ families 1.00 1.00 0.98 1.00 099 0.99

other 0.15 0.18 0.13 040 045 040
population density (base: high)

medium 0.04 0.06 0.03 0.17 0.22 0.17

low 0.88 0.86 0.51 047 0.62 0.49

As the marginal models for the continuous outcomes are essentially the same in all three specifications,
we further focus on a comparison of the conditional models for the binary outcome based on the
posterior predictive distribution.

For model comparison we use the Brier score Brier (1950) for the binary outcome yi? ,
n
S = Z(p(}/zb = 1) - yf)Qv
i=1

which takes the value O for a perfect forecast and the maximum value 1 for the worst forecast. An
estimate of S is obtained by replacing p(Yib = 1) by its posterior mean, given as

1 m
H(YP =1|@, 7)) = — Y = 11@™ ).
YL =10,y m;p(l [CRRRTD)

We compare four specifications of the three models, which differ with regard to the included covari-
ates. The full model includes all covariates for both responses. Models M1-M3 include only those
regressors with inclusion probability larger than 0.5 for the normal response and differ with respect
to the covariates included in the logit model. The sparsest model is M3, which includes only those
regressors selected in all specifications (i.e. all dummies for activity status, education, migration,
dummies for type of building 3-9 families and 10 and more families). M2 includes the regressors
selected in at least two models (regressors in M3 plus log(age) and dummy for households with 2
adults/no children) and finally M1 includes all regressors selected in at least one specification (regres-
sors in M2 and dummies for single-parent households and low population density). For each set of
covariates the DIC is lowest for the conditional flexible model with the lowest overall value obtained
for model M1 and and also the Brier Score is lowest for this model.
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Table 3: Model comparison: DIC and Brier Score.

DIC Brier Score
model NL CL CF NL CL CF
full 5233.5 52383 5222.6 0.0414 0.0415 0.0408
M1 52229 5228.1 5212.2 0.0416 0.0416 0.0408
M2 52254 5231.6 5213.8 0.0418 0.0418 0.0410
M3 5229.6 52354 5217.7 0.0420 0.0420 0.0412

9= ol

-10

—-15

—-20
-6

Figure 1: Flexible (full curved line; pointwise 90% HPD-intervals dashed) and linear dependence
(full straight line).

Figure 1 compares conditional linear and flexible dependence in model M1. The plot shows the
posterior mean of g(e") = B + f(¢" /o), where 35 is the intercept in the conditional logit model,
together with pointwise 90%-credible intervals. The estimated smooth function has a kink with almost
zero slope before and a negative slope after the breakpoint. Hence the risk of material deprivation
changes only little before the breakpoint but decreases quickly afterwards. Also shown (in black) is
the estimated linear function 3 + ¢/(¢" /o) in the conditional linear model. The dots at the top of the
figure indicate the residuals from the normal model &; = y;* — x,-,@n.

4.4. Results

In Section 4.3, based on DIC and Brier score, the conditional flexible model was selected and we
report estimates for the regression effects on log(income) and on material deprivation in Table 4.

From Table 4 we see that age has a positive effect on the household-income. The activity status
plays an important role. Naturally, full-time jobs yield the highest household-income and the smallest
risk of material deprivation, whereas households with the main-income-earner working only on a
part-time basis have less income and a higher risk of material deprivation. These effects are even
stronger for households with a main-income-earner who is unemployed or out-of-labour-force. It is
well-known that education has an important influence on the living conditions of households. This
is also confirmed by our study. The higher the level of education the bigger is the estimated effect
on the income and the smaller on the material deprivation response. The importance of the migration
status for the economic situation of households is also revealed in our study as households with a main-
income-earner who currently has or once had a non-EU/EFTA citizenship have a smaller income and a
higher risk of material deprivation. The type of the household has an influence on the income variable.
The income of households with two adults and no children is higher than the income of the baseline
category single-household, whereas the income of single-parent households and of households with
more than two children is smaller. Households living in a building with many flats have less income
and are more likely in a situation of material deprivation. Households living in an area with low
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Table 4: Posterior mean estimates (std.) of the regression effects.

variable

log(income)

material deprivation

Intercept
gender (base: male)
age (centered at 15)
linear (in 10 years)
log
activity status (base: full-time)
part-time
unemployed
out-of-labour
education (base: lower)
medium
higher
university
migration (base: no migration)
type of household (base: single)
2 adults/no children
single-parent
2 adults/1-2 children
2 adults/3+ children
other
type of building (base: single-family)
2 families
3-9 families
10+ families
other
population density (base: high)
medium
low

9.659 (0.033)
0.071 (0.007)

0.243 (0.025)
0396 (0.031)
-0.550 (0.037)

0.128 (0.025)
0.276 (0.028)
0.419 (0.029)
-0.285 (0.033)

0.181 (0.018)
0.110 (0.028)

-0.206 (0.029)
0.109 (0.021)

-0.091 (0.017)

0.054 (0.015)

2.468 (0.542)

10.326 (0.151)

1.066
2.396
1.917

(0.257)
(0.231)
(0.322)

20481 (0.215)
-1.746 (0.302)
-1.831 (0.335)
1.535 (0.250)

10.405 (0.251)
0.444 (0.241)

0.643 (0.254)
0.958 (0.237)

-0.395 (0.231)

population density have less income than households in areas with high or medium density.

The proportion of materially deprived estimated in this model is 0.0531 (std. dev. 0.0038) and corre-
sponds exactly to the proportion of materially deprived in the sample.

In this application interest is also on the probability of material deprivation as a function of income.
Though not of primary interest in joint regression modelling (where dependence is modelled in the
error distribution) the probability of the binary response taking the value 1 as a function of the con-
tinuous response is available for given covariate and parameter values in the joint models considered
here. For the conditional flexible model it can be estimated by the posterior mean of p(Y? = 1|y, x),
ie.

PP =1ly",x) = /p(Yb =1ly",x,B,7,0)p(B,7, oly)dBdvdo.
From the MCMC draws we compute the estimate

Z eXp

p(Yb =1
P( ly"™) 11+6Xp Yy

where

m) __ b,(m
nm = xgb(m +ZB< )

_ Xgn

Figure 2 shows the estimated probability of material deprivation for different households. In all plots
the reference household with a main income earner of median age 42 and baseline values in all other
covariates is compared to a household differing in only one covariate value. The estimated probability
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Figure 2: Probability of material deprivation for different households conditional on covariates and
income (in 1 000 Euro). Main income earner of age 42 years, baseline values for all other covariates.

of material deprivation is shown for households with/without migration background of the main-
income earner in the left panel, for households with lower education/university degree of the main-
income-earner in the middle and for households with full-time/part-time employed main-income-
earner in the right panel.

For a household income of 21 219 Euro, which is the median income in our sample, the probability
of material deprivation is estimated as 2.1% for the reference household but almost doubles to 4.09%
when the main-income-earner has migration background. The risk of material deprivation for an oth-
erwise reference household, is estimated as 1.02% if the main-income-earner has a university degree
and as 2.97% if the main-income-earner works only part-time.

Due to the non-linear dependence between the error terms each of the curves in Figure 2 has a kink
with risk of material deprivation decreasing more pronouncedly afterwards. The income correspond-
ing to this kink is around 10 000 Euro but differs with covariate values.

5. Conclusion

We presented three different approaches for joint regression modelling of a bivariate response with a
normal and a binary component. In these models we use the latent utility specification for the binary
response. The first two models, the normal-logit and the conditional linear model assume linear
dependence between the latent utility and the normal response and differ with respect to the marginal
error distribution of the latent utility whereas the third model, the conditional flexible model, allows for
non-linear dependence between the error terms of the normal response and the latent utility. For each
model Bayesian estimation and variable selection is feasible by straightforward MCMC sampling.

In joint regression modelling of log household income and material deprivation, based on the DIC and
the Brier score, the conditional flexible model turned out to be preferred to the other models for each
of the mean specifications we considered.

Extensions of the flexible model, where the normal distribution of the continuous response is replaced
by a scale mixture of normal distributions with fatter tails, e.g. a t-distribution or a normal-gamma
distribution Griffin and Brown (2010) is straightforward and requires only an additional sampling
step to draw the scale parameters. Also, the logit model could be easily replaced by a probit or a robit
model where the latent utility follows a normal or a t-distribution.

Finally we emphasize that our focus was on joint regression modelling of a binary and a normal
outcome. All models considered here share the property that the error term and not the observed
normal response enters as a regressor in the conditional model for the binary component. This im-
plies that the effect of the continuous on the binary outcome is heterogeneous, i.e. it depends on
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the regressors included in the linear predictor of the continuous response, as shown in Figure 2. A
non-differential, smooth nonlinear effect of the endogenous continuous variable could be estimated in
a model, where the continuous variable enters as endogenous regressor with smooth nonlinear effect
in the logit model. Bayesian estimation of models allowing for a smooth effect of an endogenous re-
gressor is considered in Chib, Greenberg, and Jeliazkov (2009) for continuous response with normal
and in Wiesenfarth, Hisgen, Kneib, and Cadarso-Suarez (2012) for a flexible error distribution. As
noted in Chib et al. (2009) extension to a binary response requires a further data augmentation step, in
which the unobserved latent utility is sampled. A comparison of our analysis to this latter modelling
approach would be an interesting task for future research.

Appendix

A Sampling indicator variables and regression coefficients in the logit-normal model

Let y; denote the bivariate variables y; = (u;,y}")’ and y the stacked vector of all y;. By X we denote
the corresponding regressor matrix in the joint regression model

y=XB+e, e~N(0,X)

and X is the block diagonal matrix with blocks 3, given in equation (5).

We sample the indicator variables one at a time from the posterior marginalised over 3, which is given
as

p(d; = 1[8\;,p,0,y) = e o T s v
O\ 1,6\;,p,0
1+ p(l,(st;)Rj p(Y| y O\j5 Ps )

where 4\ ; includes all indicators but J;. The posterior for ; involves the conditional marginal like-
lihoods of two heteroscedastic linear regression models with design matrices differing only by inclu-
sion/exclusion of the j-th column of the matrix X. The conditional marginal likelihood of a linear
regression model is available in closed form as

. Bs|!/? 1 oje1- _ _
(¥[8, p,0) By o1/ exp (— 5(}’/2 'y —bsBy'bs + b675B07}5b0,5)),

where Bs and b are the moments of the normal posterior
Bs = (X527 'Xs + By ),
bs = Bs X521y,

and Xy is the appropriate design matrix, including those regressors, for which the corresponding
indicator variable takes the value 1.

Regression coefficients 3; for which the corresponding indicator §; = 0 are set to zero and the
remaining elements 35 are sampled from the normal posterior A (bs, Bs).

B  Details on posterior sampling the conditional linear model

We give details on sampling the indicators and regression coefficients for the normal response in the
conditional linear model. As noted in Section 3.2 we deal with the heterogeneous linear regression
model

y"' =X3" +e, e ~N(0,0°T), (15)
w=VgE" +¢, eE~N(0,S), (16)
where y” = (y7,...,yN) s and w = (wy,...,wn)" is the column vectors of the (working) responses.

X is the regressor matrix for the normal response, V is the matrix with rows v; = %xi and S =
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diag(s2 ) is the diagonal matrix of the error variances. The conditional posterior inclusion probability

i

of regression coefficient /3;' in this model is given as

1
1—wn p(ynaw|62:0767\1k10—2vs) '
o Py WIsT=1.87, 0%,5)

p(6 = 1]5Qk,w",02, S,y",w) =
1+

Denoting by X5 and Vg the submatrices of X and V consisting of those columns for which the
corresponding elements of the indicator vector 4 is equal to 1, and by By s the prior variance matrix
for the corresponding elements of 3", the marginal likelihood p(y™, w|d, 02, S) is explicitly available
as

n n\2 2
! W* _
~2logply", wlo?, &) = (g [Bisl—tog [Bual)+ (DS +%) bl 5(Bs) ' ia) 4N log(2r0?).
i=1 ri

where
_ 1 _ _
Byis = 5X5Xs+ V58 'Vs + By,

by.s = BN,(;(XQ;% + VS Tw).
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The Transmuted Generalized Inverse Weibull Distribution
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Abstract

A generalization of the generalized inverse Weibull distribution the so-called transmuted gen-
eralized inverse Weibull distribution is proposed and studied. We will use the quadratic rank
transmutation map (QRTM) in order to generate a flexible family of probability distributions tak-
ing the generalized inverse Weibull distribution as the base value distribution by introducing a new
parameter that would offer more distributional flexibility. Various structural properties including
explicit expressions for the moments, quantiles, and moment generating function of the new dis-
tribution are derived. We propose the method of maximum likelihood for estimating the model
parameters and obtain the observed information matrix. A real data set are used to compare the
flexibility of the transmuted version versus the generalized inverse Weibull distribution.

Keywords: generalized inverse Weibull distribution, order statistics, transmutation map, maximum
likelihood estimation, reliability function.

1. Introduction

The inverse Weibull distribution is another life time probability distribution which can be used in the
reliability engineering discipline. The inverse Weibull distribution can be used to model a variety of
failure characteristics such as infant mortality, useful life and wear- out periods. It can also be used
to determine the cost effectiveness, maintenance periods of reliability centered maintenance activities
and applications in medicine, reliability and ecology. Keller, Goblin, and Farnworth (1985) obtained
the inverse Weibull model by investigating failures of mechanical components subject to degrada-
tion. Drapella (1993); Mudholkar and Kollia (1994), and de Gusmao, Ortega, and Cordeiro (2011)
introduced the generalized inverse Weibull distribution, among others. The cumulative distribution
function (cdf) of the generalized inverse Weibull (GIW) distribution can be defined by

Gz, 0,7,0) =e 1@ 450~v>0,8>0,2>0, (1)

where « is a scale parameter and (3, v are shape parameters, respectively. The corresponding proba-
bility density function (pdf) is given by

g(x,0,7,0) = afy(ax)Pler@D " )

In this article we present a new generalization of the generalized inverse Weibull distribution called
the transmuted generalized inverse Weibull distribution. We will derive the subject distribution using
the quadratic rank transmutation map studied by Shaw and Buckley (2009).
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A random variable X is said to have transmuted distribution if its cdf is given by
F(z) = (14+ NG(z) — \G(x)?, A <1, 3)
where G(x) is the cdf of the base distribution, which on differentiation yields
f(@) = g(x) 1+ X = 2)G(2)] )

where f(z) and g(x) are the corresponding pdf’s associated with the cdf’s F'(z) and G(z), respec-
tively. An extensive information about the quadratic rank transmutation map is given in Shaw and
Buckley (2009). Observe that at A = 0 we have the distribution of the base random variable.

Many authors deal with the generalization of some well-known distributions. Aryal and Tsokos (2009)
defined the transmuted generalized extreme value distribution and they studied some basic mathemat-
ical characteristics of the transmuted Gumbel probability distribution and it has been observed that the
transmuted Gumbel can be used to model climate data. Also Aryal and Tsokos (2011) presented a new
generalization of the Weibull distribution called the transmuted Weibull distribution. Recently, Aryal
(2013) proposed and studied various structural properties of the transmuted log-logistic distribution.
Khan and King (2013) introduced the transmuted modified Weibull distribution which extended re-
cent developments on the transmuted Weibull distribution by Aryal and Tsokos (2009). They studied
the mathematical properties and the maximum likelihood estimation of the unknown parameters. In
the present study we will provide the mathematical formulation of the transmuted generalized inverse
Weibull distribution and some of its properties. We will also provide possible areas of applications.

The rest of the paper is organized as follows. In Section 3 we demonstrate the transmuted probability
distribution. In Section 4 we find the reliability functions of the subject model. The statistical prop-
erties including quantile functions, moments and moment generating functions are derived in Section
5. The minimum, maximum, and median order statistics models are discussed in Section 6. Least
squares and weighted least squares estimators are discussed in Section 7. In Section 8 we demon-
strate the maximum likelihood estimates and some asymptotic confidence intervals for the unknown
parameters. In Section 9, the TGIW distribution is applied to a real data set. Finally, we provide some
conclusion in Section 10.

2. Transmutation map

In this section we consider the transmuted probability distribution. Let £ and F5 be the cdf’s of two
distributions with a common sample space. The general rank transmutation as given in Shaw and
Buckley (2009) is defined as

Grio(u) = Fo(Fy H(w),  Grai(uw) = Fi(Fy ().
Note that the inverse cdf is also known as the quantile function an is defined as
F7Ny) = infper {F(z) >y} fory € [0,1].

The functions Gri2(u) and Grei(u) both map the unit interval I = [0, 1] onto itself, and under
suitable assumptions they are mutual inverses and satisfy G g;;(0) = 0 and G;;(1) = 1. A quadratic
rank transmutation map (QRTM) is defined as

Griz(u) =u+ Au(l —u), A <1, (5)
from which follows that the cdf’s satisfy the relationship
Fy(x) = (1+ N Fi(z) = AFi(x)°, (©)
which after differentiation yields

f2(z) = fi(z)[1 + A = 2AFy (2)], (7
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where fi(x) and fa(x) are the corresponding pdf’s associated with the cdf’s Fj(x) and Fy(x), re-
spectively. An extensive information about the quadratic rank transmutation map is given in Shaw
and Buckley (2009). Observe that at A = 0 we have the distribution of the base random variable. The
function fy () in (7) satisfies the property of a pdf.

3. Transmuted generalized inverse Weibull distribution

In this section we study the transmuted generalized inverse Weibull (TGIW) distribution and sub-
models of this distribution. Now using (1) and (2) we have the cdf of the transmuted generalized
inverse Weibull distribution

Framw (z) = e 100" [1 4 X = pemrlen) 7 @®)

where « is a scale parameter and 5 and v are shape parameters representing the different patterns
of the transmuted generalized inverse Weibull distribution, and A is the transmuted parameter. The
corresponding pdf of the transmuted generalized inverse Weibull distribution is given by

framw () = afy(az) e @07 11 4 x —ape () 7 9)

Figures 1 and 2 illustrate some of the possible shapes of the pdf and cdf of a TGIW distribution for
selected values of the parameters /3, v, and A by keeping oo = 1, respectively.

The transmuted generalized inverse Weibull distribution is a very flexible model that approaches to
different distributions when its parameters are changed. The flexibility of the transmuted generalized
inverse Weibull distribution is explained in the following. If X is a random variable with pdf (9), then
we have the following cases:

(a) If v =1, we get the transmuted inverse Weibull.

(b) If A =0 and v = 1, we get the inverse Weibull.

(c) If 3 =1and v = 1, we get the transmuted inverse exponential distribution.
(d) If 5 =1,~ =1, and A = 0, we get the inverse exponential distribution.

(e) If 3 =2 and v = 1 we get transmuted inverse Rayleigh distribution.

) If 8 =2,y =1, and A = 0 we get the inverse Rayleigh distribution.

(g) If @ = 1 we get the transmuted Frechet distribution.

(h) If @« = 1 and A = 0 we get the Frechet distribution.

4. Reliability analysis

The reliability function R(x), which is the probability of an item not failing prior to some time ¢, is
defined by R(x) = 1 — F'(x). The reliability function of a transmuted generalized inverse Weibull
distribution Ry rw (z) can be a useful characterization of life time data analysis. It is defined as

Rraiw(z) = 1- Fraiw ()
= 1) ? [1 P CORI N (10)
It is important to note that Rrgrw (x) + Frarw (x) = 1. The other characteristic of interest is the

hazard rate function defined by hrgrw (z) = frerw(x)/(1 — Frarw (z)), which is an important
quantity characterizing life phenomenon. It can be loosely interpreted as the conditional probability
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o |

o
— B=01 y=02 A=05

N —— PB=02 y=0.3 A=-05
—— PB=0.3 y=04 A=0.3
—— PB=04 y=05 A=-03

_ B=0.5 y=0.7 A=0
I I I

0.0 0.5 1.0 15 2.0 25 3.0

1.0

F(x)
0.6

04

0.0
|

Figure 2: The cdf’s of various TGIW distributions.

of failure, given it has survived to the time ¢. The hazard rate function for a transmuted generalized
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inverse Weibull distribution is defined by
fraiw (z)
hrarw (x —_—
rarw (@) 1 — Frgiw(z)
aBy(az)BF-le=(a2)™” [1 + - 2)\6*7(‘”)75}
- : (an

1 — (@) [1 4 X — Ne~(ax) 7]

Figures 3 and 4 illustrate some of the possible shapes of the hazard rate function and the survival
function of the TGIW distribution for selected values of the parameters /3, v, and A by keeping o = 1,
respectively.

It is important to note that the unit for gy () is the probability of failure per unit of time, distance
or cycles. These failure rates are defined with different choices of parameters.The cumulative hazard
function of the transmuted generalized inverse Weibull distribution is denoted by

Hrgrw(z) = —log ‘6_7“@)7[3 {1 + A - Ae_V(O‘I)i'B} ‘ ) (12)

It is important to note that the unit for Hpgrw () is the cumulative probability of failure per unit of
time, distance or cycles.

5. Statistical properties

In this section we discuss the statistical properties of the transmuted generalized inverse Weibull dis-
tribution. Specifically we are interested in quantiles, a random number generation function, moments
and the moment generating function.

5.1. Quantiles
The quantile z, of the T rw (e, 3,7, A, ) distribution is the solution of the equation

1

e azg) P\ | B
xq—;lllog<1+)\ Ae T )] . (13)
vy q

The above equation has no closed form solution in x4, so we have to use a numerical technique such
as a Newton-Raphson method to get the quantile. If we put ¢ = 0.5 in equation (13) one gets the
median.

5.2. Random number generation

A random variate X from T rw (e, 3,7, A, x) can be generated as x¢; according to (13), where ¢ is
replaced by U ~ U(0, 1).

5.3. Moments

The following theorem gives the rth moment . of the T rw (<, 8,7, A, z) distribution.

Theorem 4.1. If X is from the T rw (v, 8,7, A, ) distribution with |A| < 1, then the rth non central
moments are given by

77/P0(1L —r/B)
aT‘

= E(X") = 1+A— Azr/ﬂ} . (14)
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Figure 4: The survival function of various TGIW distributions.

Proof: Starting with
o
/L,/,« = / :L‘TfTGIW(a75773)‘7:E)d:E
0

= L/1 xTaﬁv(aw)_B_le‘7““”_ﬁ[147A472Ae—v&mﬂ—ﬂ}dx
0

a” a”

= gy / (o) —F-1emten) 7 gy _ 2A0BY / (az) =0l 00  dz (15)
0 0
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Now let y(ax)™# = ¢, then 2 = éyl/ﬁt_l/ﬂ, therefore

/! ]' + )‘ ‘s )\ T
Wy = TR - r)8) — (@)D r/8)
— M [1 + A= \27/B 7 (16)
aT’

which completes the proof.

Based on Theorem 4.1 the coefficients of variation (CV), skewness (CS), and kurtosis (CK) can be
obtained according to the following well-known relations as

12

CVrymw = — =1
M1
CSrumyr = F2— Bpapn + 243
(B2 — M1)3/2
fia — Apspn + Gpopi
Ko = =0, =@

5.4. Moment generating function
In this subsection we derive the moment generating function (mgf) of the transmuted generalized

inverse Weibull distribution.

Theorem 4.2. If X has the Trw (o, 3,7, A, z) distribution with || < 1, then the moment generating
function (mgf) of X is given as

> rAT/BT(1 —
Mx(t)=> 1 r'(a’" BTy 4 naarh) 17
r=0 ’

Proof:

Mx(t) = /0 emeGIW(a,ﬂ,fy,)\,x)dm

0o X "
= [ S @B A )
0 —0 T
(o)

t?"
= D (18)

r=0

By using equation (14) in result (18) we get

X 4 r/B _
My(ty =3 LA =By verr)

AT
—0 ro

which completes the proof.

6. Order statistics

In fact, the order statistics have many applications in reliability and life testing. The order statistics
arise in the study of reliability of a system. Let X,..., X, be a simple random sample from the
Tarw (o, 8,7, A, x) distribution with cdf and pdf as in (8) and (9), respectively. Let X (1) <00 <
X (n:m) denote the order statistics obtained from this sample. In reliability literature, X ;.,) denotes
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the lifetime of an (n — i + 1)-out-of-n system which consists of n iid components. Then, the pdf of
X(i:n)’ 1= 1,...,7’LiS

1
~ Beta(i,n —i+1)

fim(x) [F(z,®)] 1 — F(a, ®)]" " f(z,®), (19)

where ® = (a, 3,7, A). Also, the joint pdf of (X(;.,y, X(jin)), fori =1,...,n,is

Fign(@i,2j) = O [F(2)] " [F(ay) = Fla) ™7 L= Fa)]" ™ fle) f(e;),  (0)
where
R .
(i = DI —i—=Dl(n =)
We define the first order statistics as X(;) = min(X1,..., X;), the last order statistics as X(,) =
max (X, ..., X,), and the median order as X,,,1,ifn =2m + 1..

6.1. Distribution of minimum, maximum, and median

Let X1,..., X, be independently identically distributed random variables from the transmuted gen-
eralized inverse Weibull distribution. The first, last, and median order pdf’s are given by

fin(x) = n[l—F(z,®)]""" f(z,®)
= w1 1y e 1T
xafy(aw) Flem @07 [1 43— gpelen ] @1
fan(x) = n[F(z,®)]""" f(z),®)

— _ n—1

= n {677(‘”) ? [1 + A — deVe2) ﬂ} }

xaﬁv(afv)_ﬁ_le_“/(axrﬁ [1 +A- 2)\6_7(0“)75} (22)
2m +1)! m m
frvin(@) = CPED e @)1 B ()

_ @mA D aw) ~(az)=?] 1"

= p {6 [1—{-)\—)\6 ]}
[ o [y aten )
><c»zﬂ’y(cmc)7571(3*“’(‘””)7'8 [1 + A= 2)\677(0[@7[3} . (23)

6.2. Joint distribution of the ith and jth order statistics

The joint distribution of the the ¢th and jth order statistics from the transmuted generalized inverse
Weibull is

fign(@iay) = CF(@)) ™" [F(a) = Fe) ™7 1= F(ay)]"™ fla)f ()
= C{hi[14+X= A}
X {hj [1+ X = Xhj] — hi [L4+ X = M| }7 1
x {1 —h;[1+X— ]}
xafy(ax) P hi [1 4+ X — 2)\h]
xafBy(ax;) P h [1 4+ X — 2X\hy] (24)

where

hi = e (o)™
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For the special case ¢ = 1 and j = n we get the joint distribution of the minimum and maximum as

frnn(@r,@n) = n(n—1) [F(zn) = F(21)]" 7 f(z1) f ()
= nn—1){ha[14+X= Moy —hy [1+ X = Ay} 2
xafy(ax)) P hy [1 4 X — 2)\hy]
xafy(ax,) P hy [1+ A — 2\hy,)] . (25)

7. Weighted least squares estimators

In this section we provide the regression based method estimators of the unknown parameters of
the transmuted generalized inverse Weibull distribution, which was originally suggested by Swain,
Venkatraman, and Wilson (1988) to estimate the parameters of the beta distribution. It can be also
used for some other cases. Suppose X7, ..., X, is a random sample of size n from a cdf G(-) and
suppose X(;), ¢ = 1,...,n, denotes the ordered sample. The proposed method uses the distribution
of G(X(;)), which is Beta(i, n). Hence, for a sample of size n, we have

E(G(Xy) = ni 7
in—j5+1
var (G(X(J))) (73(4_ 1)2j(;+)2)
cov (G(X(J)),G(X(k))) = j(n_k+1) for j < k,

(n+1)2(n+2)’

see Johnson, Kotz and Balakrishnan Johnson, Kotz, and Balakrishnan (1994). Using the expectations
and the variances, two variants of the least squares methods can be used.

Method 1 (Least Squares Estimators) Obtain the least squares estimators by minimizing

> (G(X(j)) - ni 1) : (26)

j=1

with respect to the unknown parameters. Therefore, in case of the T’GIW distribution the least squares
estimators of o, 3, and A, say &g, Brs, and Arg, can be obtained by minimizing

n

.92
Z [e—'y(ax@))ﬁ [1 i - /\e—V(Oéxm)*B} - i 1] 7

j=1

with respect to «, 3, and A.

Method 2 (Weighted Least Squares Estimators) The weighted least squares estimators can be ob-

tained by minimizing
n . 2
J
> (60 - 45) @
j=1

with respect to the unknown parameters, where

wi = 1 _ (n+1)*(n+2)

var (G(X(;))) jn—j+1)

Therefore, in case of the T'GIW distribution the weighted least squares estimators of «, 8, and A, say
awrs, BwLs, and Ay s can be obtained by minimizing

Z w; |:e_7(ax(j))6 |:1 + X = )\6_7(0‘@’(3'))76} _ J :|
= n+1



128 The Transmuted Generalized Inverse Weibull Distribution

with respect to the unknown parameters.

8. Maximum likelihood estimators

Now we derive the maximum likelihood estimators (MLEs) and discuss inference under the T rw (o, 3,7, A, x)
distribution. Let X1, ..., X, be a random sample of size n from the Ty distribution then the like-
lihood function can be written as

n
Lo, B,7v,\,x) = H aﬁ’y(ozxi)fﬁflefﬁf(axi)_ﬂ [1 + A= 2)\677(0@1‘)_[3] . (28)
Taking the logarithm results in the log-likelihood function

logL = nlog(afy)— (8+1) Zlog(a:ci)
i=1

—y zn:(axi)*ﬁ + zn: log [1 £ A= 2xe o) (29)
=1

Differentiating equation (29) with respect to «, 3, -y, and A results in

Olog L n B8—1
= - = 1 7 7
Do 5 (B+ + 7B ; x;(ox;)
B i 2 ax; (o) 5*16*7(ami)_ﬁ 7 (30)
1+ X —2\e(azi)~?
dlog L n - _
= - — log(aux;) + ax; flo ax;
3 5 Zl g(aw;) 7;( )~ log(ax;)
—2\ye (i) 5(a:c,)_'8 log(axi)
31
+Z 14+ X — 2 e (az)~? ' Gh
dlogL  n 2 e~ v(0wi)” (aa:i)_ﬁ
oy Z(% Z 1+ A — 2he—ae) 7 32
dlog L - 1-— 26_7(“1) B
= : 33
oA ; 14 X —2X\e(azi)=F (33)

We can find estimates of the unknown parameters by the maximum likelihood method equating all
the above nonlinear terms to zero and solving these equations simultaneously. The solutions are the
MLE’s &, 3, 4, and . For the three parameter transmuted generalized inverted Weibull distribution
all second order derivatives exist. Thus we have

f A s N\ T -1
a, 3,9, A) ~ Normal ( (o, B,7v,\)" ,V (34)
with the symmetric matrix

Vaa Vaﬁ Va'y VaA

Ve-_E Vas Vay Vax
Ve, Vaa |
Va

where Vp, 9, = 0> L/06, 00 denotes the second derivative of L with respect to §; and 6. The matrix
V! represents the asymptotic variance/covariance matrix of the MLE’s. Based on (34), approximate
100(1 — 0)% confidence intervals are determined as

&+21_5/0\ Vaa, BE2_5 \/ Vag, AEzims\/Vay, AEzimsp2\/Van,
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where z;_s is the 100(1 — )% percentile of the standard normal distribution and V.. denotes the
element of V.. evaluated in the MLE’s.

We can compute the maximized unrestricted and restricted log-likelihood functions to construct the
likelihood ratio test (LRT) statistic for testing some transmuted GIW sub-models. For example, we
can use the LRT statistic to check whether the TGIW distribution for a given data set is statistically
superior to the GIW distribution. In any case, hypothesis tests of the type Hy : 6 = 6y versus
H; : 6 # 6, can be performed using a LRT. In this case, the LRT statistic is w = 2(log L(f, z) —
log L(y, x)), where 0 denotes the unrestricted MLE and 6 is the MLE under H. The LRT statistic
w is asymptotically (as n — o0) distributed as X%, where k is the number of parameters specified
under Hy. The LRT rejects Hy if w > X%-l— 5» Where X%l— s denotes the 1000% quantile of the X%
distribution. 7 7

9. Application

Now we use real data to show that the TGIW distribution might fit better than a model based on the
GIW distribution. The data set given in Table 1 is taken from Murthy, Xie, and Jiang (2004) page 180
and represents 50 items put into use at ¢ = 0 and failure times are in weeks.

Table 1: 50 items put into use at ¢ = 0 and their failure times in weeks.

0.013 0.065 0.111 0.111 0.163 0309 0426 0535 0.684 0.747
0.997 1.284 1.304 1.647 1.829 2336  2.838 3.269 3977  3.981
4520 4789 4849 5202  5.291 5.349 50911 6.018  6.427  6.456
6.572  7.023 7.087 7291 77787 8596  9.388 10.261 10.713 11.658
13.006 13.388 13.842 17.152 17.283 19.418 23471 24777 327795 48.105

Table 2: Parameter estimates of the GIW and TGIW distribution for 50 items put into use at ¢t = 0
and their failure times in weeks.

Model Parameter Estimate —log L(-;x)

GIW &4 =0.854,38 =0.479 168.638
4 =1.044

TGIW & =2.383, 3 =10.530 166.387

4 =1.143, A = —0.747

Table 3: Goodness of fit criteria.

Model K-S —2log L AIC AICC
GIW 0.199 337.276  343.276 343.797
TGIW 0.192 332774  340.774 341.662

The LRT statistic to test Hy : A = 0 versus H; : A # 0 gives w = 4.502 > 3.841 = X%;o.gs, SO
we reject the null hypothesis. In order to compare the two distribution models we consider criteria
like the Kolmogorov-Smirnov test statistic, —2 log L, the AIC (Akaike information criterion) as also
the AICC (corrected AIC). The better distribution corresponds to smaller criterion values of AIC =
—2log L + 2k and AICC = AIC + %, where k is the number of parameters in the statistical
model, n denotes the sample size and log L is the maximized value of the log-likelihood function
under the considered model. Table 2 shows the MLEs under both models, Table 3 contains the values
the Kolmogorov-Smirnov test statistic, —2 log L, AIC and AICC. These values indicate that the TGIW

distribution leads to a better fit than the GIW model.
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10. Conclusion

Here we propose a new model, the so-called transmuted generalized inverse Weibull distribution
which extends the generalized inverse Weibull distribution in the analysis of data with real support.
An obvious reason for generalizing a standard distribution is because the generalized form provides
more flexibility in modeling real data. We derive expansions for moments and for the moment gen-
erating function. The estimation of parameters is approached by the method of maximum likelihood,
also the information matrix is derived. An application of the TGIW distribution to real data show that
the new distribution can be used quite effectively to provide better fits than the GIW distribution.
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The Beta Transmuted Weibull Distribution
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Abstract

The paper introduces a beta transmuted Weibull distribution, which contains a number of
distributions as special cases. The properties of the distribution are discussed and explicit ex-
pressions are derived for the mean deviations, Bonferroni and Lorenz curves, and reliability. The
distribution and moments of order statistics are also studied. Estimation of the model parameters
by the method of maximum likelihood is discussed. The log beta transmuted Weibull model is
introduced to analyze censored data. Finally, the usefulness of the new distribution in analyzing
positive data is illustrated.

Keywords: reliability function, moment generating function, mean deviation, Bonferroni and Lorenz
curve, reliability and entropies, maximum likelihood estimation.

1. Introduction

The Weibull distribution is a very popular life time probability distribution that has been extensively
used for modeling in reliability, engineering and biological studies. Generalizations of the distribution
have been suggested by many authors. Sarhan and Zaindin (2009) studied the modified Weibull
distribution, Mudholkar and Srivastava (1993) introduced the exponentiated Weibull distribution and
Pal, Masoom Ali, and Woo (2006) investigated many of its properties. Elbatal (2011) studied the
exponentiated modified Weibull distribution.

A class of generalized distributions F'(z) has been receiving considerable attention over the last few
years, in particular, after the studies by Eugene, Lee, and Famoye (2002) and Jones (2004). If G
denotes the baseline cumulative distribution function (cdf) of a random variable, then the beta-G
distribution is defined as

1 G(x) B B

F(x):IG(w)(a’b):B(a,b)/O w11 — w)b dw, 0<a,0<b. (1)
Here, I,(a,b) = By(a,b)/B(a,b) is the incomplete beta function ratio, By(a,b) = [’ w* (1 —
w)*~dw is the incomplete beta function and B(a,b) = I'(a)I'(b)/T(a + b) is the beta function,
where I'(+) is the gamma function. The probability density function (pdf) of the above distribution

has the form .

f (x) = B( a7 b)
Based on the above generalization, Lee, Famoye, and Olumolade (2007) introduced the beta-Weibull
distribution. Thereafter, Silva, Ortega, and Cordeiro (2010) investigated the beta modified Weibull

G@)" M1 -G(@)} lg(x),  2>0. 2
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distribution, and Cordeira, Gomes, da-Silva, and Ortega (2013) made a detailed study of the beta-
exponentiated Weibull distribution.

Recently, Aryall and Tsokos (2011) introduced another generalization of the Weibull distribution,
which they called the transmuted Weibull distribution. A random variable T’ is said to have transmuted
Weibull probability distribution with parameters «, § > 0 and |A| < 1, if it has the pdf given by

grw (z) = afz’Lexp(—azP)(1 — A + 2\ exp(—az?)), x>0, 3)

where o and 3 are the shape parameters representing the different patterns of the transmuted Weibull
distribution and are positive, and A is the transmuted parameter.

The cdf of the transmuted Weibull distribution is obtained as

Grw(z) = (1 — exp(—az?))(1 + Nexp(—az?)), x>0. 4)

In this paper, we introduce and study several mathematical properties of a new distribution, referred
to as a beta transmuted Weibull (BTW) distribution. The distribution has two extra shape parameters
which provide greater flexibility in modelling observed positive data. The paper is organized as fol-
lows. In Section 2, we introduce the distribution. In Sections 3, we obtain expansions of the cdf and
pdf of the distribution using power series. Quantile function and mean deviation are derived in Sec-
tions 4 and 5. Order statistics and their moments are discussed in Sections 6 and 7. In Section 8, the
stress-strength reliability is obtained. Estimation of parameters by the maximum likelihood method is
discussed in Section 9. In Section 10, log beta transmuted Weibull regression model is investigated.
In Section 12, the distribution is used for analyzing real life data. Finally, in Section 13, we make
some concluding remarks on our study.

2. The beta transmuted Weibull distribution

The five-parameter BTW distribution is obtained by taking G(x) in (1) to be the cdf of a transmuted
Weibull distribution given by (4). The BTW cdf then becomes

F(l‘) = I(l—exp(—axﬂ))(l-l—)\exp(—arﬂ))(avb)
1 (1—exp(—az?))(1+X exp(—az?)) a1y b1y 5
= B(a,b)/o w1 —w) w, x>0, 5)

where « > 0, 5> 0, |A| < 1l,anda > 0,0 > 0.

The cdf can be expressed in a closed form using the hypergeometric function (see Cordeiro and
Nadarajah 2011) as follows:

{(1 — exp(—az?))(1 + Xexp(—azx?))}*
aB(a,b)
2Fi(a,1— b+ 13 (1 — exp(—0a®))(1+ Aexp(—az?)))

Fz) =

where
oo
IR S O
2Fi(c, d;e;2) = Z WZ
k=0
is the Gaussian hypergeometric function with (c), defined as
(O = cle+)(c+2)--(c+k-1), k=1,2,...

(C)O = 1.
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The pdf f(x) and the hazard rate function h(x) are obtained as

B(; ) aBtPLexp(—at®) (1 — X + 2\ exp(—at?))
(1 — exp(—az?))* 11 4+ Aexp(—az?))*!
{1 — (1 —exp(—az?))(1+ Nexp(—az®)}~1, ¢t>0, (6)

BB exp(—az®)(1 — X + 2X exp(—az?))
B(a,b)1;_ (1 —exp(—azf)) (14X exp(—az?)) (0; @)
(1 — exp(—az?))*" (1 + Nexp(—az?))2~1
{1 — (1 —exp(—az”))(1 + Xexp(—az®)}*", t>0. (7)

Plots of the pdf (6) and the hazard rate function (7) for some values of «, 8, A, a and b are given
in Figures 1 and 2, respectively. The BTW failure rate function can be monotonically decreasing or
increasing and upside-down bathtub depending on the values of its parameters.

14 -

12 - X,

0 as | 15 2 2.5 3 35 4

Figure 1: Pdf of beta transmuted Weibull distribution fora = land 1)) 8 =1, A=0,a =1,b =1,
(B=1,A2=02,a=3,b=0.753Gi) =05 1=05,a=3,b=075GGv) =2, A =1,
a=3,0=075,V)B=15A=-1,a=3,b=0.75,(vi =13, A=0.7,a=0.8,b=1.2.

22

17

T2

0.7 -

(1)

(1i1)

Figure 2: Hazard rate function of beta transmuted Weibull distribution for « = 1 and (i) 8 = 3,
A=05,a=1,b=2,3G) =075, A=—-1,a=2,b=0.75,(ii)) 5 =0.75,\=1,a=3,b =2,
(iv) =075, A= —-0.5,a=3,b=2.

The following distributions are obtained from the BTW distribution by proper choice of its parameters:
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Parameters Distribution

b= exponentiated transmuted Weibull
a=b=1 transmuted Weibull

A=0 beta Weibull

A=0,b=1 exponentiated Weibull
A=0,a=b=1 Weibull

S=1 beta transmuted exponential
B=1l,a=b=1 transmuted exponential
6=1,2=0 beta exponential
B=1LX2=0,b=1 exponentiated exponential
B=1,A=0,a=b=1 exponential

3. Expansions for the CDF and PDF

Here we express F'(x) and f(z) in terms of infinite (or finite) weighted sums of cdf’s and pdf’s of

Weibull distributions, respectively.

We note that for b > 0 real non-integer, we can replace (1 — w)®~! under the integral in (1) by the

power series expansion of binomials and integrate to obtain

o0

L, = (b 1) Gla)
wan =Yy (T SR

J=0

("3 =ro

is defined for any real b. Then, from (5) we get

where the binomial term

Sy TO) {1 —ep(—ar®))(1 + hexp(—aaf)}H
Fe) = LV Bla, D)o +) B
Using the binomial expansion another two times we have for x > 0
BN o (O=1\ (a+7\ (a+7\  exp(—alk+1)zP))
s j;o(—l)”’“( j >< k >< z )Al Ba,b)(a +J)
o ik (0= (a+ 5\ (a+ P\ N{1 = Gi(z;alk +1),8)}
- e U e

jk,1=0

where G (a(k + 1), () is the Weibull cdf with scale o(k + 1) and shape (.

Differentiating (9) with respect to = gives a useful expansion of f(x) as

f(l‘): Z wklg(x;a(k+l)vﬁ)’ x>0,

k,1=0
where l
= , b—1\/(a+j\[a+] A

o= () () s

jgo( ) J k l B(a,b)(a + j)

(®)

©)

10)

and g(z; a(k 4 1), B) is the Weibull pdf with scale a(k + 1) and shape 5. If b > 0 is an integer, the
index j in the sum stops at b — 1, and if a is an integer, then the indices k£ and [ in the sum stop at

a+j.

The moments and the moment generating function of the BTW distribution can be easily expressed

as functions of those quantities for Weibull distributions by using expression (10) of its pdf.
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If X has a Weibull distribution with scale ¢ and shape J, we have
E(X) = - T(1+r/6),
6 or/o
tre r/é
Mx(t) = Z T(1+r/5), d&>1.
=0
Hence, for X ~ BTW with density given by (10) we get
- 1
E(X") = I'(1+ _— 11
(X7) (1+7/B) ,;l_:ow“ RV (11)
oo
a(k + 1)~"/8
Mx(t) = wmz P(1+r/8) p>1. (12)
k,l=0
4. Quantile function and simulation
The quantile function corresponding to the BTW distribution with cdf (5) is
. 1 /8
r=Qy)=F (y) = [—a 10g(2*)] ) (13)
where z* € (0, 1) is a solution to the quadratic equation
A2+ (1=Nz—(1—-1,"(a,b) =0,
and I, (a, b) denotes the inverse of the incomplete beta function with parameters a and b. Clearly,
. 1
> :%{\/(1» AN - I \(a, b))(l)\)}. (14)

The following expansion for the inverse of the beta incomplete function /,° (a, b) can be found on the
Wolfram website http://functions.wolfram.com/06.23.06.0004.01

b—1 5 (b—1)(a®>+3ab—a+5b—4) 4
atr1’ 2(a+ 1)2(a + 2)
N (b—1)[a* + (6b— 1)a® + (b+ 2)(8b — 5)a?] o
2(a+1)%(a +2)
(b—1)[(33b% — 30b + 4)a + b(31a — 47) + 18] il

1:1(% b) =

+0 5/a ,
3(a+1)3(a+2)(a+3) ")
where w = {aB(a, b)y}'/*, a > 0.
Simulation of X is straightforward from (13) by taking
1 VI =A2Z2+40\1-B) - (1-X) e
X=|——log o , (15)
o

where B is a beta variate with shape parameters a and b.

5. Mean deviation

The amount of scatter in a population is evidently measured to some extent by the totality of deviations
from the mean and the median. If X has a BTW distribution, then we can derive the mean deviations
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about the mean p = E(X') and about the median M as

m = /0 & — i f2)de
mo= [ le=Mif@

The mean of the distribution is obtained from (11) by putting 7 = 1, and the median is obtained by

solving the equation
1
I(lfexp(faxﬁ))(l+)\exp(faxﬁ)) (CL, b) = 9"

Thus, the above measures can be derived from the following relations:
m =2[pF () = J(p)] and mp=p—2J(M), (16)

where J (¢ fo xf(z)dx. From (10) we have

J(t) = Zwkl/ k:—}—lﬁ:p exp( (k‘+l)a:6>da:

k,1=0

a(k+1)t? 18
= Z ol k—i—l }1//3/ 2z /P exp(—z)dz

k,1=0

- S e e )

k,1=0

where y(z,0) = [ w? ! exp(—w)dw, § > 0 is an incomplete gamma function. Using (9), one can
easily find 7; and 72 from (16).

The quantity J(t) can also be used to determine Bonferroni and Lorenz curves, which have applica-
tions in economics to study income and poverty, and also in other fields like reliability, demography,
insurance and medicine. Bonferroni and Lorenz functions are given by B(w) = J(p)/(7mu) and
L(m) = J(p)/u, respectively, where p = Q() is calculated from (13) for a given probability 7.

6. Order statistics

If X(1) < -+ < X(y) denote the ordered observations in a data set from the BTW distribution given
by (5) and (6), then the pdf f;.,, () of the ith order statistic X ;) is

1

BGn—i+n! @F@ - F@I™

fi:n(m) ==

Using expressions (9) and (10) for F'(x) and f(x), respectively, and applying the binomial expansion
yields

fin(z) = B(z,niz—l—l nz_f (” - Z>F(x)i+5—1

s=0
aﬁxﬁil (e.¢]
= — k+ 1) exp(—a(k + )2

i+s—1

i(—l)“l(ns_i) > wyexp(—a(k +1)z”) . (18)

k,1=0
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Writing v = exp(—az?), fi.(2) can be expressed as

B afz’ - ket
k,l=0
n—i 00 sl
_qs (T i k+1 19
Z( ) 5 Z WU : (19)
s=0 k=0

We note that in (19) we can write

) o0
§ : wklukH — § :w:num
m=0

k,1=0

and

i 1B+ Du ket — me u™

where w, = > PR R — Further, from (Gradshteyn and Ryzhik 2000, Section 0.314), for any

positive integer r,
oS r %)
<Z aw’ﬂ) =D dugt”, (20)
k=0 k=0

where the coefficients d,. , for k = 1,2, ..., can be determined from the recurrence equation
k
dpi = (kao) ™" Y Am(r +1) = k}amdy Q1)
m=1
and d,.o = ag. Hence, d,., comes directly from d,., . .., d, ;—1 and, therefore, from ay, . . . , a.

Using (20) and (21) it follows that

aﬁzlg_l oo . n—i .
fi:n(x):m (Z MWy, U )Z( 1) H( > (Z dits—1,mu ) :

m=0 s=0
where
m
diJrsfl,m = (mu%)_l Z[Q(l + 5) - m]w:mdiJrS*l,m*q )
q=1
- i+s—1
. . b—1 1
dir = (X)) Ts1 = —1)7+! - -
oot = (h) L) e

Combining terms, we obtain

0451'5 1 n—i . n—i 0o 00
in = S divs_ * mrt
fim () Blin—itD) ;) 2 t:()m -1t WU
1 — n—i
- - -1 s+1
B(i,n—i—f—l)%( ) < s >
dZ S— m
S0 3 M (14 ol exp(—(m -+ o))
m—+t
m=1t=0
= > > calm,tglw; (m+t)a, B), (22)
m=1t=0
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where g(z; (m + t)a, §) denotes the pdf of a Weibull distribution with scale parameter (m + t)a and
shape parameter 5 and

« n—i

1 muw n—1
(m,t) = m —1)5+! dits_1t- 23
ci(m,t) B(i,n—i+1)m+tszo( ) < < > its—1,t (23)

7. Moments of order statistics and L-moments

The moments of the order statistics of BTW distribution can be easily written in terms of those of a
Weibull distribution by using the expression (22) of the pdf of the order statistic distribution. We get

E(XT) = Pgp) 2 D exlm ) {(m + H)a) 72, 24)
m=1 t=0

where ¢;(m, t) is given in (23).

As indicated by Cordeira ef al. (2013), L-moments Hosking (1990) are summary statistics for proba-
bility distributions and data samples but have several advantages over ordinary moments. For example,
they apply for any distribution having a finite mean and no higher-order moments need be finite. The
rth L-moment is computed from linear combinations of the ordered data values by

=S (7)1

j=0

where v; = E(XF(X)j). Thus, p1 = v, p2 = 271 — Y0, p3 = 672 — 691 + Y0, and py =
2073 — 3072 + 1271 — 0. In general, we get v, = (k + 1) " E(Xp41.441), which can be computed
from (24) by using (23) and puttingi =n =k + landr = 1.

8. Reliability

A stress-strength model describes the life of a component which has a random strength X; and is
subjected to a random stress X. The component functions satisfactorily as long as X; > Xs, and
fails when X1 < Xs. The probability R = Pr(X; > X5) defines the component reliability. Stress-
strength models have many applications especially in engineering concepts such as structures, dete-
rioration of rocket motors, static fatigue of ceramic components, fatigue failure of aircraft structures
and the aging of concrete pressure vessels.

Consider X; and X5 to be independently distributed, with X; ~ BTW (a1, 8, A1,a1,b1) and Xo ~
BTW (ag, 3, A2, az, ba).The cdf F; of X; and pdf fo of X, are obtained from (9) and (10), respec-
tively. Then,

R—Pr(X, > Xs) — /0 " L)l - Fi(y)ldy

1 Y Wl /0 fo(y) exp(—ak + Ly®)dy
k,1=0

= > w Ak D),

k=0

where

o0

(@) _ g1 (0 =1\ (ai+ 7\ (ait+] P .
=2 (=’ =1,2

Jj=0
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and -
A1) = [ alu) expl-alk+ Dy)dy.
0
Now,
Ald) = 3 0 [T+ sjaay® expl—{ar(h+ D) + (r-+ s)aaky’ldy
r,s=0 0
_ Z wﬁz) (7“ + 8)0[2 .
= ar(k+1) 4+ (r+s)a
Hence,
_ — (1) N (2) (r+s)az
R = 1+ w Wys
k;() ki rgo (k4 Dag + (r+ s)as
NN e T2
= 1+ ; 25
kz();wk Wr koy + rag (25)
where

wid = S W, i=12.
kl:k+l=m

9. Maximum likelihood estimation

Let 0 = («, 3, A\, a,b) denote the parameter vector for the BTW distribution with pdf given by (6).
Then, the log-likelihood function ¢(#) based on a single observation x is

€0) = log(a)+log(B8)—log B(a,b)+(6—1)log(z)— oz +log(1—A+2X\ exp(—az?))
+(a — 1){log(1 — exp(—az?)) + log(1 + A exp(—az”))}
+(b—1)log{1 — (1 — exp(—az®))(1 + Xexp(—az?))}.

Hence, the components of the unit score vector

a(0) (ae(e) a0(6) aL(0) 06(6) ae(e))’

06 da’ 9B OXN 7 Oda ' Ob
are
ow) 1 5 222" exp(—az?) (a—l)xﬁexp(—axﬁ)_(a—l))\xﬁexp(—axﬁ)
9o a 1—A+2Xexp(—azP) 1—exp(—azP) 1+ A exp(—axh)

(b — 1)z exp(—ax?)

- exp(—az”
- (1—eXp(—axﬁ))(l+)\exp(_ax,3)) (I =X+ 2Xxexp( )

oeg) 1 3 2\’ log(x) exp(—ax?)
25 B + log(z) — ax” log(z) — 1= A+ 2x exp(—aa?)
(a — 1)zPlog(z) exp(—ax?)  (a — 1) 2P log(x) exp(—az?)
1 — exp(—axf) B 1 + Nexp(—azf)
(b — 1)z log(z) exp(—az?) (1— A+ 22 exp(—az))

11— (1 — exp(—azP))(1 + X exp(—axh))
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o) - 1- 2 exp(—az?) (a — 1) exp(—az?)
oN 1= X+2xexp(—axf) 1+ Xexp(—azP)
(b—1) exp(—az?)(1 — exp(—az?))

"1 — (1 — exp(—axz?))(1 + Xexp(—azh))

82(5) = W(a+b)—U(a)+ {log(1 — exp(—az?)) +log(1 + Xexp(—az?))}
62)(:) = U(a+b)— U(b)+log{l — (1 —exp(—az’))(1 4+ Aexp(—az’))},
where U(z) = % log'(z).
For a random sample (z1,...,x,) of size n from X, distributed with pdf (6), the sample log-

likelihood is £(0) = >0 ¢;(6), where ¢;(0) is the log-likelihood for the ith observation (i =
1,...,n), and the score vector is

o0(0) = 04;(0)

00 < 90

=0

The maximum likelihood estimate (MLE) 6 of 0 is obtained by solving the system

a(0)

a9

Under certain regularity conditions, v/72(6 — ) 4 Normal(0, I~1(8)) (here % Stands for convergence
in distribution), where I(¢) denotes the information matrix given by

020(0)
1(6) =E <6089’> '
This information matrix I(6) may be approximated by the observed information matrix
- 20(0)
10) = (222
() <8989’> lo=d

Then, using the approximation v/n( — 6) ~ Normal(0,171()), one can carry out tests and find
confidence regions for functions of some or all parameters in 6.

10. The log beta transmuted Weibul distribution

If X is a random variable having the BTW distribution given by (8), then Y = log(X) is said to have
a log beta transmuted Weibull (LBTW) distribution.

Let us define = —1/flog(«). Then, the pdf of Y is given by
Irly) = B(f b exp{B(y — p) —exp(B(y — u)) H1 — A + 2X exp(—exp(B(y — p)))}
{1 — exp(—exp(By — 1)) }* {1+ Xexp(—exp(B(y — 1)) }* "
[1— {1 — exp(—exp(B(y — 1)) H1 + Xexp(—exp(B(y — w)}"", (26)

where y, 1 € R and 8 > 0. Its corresponding cdf is

FY(y) = IA(y) (av b) ) yeER, (27

where
A(y) = {1 — exp(—exp(B(y — 1)) H1 + Aexp(—exp(B(y — 1))} -
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The standardized random variable Z = 5(Y — p), therefore, has pdf

f2() = B(lb) exp{z — exp(2)H1 — A+ 2A exp(— exp(2))}
{1 — exp(— exp(2))}* {1 + Aexp(— exp(z))}*!

[1— {1 —exp(—exp(2)) {1+ )\exp(—exp(z))}]b_1 , z€R. (28)

For a = b = 1, we get the log-transmuted Weibull distribution, while fora = b = 1 and A = 0 we get
the log-Weibull distribution or the extreme value distribution.

25 4
......... A=-10, a=05
I A=-05,a=10
-— =00, a=20
———A=05, a=60

Figure 3: Plots of LBTW pdf’s for increasing A and a, when b = 0.5, u = 0, and o = 1.

--------- A=1.0, a=035
,a=10
=00, a=20
.a=60
0, a=100

Figure 4: Plots of LBTW pdf’s for A\ decreasing and a increasing, when b = 0.5, 4 = 0, and o = 1.

The rth moment of the standardized distribution (28) is given by

/ T i(2)dz

—0o0

E(Z")

= B(i D) Z(—l)i <b ; 1) /OO 2" exp[z — exp(2)][1 — A + 2\ exp{— exp(z)}]
7 i=0

[1 — exp{—exp(2)}]*T"'[1 + Nexp{— exp(2)}]*t""1dz,

using the binomial expansion.
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25 1 - A=1.0,b=03

- A=0350 0=10
- = A=00,b=20
-—-A=05,b=60
—A=10,b=100

Figure 5: Plots of LBTW densities for increasing A and increasing b, when @ = 0.5, ¢ = 0, and
a=1.

s+ £=10, a=05
gmid L, TS A=035, a=1.0
---2=00, a=2.0
2 - -==4=-05,a=6.0
) —4i=-10,a=10.0
-
05
2 . § ) 2 3
05

Figure 6: Plots of LBTW pdf’s for decreasing A and increasing b, when a = 0.5, y = 0, and o = 1.

Setting u = exp(z) we get

£z — i <b—1>

z:O

(e 9]

log(u)" exp(—u)[1 — XA + 2X exp{—u}]

— W

—00

(1 — exp{—u}]*" 11 4+ Nexp{—u}]*""du.

By further power series expansion of binomial, we then have

lﬂ)\k -1\ /fa+i—-1\ fa+i—1
— i j k

/00 log(u)" exp[—(j + k + 1)u|[l — XA+ 2 exp{—u}|du. (29)

—00

E(Z")

By (Prudnikov, Brychkov, and Marichev 1986, equation 2.6.21.1), we have

I(r,s) = /OO log(u)" exp(—su)du = <(%8:E(p)> |lp=1 - (30)
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Using (30) in (29), we thus obtain

() = gy > o) (T (Y

,7,k=0
(1= NI(r,j+k+1)+2X(r,j+k+2)] . 31)

In many practical situations, the value of a random variable is affected by the values of a number of
other variables, called explanatory variables. For example, if X denotes the lifetime of a system, then
it is affected by explanatory variables like lifetimes of its sub-components, surrounding temperature,
etc.

Consider a type 1 censored sample of size n, where x; denotes the true lifetime and c; the censoring
time of the ith sampled unit, and v; = (v1;, . . ., vp;)" denotes the corresponding vector of explanatory
variables, 7 = 1, ..., n. The ith response y; is defined as y; = min[log(z;), log(c;)]. Consider a linear
regression model for the response variable using LBTW distribution as follows:

1

Ezi )
where the z;’s are independently distributed with density (28), v = (y1,...,7%), A < 1,a > 0,
b > 0, and the location parameter p; corresponding to the ith lifetime is modeled as u; = v}~y. Thus,
the location vector for the LBTW model has the structure y = v’y, where p = (p1,...,p,)" and

v = (v1,...,0y) . Fora = b = 1, the model reduces to the log-transmuted Weibull model, while for
A =0and a = b =1 itreduces to the log-Weibull (or the extreme value) model.

yi = vy + i=1,...,n, (32)

Denoting by C and N the sets of indices for the censored and uncensored observations respectively,
the log-likelihood for the model parameters 6 = (3, A, a, b,~")’ is given by

£(0) = qflog(B) —log{B(a,b)}]
+> [B(yi—ps) —exp(B(yi— i) +log {1+ X exp(— exp(B(yi — 1)) }]

iEN
Ha—1))_ [log{1—exp(—exp(B(yi—pi)))} +log {1+ exp(— exp(B(yi — 1)) }]
€N
Hb—1)) _ [log{1—{1—exp(— exp(B(yi— i) H1+ X exp(— exp(B(y; — 1)) } ]
1EN
+ 108 [1— Tt exp(— exp(Blespia))) It exp(— exp(Becpua)} (5 D] (33)
ieC

where ¢ is the number of observed failures. The MLE 6 of 6 is obtained by solving the likelihood
equations 0¢(0) /00 = 0.

Under certain regularity conditions, the centered form of the MLE, \/ﬁ(é — 0), is asymptotically
distributed as Normal(0, K ~1(6)), where K (6) is the information matrix, given by

020(0)
K@) =E ( 8089’)
and can be approximated by K (). Then, based on v/n(6 — 6) ~ Normal(0, K ~*(6)), one can carry
out tests and find confidence regions for functions of 6.

11. Simulation study

A simulation study is carried out to investigate the performance of the MLEs. We take sample sizes
to be n € {15,25,50}, and generate observations from a BTW distribution with parameters a = 1,
8 =2,A=0.5,a=>b=2The MLEs and 95% confidence intervals are computed using the observed
Fisher information matrix. The process is replicated 1000 times, and the average estimates, along with
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Table 1: Average MLEs of the parameters and the corresponding mean squared errors (in parenthesis).
MLEs
n & 3 A a b
15 0.565(0.201) 1.251(0.229) 0.392(0.242) 1.121(0.198) 1.301 (0.213)
25 0.799(0.115) 1.723(0.099) 0.435(0.123) 1.728 (0.089) 1.591 (0.101)
50 1.027(0.036) 1.923(0.034) 0.485(0.041) 2.013 (0.021) 1.935 (0.024)

the mean squared error are presented in Table 1. In Table 2, the average 95% confidence intervals are
reported.

From Table 1 it is observed that as the sample size increases, the average biases and the mean squared
errors decrease. This verifies the consistency properties of the estimates.

Table 2: Average 95% confidence intervals for the parameters.
n «@ B A a b
15 (0.375,2.075) (0.617,3.675) (0.072,1.727) (0.523,4.026) (0.576,3.972)
25 (0.477,1.736) (0.760,3.521) (0.162, 1.216) (0.727,3.529) (0.833, 3.488)
50 (0.625,1.421) (1.102,2.648) (0.199,0.874) (1.001,3.135) (0.928, 2.846)

Table 2 shows that as the sample size increases, the average confidence lengths decrease and the
intervals tend towards symmetry.

12. Application of the beta transmuted Weibull model

In this section we illustrate the usefulness of the beta transmuted Weibull distribution for modeling
reliability data, and also give an application of the log beta transmuted Weibull regression model. We
consider two real data sets, and, for the former, we compare our results with those obtained by fitting
the transmuted Weibull distribution, beta exponentiated Weibull distribution, exponentiated Weibull
distribution and the Weibull distribution. The cdf of the beta exponentiated Weibull distribution is
given by
1 [1—exp(—az?)]Y

FBEW($) = B(a,b)/o wa_l(l_w)b_ldw> x,a,ﬂ,%a,b> 0) (34)
where v is the exponentiating parameter. For ¢ = b = 1, it becomes the exponentiated Weibull
distribution, which is a special case of BTW distribution with A = 0, @ = 7, and b = 1. For
a =b=y =1, (34) reduces to the Weibull distribution.

12.1. Tensile fatigue characteristics of yarn

The first data set relates to the time-to-failure of a polyster/viscose yarn in a textile experiment for
testing the tensile fatigue characteristics of yarn. It consists of a sample of 100 centimeter yarn at
2.3% strain level. This data was also studied by Quesenberry and Kent (1982), and is given in Table
3. The Weibull, exponentiated Weibull, beta exponentiated Weibull, transmuted Weibull and beta
transmuted Weibull distributions are fitted to the data and the MLEs of the parameters are computed
are given in Table 3. The values of maximized log-likelihoods, Akaike information criterion (AIC),
Bayesian information criterion (BIC) and Kolmogorov-Smirnov statistic (K-S) for the different fitted
distributions are also given. Though all the distributions considered give good fits, the beta transmuted
Weibull distribution is seen to be marginally better than the others. A graphical comparison of the
fitted models is displayed in Figure 7.

12.2. Class-H insulation data

As an application of the LBEW regression model, we consider the accelerated test data given in
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Table 3: Failure time data on 100 cms. Yarn at 2.3 % strain level (sample size n = 100).

86 146 251 653 98 249 400 292 131 169 175 176 76

264 15 364 195 262 88 264 157 220 42 321 180 198

38 20 61 121 282 224 149 180 325 250 196 90 229

166 38 337 65 151 341 40 40 135 597 246 211 180

93 315 353 571 124 279 81 186 497 182 423 185 229
400 338 290 398 71 246 185 188 568 55 55 61 244

20 284 393 396 203 829 239 236 286 194 277 143 198

264 105 203 124 137 135 350 193 188

Table 4: Estimated parameters of the Weibull (W), exponentiated Weibull (EW), beta exponentiated
Weibull (BEW), transmuted Weibull (TW) and beta transmuted Weibull (BTW) distributions, and the
corresponding values of log-likelihood (LL), Akaike information criterion (AIC), Bayesian informa-
tion criterion (BIC) and Kolmogorov-Smirnov statistic (K-S).
Distribution & 154 o A a b LL AIC BIC K-S

W 1.48-107% 1.60 1.00 0.00 1.00 1.00 —627.05 1258.10 1263.31 0.0700

EW 263-10"% 1.50 1.00 0.00 1.00 1.00 —625.58 1257.16 1264.98 0.0685

TW 4.68-107° 1.72 1.00 0.75 1.00 1.00 —624.52 1255.04 1264.86 0.0669

BEW 1.75-1073 1.04 1.29 0.00 2.01 026 —622.63 125526 1268.28 0.0681

BTW 6.14-10"* 1.45 1.00 099 129 0.27 —619.80 1249.58 1262.63 0.0659
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Figure 7: Beta transmuted Weibull, beta exponentiated Weibull, transmuted Weibull, exponentiated
Weibull and Weibull densities fitted to the data given in Table 3.

Nelson (1982), which relates to the log time-to-failure of a class H electrical insulation for motors.
Four test temperatures were considered: 190, 220, 240 and 260 °C, and a sample of 10 specimens
were taken for each test temperature. The specimens were periodically inspected for failure, and the
failure time (in hours) of observation i, viz. t;, was defined as the midpoint of the interval where the
failure occurred. Let, z;; denote the temperature at the sth failure. The data are given in Table 5
below:

We adopt the model
1
Yi = Bo + frri + B
where the variable y; = logt; follows the LBTW distribution (28) for ¢ = 1,...,40. The MLEs of
the model parameters are obtained as B = 1.2235, A = 0.2345, a = 60.25, b = 1.0210, BO =11.21,
,5'1 = —0.0287, and the corresponding log-likelihood value is —3.25. Further, it is noted that from
the fitted model that that there is a significant difference between the temperatures levels 190 °C,
220°C, 240°C, and 260°C for the failure times. The curves displayed in Figure 8 represent the
empirical survival function and the estimated survival function obtained from (27). It shows that the
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Table 5: Log life of class H specimens.
190°C  220°C 240°C 260°C
3.8590 3.2465 3.0700 2.7782
3.8590 3.3867 3.0700 2.8716
3.8590 3.3867 3.1821 2.8716
39268 3.3867 3.1956 2.8716
3.9622 33867 3.2087 2.9600
39622 32867 3.2214 3.0892
39622 34925 32214 3.1206
39622 34925 3.2338 3.1655
4.0216 3.4925 3.2458 3.2063
4.0216 3.4925 3.2907 3.2778

fit is considerably good.

0.9 -

0.4 -

Figure 8: Estimated survival function and the empirical survival function.

13. Conclusions

The paper studies some general properties of a new distribution called beta transmuted Weibull dis-
tribution. The distribution is a generalization of the Weibull distribution, and includes the Weibull,
exponentiated Weibull, exponentiated transmuted Weibull, transmuted Weibull, exponentiated expo-
nential and the exponential distributions as special cases. The log beta transmuted Weibull model has
also been discussed, which is appropriate for modeling censored data. Applications of the models to
real-life data have been cited and shown to give considerable good fits.
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Ein Interview mit Wilfried Grossmann

Wilfried Grossmann Werner Miiller Matthias Templ
University of Vienna Johannes Kepler Univ. TU Wien & Statistics Austria
Abstract

Das Interview mit Wilfried Grossmann wurde von Werner G. Miiller und Matthias
Templ am 17.2.2014 durchgefiihrt. Es beleuchtet das historische Klima des Statistikinsti-
tutes an der Universitéit Wien, die Ausrichtung der Statistik als ,,breite Datenwissenschaft
and der Universitdt Wien, die Kooperation mit der TU Wien und anderen Institutionen,
sowie das Verhéltnis zur Statistik Austria, und zwischen der Amtlichen Statistik und der
Universitétsstatistik. Zusétzlich wird die Rolle der OSG und von EUROSTAT beleuchted.
Das Interview widmet sich ausserdem dem Studium der Statistik im Wandel der Zeit -
von Lochkarten bis zur Softwareumgebung R und Big Data.

Wilfried Grossmann war Professor fiir Statistik am
Institut fiir Statistik und danach an der Fakultét
fir Informatik der Universitit Wien Forschungs-
gruppenleiter der Arbeitsgruppe Data Analysis and
Computing. Er hat {iber 100 Forschungsarbeiten pu-
bliziert im Bereich Computational Statistics, Sta-
tistisches Datenmanagement, Angewandte Statistik,
Theoretische Statistik und Operations Research. Sei-
ne aktuellen Forschungsinteressen gelten dem Sta-
tistischen Datenmanagement und Informationssyste-
men, Statistical Computing im Bereich der Amtli-
chen Statistik, Statistical Knowledge Management,
Lehre in der Statistik und Informatik, und Anwen-
dungen von Methoden des Data Mining.

Keywords: interview, computational statistics, official statistics.

Werner Miiller: Vielen Dank, dass Du dich bereit erkldrt hast fiir dieses Gesprich. Es ist
die Idee gekommen in der Osterreichischen Zeitschrift fir Statistik durch diese Inter-
viewreihe, die hoffentlich eine Rethe wird, auch ein bisschen den Hintergrund unserer
Wissenschaft beleuchten zu kénnen. Also micht immer nur wissenschaftliche Beitrdge
sondern auch wie es dazukommt, wie man in die Lage kommt, eine wissenschaftliche
Karriere in der Statistik dberhaupt zu verfolgen in deinem Fall erfolgreich bis zur jetzt
erfolgten Pensionierung und hoffentlich auch dariber hinaus. Wie bist du zur Statistik
gekommen, bei dir war es ja tber die klassische Schiene tiber die Mathematik?

Wilfried Grossmann: Ich bin eigentlich zufillig zur Statistik gekommen. Als ich mit dem
Mathematikstudium begann habe ich von Statistik gar nichts gewusst. Statistik war
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damals in der Offentlichkeit kaum prisent. Ein ehemaliger Schulkollege, der schon ein
Jahr vor mir zu studieren begonnen hatte, hat mich mit Erich Neuwirth bekannt ge-
macht, der ebenfalls Mathematik studierte und als zweites Fach nicht wie traditionell
iiblich Physik, sondern Statistik im Rahmen eines Studium irregulare. Er erzihlte mir
von dieser Moglichkeit und ich fand das eine sehr interessante Kombination und ent-
schloss mich ebenfalls diesen Weg zu gehen. Vertreter der Statistik war damals Gerhart
Bruckmann, der auf der Wirtschafts- und Sozialwissenschaftlichen Fakultdt in Wien
neu berufen war. Ich habe diese Entscheidung nicht bereut, weil ich im Laufe des Stu-
diums sehr bald erkannt habe, dass meine Art zu denken wohl eher eine statistische
ist als eine mathematische. Mein Studium war natiirlich stark mathematisch orientiert
und ich habe bei Leopold Schmetterer eine Dissertation {iber asymptotische Statistik
geschrieben. Schmetterer wurde damals als Nachfolger von Swlatscho Sagoroff berufen
und wechselte von der Mathematik zur Statistik, also von der Philosophischen auf die
Wirtschaft- und Sozialwissenschaftliche Fakultdat. Er hat Mitarbeiter fiir die neue Stelle
gesucht und so wurde ich im Jahr 1973 als wissenschaftliche Hilfskraft am damaligen
Institut fiir Statistik angestellt. Ich bin also durch Zufall zur Statistik gekommen, aber
ich glaube, dass die damalige Entscheidung fiir mich die Richtige war.

Werner Miiller: Erzihl uns etwas tber das historische Klima und die Anfinge dieses Insti-
tuts.

Wilfried Grossmann: Was mir gefallen hat und auch meiner Mentalitét entspricht war die
unerhorte Breite die am Institut fiir Statistik vertreten war. Ich bin jemand, der im-
mer Interesse hatte Zusammenhénge zwischen verschiedenen Bereichen zu sehen und zu
verstehen und nicht so sehr sich in einem engen Bereich zu spezialisieren. Das Klima
am damaligen Statistikinstitut war primér von den Personlichkeiten Gerhart Bruckmann
und Leopold Schmetterer gepréagt. Bruckmann hatte zwar Mathematik studiert, hat sich
aber immer mehr als sozialwissenschaftlicher Statistiker verstanden, wiahrend Schmette-
rer immer Mathematiker und mathematischer Statistiker war. Dann gab es in dieser Zeit
an diesem Institut auch den Beginn der Informatik an Osterreichischen Universitiiten,
was mir ganz wichtig erscheint. Es ist interessant, dass die Informatik eigentlich an den
Universitdten in Wien aus der Statistik heraus entstanden ist. Swlatscho Sagoroff, der
Vorginger von Schmetterer, hat den ersten Rechner auf einer Osterreichischen Universi-
tat initiiert. Die Mitarbeiter des Rechenzentrums an der Unversitdt Wien hatten daher
damals eine enge Verbindung mit der Statistik. Eine Person, die in dieser Entwicklung
unterschéitzt und selten genannt wird, ist Gerhard Derflinger, der dann Statistikpro-
fessor an der Wirtschaftsuniversitit wurde. Derflinger hat damals Programme fiir die
Faktorenanalyse erstellt und war weltweit fiihrend in der Entwicklung algorithmischer
Losungen der Faktorenanalyse. Es gab also am Institut die sozialwissenschaftlichen und
wirtschaftliche Anwendungen auf der einen Seite, die mathematische Grundlage auf der
anderen Seite und natiirlich auch die Idee, dass man in Anwendungen die Statistik mit
Hilfe der Informatik umsetzen muss. Die Informatiker selbst beschéftigten sich sowohl
mit Fragen der Datenorganisation und -speicherung, eine traditionelle Anwendung in
der amtlichen Statistik, als auch mit computationalen-algorithmischen Lésungen von
statistischen Problemen, das war ein sehr breites Klima.

Bei aller Spezialisierung waren sowohl Schmetterer als auch Bruckmann generell viel-
seitig interessiert. Bruckmann war der Meinung, dass Statistik das Studium fiir Gene-
ralisten sei, das hat er immer propagiert und in gewissen Sinne hat dieses Institut den
Anspruch erhoben, alle Art von Anwendungen formaler Methoden in den Bereichen der
Fakultiat betreuen zu konnen. Es gab hier nicht nur die Statistik, es gab Operations
Research und Okonometrie und die Informatik selbst, also die praktische Umsetzung.
An diesem Institut herrschte die Vorstellung, ,Wir machen das alles*. Im Gegensatz
zur TU, da gab es schon sehr frith ein Institut fiir Operations Research, ein Institut
fiir Okonometrie, wo sehr gezielt in diesen Bereichen geforscht wurde und natiirlich ein
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Institut fiir Statistik und Wahrscheinlichkeitstheorie. Das war fiir die TU ganz selbst-
versténdlich. Das Institut an der Universitdt Wien hat fiir sich immer in Anspruch
genommen, das alles mit sehr knappen personellen Ressourcen abzudecken. Es gab 3
Professoren, vielleicht 10 Assistenten und Assistentinnen, und die Unterstiitzung von
externen Lektoren, besonders vom Rechenzentrum, das wie gesagt zu Beginn de facto
in Personalunion mit dem Institut fiir Statistik betrieben wurde. Daher war es so, dass
man als Mitarbeiter an diesem Institut nicht nur Statistikvorlesung betreuen musste,
sondern auch Mathematik-Lehrveranstaltungen, die Lehre in Operations Research und
Okonometrie, es wurde alles abgedeckt. Das war natiirlich sehr interessant und eine
Herausforderung.

Werner Miiller: Du hast das jetzt angesprochen mit der Informatik, es war ja in Linz auch
so dhnlich. Da hat der Kollege Adam das Informatikstudium gegrindet, es war wahr-
scheinlich die Tendenz der Zeit. So gesehen wollen wir dariber sprechen tiber den Zweig
der Statistik der sich wahrscheinlich am starksten an dieser Entwicklung der computatio-
nale Technik entsponnen hat und iber die computationale Statistik, wo du eine fiihrende
Rolle gespielt hast in den Anfingen. Dann ist da auch die CompStat-Reihe, vielleicht
mdochtest du auch dariber reden.

Wilfried Grossmann: Nicht nur zur Statistik bin ich durch Zufall gekommen sondern auch
viele andere Entscheidungen in meinem Leben sind durch duflere Einfliisse zufillig zu-
stande gekommen. Wenn mich etwas interessierte und der Meinung war, das kénnte
man sich ansehen und etwas machen, versuchte ich es umzusetzen. So war das auch bei
der Entstehung von CompStat. Als ich im Jahr 1974 das Studium abgeschlossen hatte
und fix angestellt wurde, gab es im Herbst 1974 den ersten CompStat Kongress. Die
Hauptinitiatoren dieses Kongresses waren Peter Paul Sint und Johannes Gordesch, die
haben das Ganze initiiert. Wohl in der Tradition, dass an diesem Institut immer compu-
tationale Statistik betrieben wurde, insbesondere Anwendungen in der Psychologie, der
Chemie und der Physik, hatten sie die Idee einen Kongress zu organisieren. Gordesch
ist kurz vor dem Kongress nach Berlin berufen worden, und Sint musste alleine die Or-
ganisation iibernehmen. Peter Paul Sint ist ein hochintelligenter und unerhort vielseitig
interessierter Mann, aber allein war die Organisation fiir ihn nicht zu schaffen. Da die
zentrale Postadresse des Kongresses das Institut war und Sint selbst nicht mehr am
Institut beschéftigt war, haben Georg Pflug und ich begonnen Sint bei der Organisation
von CompStat zu unterstiitzen. Der Kongress war dann auch ein Erfolg und ist heute
noch eine wesentliche wissenschaftliche Veranstaltung in der computationalen Statistik.
Dadurch ist meine Néhe zu der computationalen Statistik gekommen und ist auch ein
wesentliches wissenschaftliches Interesse fiir mich geblieben. Anfangs habe ich mich fiir
algorithmische Fragen interessiert. Das war die algorithmische Losung fiir nichtlineare
Regression, also eher numerische Probleme. Da am Institut damals die Informatik im-
mer mehr an Bedeutung gewonnen hat, haben wir uns im Laufe der Zeit fiir Fragen
der statistischen Softwareentwicklung, der Simulation, der statistischen Expertensyste-
men und Fragen der statistischen Datenorganisation interessiert. Dadurch hat es immer
eine gewisse Verbundenheit mit den CompStat Entwicklungen gegeben und auch ein
Interesse, dass diese Idee weiter Bestand hat. Wir haben dann gemeinsam mit Kollegen
Rudi Dutter von der TU im Jahr 1994, den Kongress anlésslich 20 Jahre CompStat an
der TU organisiert. Bei diesem Kongress ist meines Wissens nach erstmals SPlus®) im
wissenschaftlichen Programm und als Aussteller verstiarkt aufgetreten. SPlus®) wurde
ja dann bald von R abgelost und die heute dominante Rolle von R in der Statistik ist
sicher zu einem guten Teil der Verdienst von Kurt Hornik und Friedrich Leisch. Thre
Leistungen fiir die computationale Statistik ist weit bedeutender als meine eigene.

WEeil du das angesprochen hast, méchte ich vielleicht noch einen Punkt iiber die Verbin-
dung zwischen Statistik und Informatik ansprechen, der aus heutiger Sicht wahrschein-
lich eine Fehleinschdtzung war. Das ist die Einfithrung und Planung der Wirtschaftsin-
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formatik die an der Universitidt besonders von Bruckmann sehr stark forciert wurde. Das
Engagement fiir die Wirtschaftsinformatik war sicher richtig auf Grund der Bedeutung
und Wichtigkeit der Informatik. Man hat bei der Planung der Wirtschaftsinformatik
aber iibersehen, dass man im Studium die computationale Statistik als einen essenti-
ellen Bestandteil des Studiums etabliert. Man hat anfangs eine Betriebsinformatik mit
Operations Research und eine Wirtschaftsinformatik mit Okonometrie eingerichtet, das
war klar. Aber dass natiirlich die Statistik selbst fiir beide Zweige ein essentieller Be-
standteil ist, hat man zu wenig beachtet. Aus heutiger Sicht ist das sicher nicht richtig
gewesen, insbesondere wenn man an die heutige Bedeutung von Data Mining im Zu-
sammenhang mit Business Intelligence denkt. Durch die Wirtschaftsinformatik ist das
Statistikstudium fiir Studierende ein bisschen uninteressanter geworden und in eine Ni-
sche gewandert. Viele sahen die Statistik primér als eine Verwaltungswissenschaft zur
Unterstiitzung der BWL und der Okonomie. Erst als du 1983 studiert hast ist es et-
was besser geworden, weil sich immer mehr Anwendungen der Statistik ergeben haben.
Aus heutiger Sicht wiirde ich die damalige Entscheidung als Planungsfehler bezeich-
nen. Aber man kann nicht alles im Vorhinein wissen. Bruckmann hat, wie damals wohl
weltweit die meisten Wissenschaftler, mehr auf Operations Research als wesentliches
Planungsinstrument fiir Management Science gesetzt und nicht auf eine datenzentrierte
Management Science, die heute als Business Intelligence im Vordergrund steht.

Matthias Templ: Fir die jungen Leser des AJS. Wie wurde damals gerechnet? Wenn man
z.B. nichtlineare Regression denkt; es war irrer Aufwand dies zu implementieren, sich
die LAPACK-Routinen zu besorgen.

Wilfried Grossmann: Genauso war es. Es gab ein Rechenzentrum an der Universitdt Wien,
das war im Keller des neuen Institutsgebiudes, da gab es einen grofien Raum, mit
Lochkartendruckern.

Da hat man die Jobs gestanzt. Dann hat man die fertigen
Jobs fertig in den Kartenleser gesteckt, die sind gelesen
und verarbeitet worden, und dann musste man warten,
bis auf diesem Endlospapier ein Output gekommen ist.
Wenn man einen Fehler gemacht hat, hat man wieder
von vorne begonnen. Ein schnelles effektives Arbeiten in
heutigem Sinn war undenkbar, dafiir war es kommuni-
kativ. Wenn man gewartet hat bis das Programm fertig
ist, hat man drauflen mit anderen Leuten getratscht, es
waren hauptsichlich Chemiker, Physiker und Psycholo-
gen dort. Es war alles eine Batchverarbeitung. Meist wa-
ren das Fortran-Programme, die Libraries wie die NAG
Library fiir das numerische Rechnen verwendet haben,
spater kam dann erst PASCAL. Als wir uns dann mit
Verkehrssimulation beschéftigten sind auch noch andere
Sprachen wie SIMULA dazu gekommen.

Langsam setzten sich erst Terminals durch, wo man Plétze reservieren musste. Dass
jeder einen eigenen Rechner mit einer geeigneten Arbeitsumgebung hat, wie es heute
der Fall ist, war unvorstellbar. Auch der Speicherplatz und die Rechenkapazitit waren
begrenzt. Als ich in den spéaten 80er Jahren und frithen 90er Jahren an Projekten zur
Okosystemsimulation arbeitete haben wir Ozonkonzentrationen analysiert. Wenn ich da
eine Clusteranalyse fiir die Tagesgéinge machen wollte musste ich extra eine Erweiterung
des Speicherplatzes anfordern und man musste die Daten selbstéindig partitionieren.
Problemlésungen fiir heute selbstversténdliche Datenvolumina waren oft illusorisch.

Werner Miiller: Weil du es vorher schon angesprochen hast: die amtliche Statistik. Es gibt
ja ein gesundes Spannungsverhdltnis zwischen der amtlichen und der akademischen Sta-
tistik. Vielleicht kannst du uns dariber etwas erzdhlen, wie sich das im Laufe der Zeit
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entwickelt hat.

Wilfried Grossmann: Das ist ein interessanter Punkt und bin iiber die derzeitige Entwick-
lung sehr froh, wenn ich sie mit der Vergangenheit vergleiche, als noch Leopold Schmet-
terer und Lothar Bosse die Vorsitzenden der Statistischen Gesellschaft waren. Ich kann
mich an eine Gespréich mit Bosse bei einer Veranstaltung erinnern, als er sagte, es gibt
zwel Bereiche in der Statistik, das eine ist die mathematische Statistik das andere ist die
amtliche Statistik, das sind zwei Welten die wenig miteinander zu tun haben. Damals
war das auch so, dass diese zwei Bereiche eher getrennt voneinander in der Statistischen
Gesellschaft lebten. Jede Gruppe respektierte die andere, aber es war mehr ein ,teile
und herrsche Prinzip“. Bei Veranstaltungen trat man gemeinsam auf und Veranstaltun-
gen einer der beiden Gruppen wurde immer finanziell gefordert. Fiir die universitire
Statistik war dies auch eine grofle Hilfe, da die Einnahmen der Gesellschaft zu einem
iiberwiegenden Teil aus dem Bereich der amtlichen Statistik kamen. Wissenschaftlich
war die amtliche Statistik damals sicher nédher an der Informatik, insbesondere Fragen
Datenorganisation und Datenspeicherung spielten eine zentrale Rolle, da sie klarerweise
sehr eng mit den Aufgaben amtlichen Statistik, die ja statistische Information verwal-
ten und bereitstellen muss, in Verbindung stehen. Hier muss man Président Bosse im
Nachhinein grofie Weitsicht zugestehen und auch und grofies Lob aussprechen. Er er-
kannte sehr friih, dass in der amtlichen Statistik statistische Datenbanken eine zentrale
Rolle spielen und er hat dementsprechend die Entwicklung im statistischen Zentralamt
sehr gefordert und eine Gruppe unter Lutz arbeiten lassen. Diese Gruppe hat ein sehr
fortschrittliches Modell fiir statistische Datenbanken entwickelt, es war damals weltweit
eines der besten Systeme. Die Ideen wurden dann von anderen Léndern aufgegriffen, in
Osterreich ist die Entwicklung leider etwas eingeschlafen.

An methodischer Statistik gab es in der amtlichen Statistik nur geringes Interesse und
beschrénkte sich auf einfache summarische Statistiken wie Summe, Mittelwerte, Indizes
und eventuell noch Varianz. Dazu hat man einfache Grafiken gemacht, mehr gab es nicht.
Daher gab es immer ein gewisses Spannungsfeld, das durch das persénliche Geschick und
die Toleranz der beiden Vorsitzenden, insbesondere Schmetterer und Bosse aber auch
danach Bruckmann, Josef Schmidl und Reinhold Viertl, ausgeglichen werden konnte.
Dass man in der amtlichen Statistik auch komplexere Methoden verwendet war damals
uniiblich. Die wesentliche Methode der amtlichen Statistik war die Stichprobenziehung.
Die Stichprobentheorie wurde ja vom Neyman als Grundlage fiir alle statistischen Ver-
fahren entwickelt und das Prinzip der Randomisierung spielt ja auch fiir statistische
Modellen eine zentrale Rolle. Dann hat sich aber die methodische Statistik rasch wei-
ter entwickelt und in den Gsterreichischen Statistikcurricula ist amtliche Statistik kaum
vorgekommen. Im Statistikstudium standen statistische Modelle und deren Fundierung
durch die Wahrscheinlichkeitstheorie im Vordergrund.

Stichprobentheorie war nur ein Thema am Rande, mit Ausnahme der Biometrie, aber
die Versuchspléne fiir statistische Experimente setzen doch einen anderen Schwerpunkt
als die amtliche Statistik. Modelle, die fiir die amtliche Statistik interessant sind, sind
erst spiter entwickelt worden, aber da hat es in Osterreich kaum Beitrége gegeben. In
Osterreich waren es zwei Welten. In anderen Léndern haben Statistiker mit Modellen fiir
Modell Assisted Survey Information Collection, oder Model Based Survey Information
neue Impulse gesetzt. Besonders in England, Schweden und den USA und Canada wurde
diese Entwicklung vorangetrieben. Das begann Ende der 70-iger Jahre. Es gab dann auch
die Diskussion iiber die den Design Based und den Model Based Zugang zur Statistik.
Ein Meilenstein fiir die amtliche Statistik und auch fiir die computationale Statistik ist
meiner Meinung nach die Entwicklung des EM-Algorithmus 1977 durch Dempster Laird
und Rubin und dessen Anwendung zur Behandlung von fehlenden Werten.

Heute gibt es erfreulicherweise eine Vielzahl von Methoden die ganz wichtig fiir die
amtliche Statistik sind. Auszéhlen und summarische Statistiken allein sind nicht mehr
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ausreichend. Daten miissen sorgfiltig vorverarbeitet werde, z.B. bei fehlenden Werten,
damit die Ergebnisstatistiken eine entsprechende Qualitidt haben. Aber auch fiir die
Modellierung von Zusammenhéngen von Daten in der amtlichen Statistik spielen heute
Modelle eine groflere Rolle. Die Glattung von Zeitreihen ist ein klassisches Beispiel,
neuere Anwendungen sind Small Area Estimation um globale Zahlen auf lokale Ebene
umzulegen. Es gibt also heute eine Reihe von Bereichen der methodischen Statistik,
die fiir die amtliche Statistik interessant sind. Heute ist die amtliche Statistik mehr
als Datenverarbeitung und nicht mehr von der methodische Statistik zu trennen. Das
wird auch in den Themen der NTTS-Konferenzen (New Techniques and Technologies
for Official Statistics) deutlich, die von EUROSTAT initiiert wurden. Anfangs standen
Fragen der Datenorganisation und Metadaten im Vordergrund, heute findet man mehr
Beitrage zur statistischen Methodik. Ich empfinde das als eine positive Entwicklung,
weil sie zeigt, dass man zu Recht von einer Statistik sprechen kann.

Werner Miiller: Dass das Verhdltnis von Statistik Austria und der akademischen Statistik
nicht vollstindig auseinandergedriftet ist in den 70-iger und 80-igern war vielleicht ein
Verdienst der OSG und der Protagonisten damals.

Wilfried Grossmann: Ja, das ist zweifelsohne ein Verdienst der OSG. Weil die OSG mit
dieser Konstruktion der Doppelvorsitzenden (eine Person aus dem amtlichen Bereich,
eine Person aus dem universitdrem Bereich) immer versucht hat die Balance aufrecht
zu halten. Man war sich bewusst, dass es schwierig ist eine gemeinsame Sprache zu ent-
wickeln aber beide Seiten haben einander respektiert, das ist ein ganz wichtiger Punkt.
Innerhalb der OSG war immer ein Respekt der beiden Bereiche in einem hohen Mafle
vorhanden. Besonders erwédhnen mdochte ich in diesem Zusammenhang Alfred Franz,
der sich in seiner Zeit als Sekretdr der Gesellschaft sehr um eine stérkere wissenschaftli-
che Ausrichtung bemiiht hat und an der methodischen Statistik immer sehr interessiert
war. Die OSG hat viel zu einem gemeinsamen Verstindnis der Statistik beigetragen.
Als es dann Ende der 80-iger Jahre zu Schwierigkeiten im gegenseitigen Verstindnis
kam wurde die Gesellschaft ja neu strukturiert. Das kann man in dem Artikel tiber die
Geschichte der OSG, auf der Homepage nachlesen. Mitte der 90-iger Jahre wurde die
Gesellschaft unter der Leitung von Peter Hackl reorganisiert und das neue Modell ist
seither sehr erfolgreich. Prisident Joachim Lamel hat das Motto, Triple A ausgegeben:
Amtliche Statistik, Angewandte Statistik und Akademische Statistik. Die Statistische
Gesellschaft deckt alle diese Bereiche ab und ein auseinanderdriften muss verhindert
werden. Das scheint mir sehr wichtig und scheint auch in Osterreich gut gelungen.

Matthias Templ: Vielleicht ist doch das ein bisschen zu kritisieren bezgl. den Universitdten
in Osterreich. Du hast Stichworter genannt wie Rubin, missing values, design-basierte
Verfahren, model-assisted Verfahren. Mit Ausnahme von Linz, wo Quatember und Ba-
cher diesen Bereich betreuen, wird das in Osterreich nicht mehr gelehrt. Die ganze
Problematik der Methoden in der Offiziellen Statistik wird weitgehend nicht behandelt.
Wenn man andere Lindern vergleicht, wie z.B. Deutschland, gibt es sehr wohl Lehrstiih-
le welche die Methoden der Offiziellen Statistik und Stichprobentheorie abdecken. Siehst
du das befremdlich?

Wilfried Grossmann: Das Problem sehe ich, aber es ist vielleicht eine Art von Pendelbewe-
gung, wenn man die Geschichte des Statistikstudiums an der Universitdt Wien ansieht.
Am Beginn war das ein sozial- und wirtschaftswissenschaftliches Studium, der Anteil
der methodischen Statistik im Studium war eher bescheiden. Es gab anfangs Lehr-
veranstaltungen aus der amtlichen Statistik. Mitte der 80-iger Jahre gab es die erste
Studienreform, die stédrker den methodischen Bereich der Statistik in das Statistikstu-
dium einbringen sollte, ich war auch der Meinung, dass das notwendig war. Gleichzeitig
wollte man die Bereiche Volkswirtschaft und die Betriebswirtschaft reduzieren. Werner,
hast du noch Buchhaltung lernen miissen?
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Werner Miiller: Natirlich, ich bin noch aus dieser Vorgeneration.

Wilfried Grossmann: Eben, es war ein wirtschaftswissenschaftliches Studium. Buchhal-
tung und Kostenrechnung waren essentiell, weil man der Meinung war, das miissen
die Absolventen kénnen. Mit der Reduktion der Wirtschaftswissenschaften ist auch die
amtliche Statistik, die ja einen starken Bezug zur Volkswirtschaft hat, im Studienplan
reduziert worden. Die Lehrveranstaltung fiir Amtliche Statistik hat dann Alfred Franz
betreut. Ich habe auch einige Male gemeinsam mit Hofrat Franz eine Lehrveranstaltung
zum Thema Amtliche Statistik gemacht. Dann habe ich gemeinsam mit Karl Froschl
und Marcus Hudec diesen Bereich betreut. Wir haben uns in Kenntnis der internatio-
nalen Entwicklung bemiiht die Verwendung von Methoden in der amtlichen Statistik
in das Vorlesungskonzept einzubeziehen. In der letzten Studienreform ist die amtliche
Statistik ganz rausgefallen. Leider, denn ich sehe amtliche Statistik als eine wichtige
und spezifische Anwendung der Statistik mit eigenstéindigen Fragestellungen.

Es gab dann noch im Informatikstudium den Zweig ,Data Engineering and Statistics®,
da gab es auch eine Lehrveranstaltung zur Amtlichen Statistik. Leider gibt es jetzt das
Studium nicht mehr, da es sich nicht durchgesetzt hat, vermutlich weil die Organisation
im Rahmen eines Informatikstudiums schwierig war.

Aber das ist sicherlich ein Fehler, dass man bei der Planung und Adaption der Sta-
tistikstudien, wie ich vorher gesagt habe, jene internationalen Entwicklungen nicht be-
riicksichtigt hat, die helfen die Kluft zwischen amtlicher Statistik und methodischer
Statistik zu schlielen. Ich personlich sehe die amtliche Statistik als einen speziellen Be-
reich der angewandten Statistik. Amtliche Statistik ist eine spezielle Anwendung der
Statistik, traditionell in Verbindung mit den Wirtschaftswissenschaften, insbesondere
in der Makrockonomie und den Sozialwissenschaften. Der Schwerpunkt war historisch
die Bereitstellung der Daten, es ist also eine spezielle Anwendung. Und jede spezielle
Anwendung der Statistik erfordert spezielle Methoden, wir haben iiber die schon vorhin
gesprochen. Es ist im Grunde genommen #hnlich zu sehen, wie andere Anwendungen,
z.B. im Marketing, in der Betriebswirtschaft, in der Technik oder in der Medizin. Na-
tiirlich spielen in der Medizin andere Fragen eine Rolle. Andere Modelle, die scheinbar
nichts mit Amtlicher Statistik zu tun haben wurden aber in letzter Zeit interessant.
Matthias, Du hast ja in dieser Richtung viel gemacht, z.B. die robuste Statistik ist fiir
viele Fragen der amtlichen Statistik interessant. Nicht im Sinne des Outlier-Modells,
dass man fehlerhafte Daten hat, sondern dass man kleine exzeptionelle Gruppen hat,
das ist ein essentielles Problem in der Wirtschaftsstatistik, und die miissen geeignet
beriicksichtigt und dargestellt werden. Es ist auch interessant dass es im Bereich der
Registerzéhlung methodische Anwendungen gibt. Wir haben kiirzlich mit Kollegin Lenk
eine Anwendung von Klassifikationsverfahren fiir die Frage der Zuordnung von Personen
zu bestimmten Gruppen gemacht, wenn man diese Information fehlt. Wir haben logis-
tische Regression angewendet und auch Boosting, um von Personen festzustellen ob sie
in Osterreich wohnhaft sind oder nicht. Eine weitere Anwendung sind Belief-functions
um zum Beispiel den plausibelsten Familienstand zu bestimmen, wenn in verschiedenen
Registern unterschiedliche Eintrige sind.

Es ist also heute nicht mehr so, dass der Bereich der Methoden in der Amtlichen Statis-
tik auf wenige einfache Verfahren beschrénkt ist. Auf der anderen Seite wire es vielfach
vorteilhaft, wenn die methodischen Statistiker in ihren Anwendungen die Genauigkeit
der amtlichen Statistik hinsichtlich der Dokumentation der Datenerhebung iibernehmen
wiirden. Das gilt fiir viele Anwendungen, die unter dem Titel Data Mining gemacht wer-
den, insbesondere wenn Daten vom Internet verwendet werden. Es wire nicht schlecht,
sich zu fragen, woher diese Zahlen kommen, wie valide sie sind, und wie die Grundge-
samtheit aussieht die sie représentieren sollen. Vielfach glaubt man solche Daten seien
eine Vollerhebung, dabei weifl man gar nicht wie die Grundgesamtheit aussieht. Also
diese ganzen klassischen Fragen der Datenqualitit die in der amtlichen Statistik zentral
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sind, die sollte man sich auch bei der Anwendung der Statistik in anderen Bereichen
immer wieder stellen.

Matthias Templ: Big Data zum Beispiel...

Wilfried Grossmann: Gerade bei Big Data sind solche Fragen eine Herausforderung. Ich
habe von Ralf Miinnich bei den letzten Statistiktagen gehort, dass es jetzt bei EURO-
STAT einen Arbeitskreis gibt, der sich genau mit diesen Fragen beschéftigt. Eine Losung
des Problems ist sicher nicht einfach und erfordert gute Ideen.

Werner Miiller: Es soll ein Master fiir Offical Statistics, Furopean Master kreiert werden,
dariiber wird schon ldngere Zeit gesprochen. In Linz, in unseren Studienplinen ist die
Amtliche Statistik sehr wohl noch vorhanden.

Wilfried Grossmann: Das ist sicher ein moglicher Schwerpunkt und das wiirde ich positiv
sehen. Wenn ich heute die Statistikstudien in Osterreich ansehe, haben sie sich generell
sehr positiv entwickelt. Der Aufbau des Studiums in Linz, was dort den Studierenden
geboten wird, das halte ich fiir sehr gut, das gefillt mir sehr gut. Es trifft vielleicht
am besten meine heutige Sicht zur Statistik die eben von der Vorstellung gepragt ist,
dass es eine Einheit gibt zwischen den unterschiedlichen Bereichen und das diese ge-
meinsam behandelt werden sollten. In Wien sind etwas andere Schwerpunkte und die
Entwicklung der Studierendenzahlen ist sehr gut. Auch an der WU hat sich die Statis-
tik sehr gut entwickelt und der Bereich der Statistik ist jetzt dort stark vertreten und
sehr aktiv. In Salzburg ist jetzt mit Kollegen Arne Bathke auch ein neuer Schwung in
die Statistikausbildung gekommen. Dort ist die Statistik soweit ich weifl enger mit der
Mathematikausbildung verbunden und es ist wichtig auch in diesem Bereich préisent zu
sein.

WEeil ihr vorhin gefragt habt, wie ich zur Statistik gekommen bin. Heute ist es ja ganz
anders, weil Statistik in aller Munde ist und auch der Stellenmarkt ist viel besser.
Frither war der Stellenmarkt doch sehr beschrinkt auf den Verwaltungsbereich oder
den Akademischen Bereich. Aber heute finden StatistikerInnen unter dem Titel Data
Scientist in der Wirtschaft, bei Versicherungen oder bei Banken sehr gute Berufschancen.
Es ist positiv, dass es so viele Moglichkeiten zur Spezialisierung gibt. Es gibt ja auch
den riesigen Bereich der Bioinformatik, der in Wien ja durch Andreas Futschik vertreten
war. Da sind ja vollig neue Anwendungsfelder gekommen, die nicht Statistik genannt
werden sondern Bioinformatik, Machine Learning oder Data Mining. Die Statistik ist
oft nicht so clever, dass sie ihren Beitrag richtig vermarkten kann, vielleicht auch, weil
sie traditionell ein bisschen akribischer mit der Qualitdt der Information umgeht, dass
muss man auch positiv sehen. Ich sehe es nicht negativ, dass man bei der Vermarktung
etwas ins Hintertreffen kommt, aber generell sind die Moglichkeiten sehr gut.

Und der Master in Official Statistics, das ist eine neue Spezialisierung in einem inter-
essanten Bereich, weil die internationalen Organisationen in ihren Analysen sehr viel
statistische Modellierung verwenden. Man darf nicht iibersehen, dass die PISA Studie
ein hochkomplexes statistisches Modell ist mit einem psychometrischen Modell im Hin-
tergrund. Die Wirklichkeit ist von der Idee, da fragen und zéhlen wir, wieviel richtig
und wieviel falsch, meilenweit entfernt. Es steckt soviel statistische Methodik dahinter,
dass zum Versténdnis des Details eine fundierte Statistikausbildung notwendig ist.

Matthias Templ: Darf ich etwas aufSerhalb des Protokolls fragen oder ist es zu brisant? Die
Analyse der PISA Studie war in deinen und Erich Neuwirth‘s Hinden und ich glaube
auch Fritz Leisch hat etwas beigetragen, danach wurde der Auftrag aus wenig nachvoll-
ziehbaren Grinden anderweitig vergeben. Ich habe dann verwundert weniger professio-
nelle Vortrdge gehort, und z. B bekreidet dass selbst die Problematik der fehlenden Werte
nicht beriicksichtigt wurde. Ist dass ein Politikum geworden?
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Wilfried Grossmann: PISA ist leider ein Politikum geworden. Wir haben ja etwas auf
Initiative von Erich Neuwirth gemacht. Das ist im Zusammenhang mit PISA 2003 zu-
stande gekommen. Da hat es die groBe Aufregung gegeben hat, weil die Osterreicher
plotzlich so schlecht abgeschnitten haben. Da war besonders Erich Neuwirth aktiv und
hat begonnen sich die Daten herunterzuholen und anzusehen. Dann haben wir begonnen
zu diskutieren und haben uns die ganzen Unterlagen angesehen. Wir haben versucht das
Modell zu verstehen und nachzuvollziehen. Da haben wir festgestellt, dass der Datener-
hebungsaspekt und der psychometrische Aspekt nur ein Teil sind. Von der Psychologie
hat ja auch Ivo Ponocny mitgearbeitet. Das Modell fiir die Skalierung der Items ist ein
psychometrisches Modell, dass auf dem Rasch Modell beruht. Wenn man das statis-
tisch sieht ist es in Wirklichkeit ein multivariates logistisches Regressionsmodell, also
ein komplexes Generalized Linear Model. Und das Ganze wird dann noch eingebettet
in einen Bayesianischen Kontext um die Effekte der Schulen und den individuellen Ef-
fekt zu beriicksichtigen. Und dann wird aus diesem Modell mit Methoden der Analyse
von fehlenden Werten eine Vorhersage der Scores mit Hilfe von multiplen Imputation
gemacht. Da stecken also in Wirklichkeit sehr viele Modelle drin und die Schétzung der
Varianzen ist dann noch ein eigenes Problem, aber da kennst du dich besser aus mit der
Methode von Fay zur Varianzschitzung.

Wir haben also die Struktur des Modells analysiert und die einzelnen Bestandteile im
Detail angesehen. Dabei haben wir festgestellt, dass bei der Berechnung der Scores, de-
facto sind die Scores die man erhélt Posterior-Mittelwerte, eine gewisse Ungenauigkeit
ist. Wir haben dann eine Verbesserung vorgeschlagen, die auch von der PISA akzep-
tiert wurde, da waren wir interessiert dran. Es ist nicht leicht, das Modell statistisch zu
analysieren. Daher gibt es immer wieder Auftrige, Andreas Quatember hat jetzt wieder
etwas gemacht, es gibt so viele Aspekte. Du kannst die Stichprobenkonzeption hinterfra-
gen, man kann das Rechenmodell hinterfragen, man kann psychometrische Kalibrierung
hinterfragen, es gibt so viele Komponenten die alle hinterfragbar sind. Ob das Ministe-
rium das will, ist wiederum eine andere Frage, aber vom statistischen Standpunkt ist
das das Interessante bei der ganzen Sache. Ich glaube PISA ist ein sehr gutes Beispiel,
wo heute Survey Statistik hingeht. Es reicht nicht mehr aus, dass du einen Fragebogen
ausgibst und dann zdhlst wieviel Angestellte ein Unternehmen hat.

Werner Miiller: Diese Schilderung scheint mir auch eine gute Illustration der Entwicklung
der Statistik im Allgemeinen zu sein: dass immer mehr Layer kreiert werden. Auch
in der Methodik und dass das dann an und fir sich relativ undurchschaubar wird, fir
jemanden der das vielleicht analysieren muss. Es gibt ja schon Bereiche, wo man wieder
dazu tibergeht Metamodelle zu bauen, weil man die eigentlichen Modelle nicht mehr
versteht. Hast du da Gedanken zu dieser Entwicklung?

Wilfried Grossmann: Was du ansprichst, ist eine sehr schwierige Frage. Ich glaube man
muss jedes Modell immer in seiner praktischen Anwendbarkeit hinterfragen. Man muss
sich fragen, was gewinne ich durch das komplexe Modell oder wird durch das komplexe
Modell in Wirklichkeit alles noch schwieriger zu interpretieren. Diese komplexen Modelle
kommen oft dadurch zustande, dass wir immer mehr Informationen haben und wir
wollen in einem Modell alle verfiigbaren Informationen reinrechnen. Wir machen jetzt
ein Projekt gemeinsam mit der Medizinuni, wo es um evidenzbasierte Medizin geht. Da
ist die Hoffnung vieler Leute, dass durch ein komplettes Monitoring mehr Information
zur Verfiigung steht und dieses mehr an Information koénnte dann zu besseren und
richtigeren Entscheidungen fithren. Wir haben eine kleine Diskussionsrunde gehabt, da
hat Georg Heinze von der MedUni sehr klar und schén argumentiert, dass im Fall der
klassischen Biometrie durch mehr Kovariaten und mehr Confounder die Lage fiir eine
rationale Beurteilung immer schwieriger wird, weil da natiirlich oft keine kontrollierten
Experimente mehr moglich sind. Es gibt dann nur mehr ganz wenige Félle und die
Interaktion zwischen den einzelnen Confounder sind schwer abzuschétzen. Das Prinzip
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eines Parsimonious Models ist auch heute noch wichtig. So gesehen ist Big Data nicht
nur ein Segen sondern auch ein Fluch. Big Data ist ein Fluch, weil man nie weifl welche
Information man fiir ein Modell selektieren soll. Zu all der Information kommt noch
wahnsinnig viel zeitliche Information dazu. Es gibt ja nur mehr Zeitreihen aber die
Zeitreihen von logfiles muss man sehr wohl hinterfragen und nachdenken dariiber was
man damit machen kann. Leichter wird es dadurch nicht. Die inhaltliche Beurteilung
ist ein zentraler Punkt und da ist meiner Meinung nach die Statistik besser aufgestellt
als die Informatik. Die Statistik ist es gewohnt fiir die Daten auch eine inhaltliche
Beschreibung zu geben und inhaltlich dariiber nachzudenken, da hat die Statistik einen
Vorsprung gegeniiber anderen Wissenschaften.

Matthias Templ: Wie ich gelesen habe bist noch involviert bei EUROSTAT. (Anm.: jetzt
nicht mehr.) Meiner Meinung wird EUROSTAT in letzter Zeit immer mehr zu einer
Verwaltung, immer mehr Administration steht im Vordergrund. Da keine Statistiker
mehr dort sitzen passiert es z.B. auch bei Big Data das Consultingfirmen beauftragt
werden welche das Thema sehr puschen.

Wilfried Grossmann: Big Data und EUROSTAT ist ein schwieriger Punkt. Wir haben vo-
riges Jahr bei den Statistiktagen diese Sektion Big Data gehabt, du wolltest ja dass ich
das organisiere. Es war fiir mich klar, man sucht Vortragende die Big Data aus Sicht des
Data Mining représentieren. Aber dann habe ich mir gedacht, man sollte auch jemand
einladen der Big Data aus der Sicht der Amtlichen Statistik prasentiert und habe mir
angesehen, was es im Bereich von EUROSTAT in Big Data gibt. Die meisten Projekte
werden nicht an Statistikinstitute oder an StatistikexpertIlnnen vergeben, sondern die
gehen alle an Informatikfakultéiten. Fiir die ist Big Data primér die Frage, wie kann ich
die Daten manipulieren, wie kann ich Big Data managen. Zentral ist dass die Daten in
ein System eingepackt werden, in Ontologien, xml-Schemata oder so etwas und das muss
dann schnellsten verarbeitet werden. Inhaltlich interessieren die Daten fast gar nicht.
Das ist sicherlich ein Problem bei der ganzen Sache und EUROSTSAT beschrénkt sich
hier zu stark auf die Rolle der Verwaltung. Es wird dann nicht mehr kritisch hinterfragt
woher die Zahlen kommen, dieser Hype ist eine grofle Herausforderung, weil man muss
das fiir jeden einzelnen Fall entscheiden. Das Problem ist etwas anders als bei Daten
von physikalischen Messungen durch Satelliten oder Genomdatenbanken in der Bioin-
formatik. Die Probleme der Speicherung und Datenhaltung sind natiirlich &hnlich, aber
hier gibt es von der Substanzwissenschaft klarere Vorstellungen was gespeichert wer-
den soll und wie diese Information weiter verarbeiten soll. Im Sozialbereich und in der
Wirtschaft ist dies oft viel schwieriger, besonders bei Daten iiber den Internetverkehr.
Auf Vorrat nur zu organisieren und das vom rein informatischen Standpunkt her zu
betrachten 16st zwar das Verwaltungsproblem aber nicht das inhaltliche Problem. Es ist
meiner Meinung nach ein Problem, dass die Statistik in diesem Schema derzeit zu kurz
kommt, aber wie schon gesagt es besteht die Hoffnung dass sich hier in néchster Zeit
etwas bewegen wird.

Werner Miiller: Vielleicht sind wir eh schon an dem Punkt, wo wir uns ein bisschen tiber die
Zukunft unterhalten kénnen. Es ist nichits schwerer, als die die Zukunft vorherzusagen,
aber hast du irgendwelche Perspektiven, wie du glaubst, wie sich die Statistik entwickeln
wird?

Wilfried Grossmann: Ich glaube die angewandte Statistik und die computationale Statis-
tik werden in der Zukunft weiterhin sehr wichtig sein. Die Rolle der Statistik in der
Gesellschaft ist derzeit sehr gut und Statistik gilt als eine sehr wichtige Wissenschaft.
Ich glaube nicht, dass die Statistik diese Rolle in néchster Zeit verlieren wird. Statistik
ist die Wissenschaft, die Information vom inhaltlichen Standpunkt her am besten ver-
arbeiten kann, aber es wird wohl kaum eine Statistik ohne die Informatik geben. Viele
Fragen der theoretischen Statistik sind heute schon im Zusammenhang mit Informatik
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zu sehen. Die Handhabung von neuen und komplexeren Datenstrukturen ist dabei ganz
wesentlich. Fiir mich ist das schon schwierig, das sage ich ganz offen, aber fiir die jungen
StatistikerInnen ist das Manipulieren von Big Data und komplexer Anwendungssoftware
kein Problem mehr, die beherrschen das ja, weil sie Digital Natives sind. Besonders fiir
eine intelligente Darstellung der Daten wird man auch in Zukunft viel Statistik brau-
chen. Die Visualisierung wird eine zentrale Rolle spielen, es wird auch die Statistik eine
grofle Rolle spielen. Ein Bereich wo noch viel zu machen ist, ist wie man mit Textdaten
umgeht. Soweit ich das verstanden habe ist bei Text Mining die methodische Kompo-
nente noch nicht sehr entwickelt. Ich glaube sehr wohl, dass man hier noch eine Menge
erreichen kann, nur hat man die Modelle noch nicht ganz im Griff. Nur die Haufigkeiten
auszuzihlen und diese dann als topic maps darzustellen ist sicher erst ein Anfang, da
wird man noch viel Statistik machen konnen, vielleicht eine andere Art. Das ist noch
am Stand wie die amtliche Statistik frither war, es geht nur um H&ufigkeiten, aber a la
longue wird man auch hier mit statistischen Methoden mehr zustande bringen.

Es gibt viele andere Bereiche die derzeit ein Randgebiet der Statistik sind, zum Beispiel
Bildverarbeitung und automatische Ubersetzung. Es ist interessant, dass viele Uber-
setzungsprogramme jetzt eher statistisch orientiert sind. Sie suchen nach statistischen
Ahnlichkeitsstrukturen in den sprachlichen Konstrukten. Das wird nur von wenigen Sta-
tistikern gemacht und spielt in den Curricula nur am Rande eine Rolle. Aber das sind
sicherlich Bereiche wo Statistik sehr wichtige Beitréige leisten kann. Auch dynamische
Grafiken werden immer bedeutender und vielleicht sollte sich die Ausbildung fiir sol-
che Bereiche 6ffnen. Das wird sicherlich in Zukunft ein wichtiger Markt sein und solche
Anwendungen sollten von der Statistik nicht aufler Acht gelassen werden.

In der Zeitschrift ,,Significance* gab es kiirzlich einen interessanten Artikel, wo ,,Dr.
Fisher“, schreibt, irgendwie ist es erstaunlich, das die statistische Methodik, die ja ei-
ne Methodik fiir Datensétze der Gréfenordnung von 100 Beobachtungen ist und mit
einem Taschenrechner betrieben werden kann, auch fiir die neuen Probleme angewen-
det werden kann. Die Grundlagen dieser Methodik funktionieren also auch bei grofien
Datensétzen und werden immer angewendet, es hat sich in diesem Sinne ja nicht viel ge-
dndert. Auch in der Bioinformatik verwendet man klassische Methoden. Also die Kunst
wird wahrscheinlich wirklich sein, wie man Strukturierung in diese groflen Datenmengen
mit statistischen Methoden erzeugt. Vielleicht wird man dann zu dem Ergebnis kom-
men, dass weniger Information niitzlicher ist, das ist der Erfolg der Statistik. Dieser
Erfolg der Statistik beruht auf statistischen Prinzipien wie der Randomisierung, dem
Likelihoodprinzip, oder statistischer Modellierung. Sie erlauben eine Verdichtung der
Information die inhaltlich interpretiert werden kann. Und wie diese Prinzipien fiir diese
neue Datenwelt verniinftig umgesetzt werden, das halte ich fiir eine interessante Frage.

Werner Miiller: Was interessiert dich noch, in welcher Rolle werden wir dich noch sehen?

Wilfried Grossmann: Naja, ich habe ja in verschiedenen Bereichen Statistik betrieben, weil
ich durch die anfangs genannte Vorstellung, dass Statistik eine Generalisten-Disziplin
ist geprigt wurde und ich mir immer wieder gesagt habe, wenn etwas interessantes
Neues kommt dann soll man sich damit auseinander setzen. Jetzt ist der Bereich Busi-
ness Intelligence dazu gekommen, das interessiert mich im Moment. Da sehe ich auch,
dass hier vieles von der Informatik gemacht wird, z.B. Modelle fiir work flows. Diese
Prozessmodellierung verwendet hauptséchlich Modelle, die an der Logik orientiert sind,
die nur wenige Variable beriicksichtigen. Da bin ich auch der festen Uberzeugung, dass,
wenn man genau schaut, fiir die Analyse dieser Prozessdaten, statistische Modellierun-
gen von Longitudinaldaten oder Markovprozesse vielfach besser geeignet sind, weil sie
eine inhaltliche Komponente einbeziehen kénnen. Ein Regressionsmodell ist immer ein
inhaltliches Modell, es ist nicht nur ein Ablaufmodell oder ein logisches Modell und hat
nicht nur eine Interpretation der Korrektheit sondern eine inhaltliche Interpretation.
Die Idee ein inhaltliches Modells mit einem Modell fiir die Variabilitit zu kombinieren,
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das ist ein genuin statistischer Zugang und das ist wichtig und das interessiert mich
auch.

Matthias Templ: FEine letzte personliche Frage: Du bist philosophisch sehr interessiert, habe
ich beim gemeinsamen Zugfahren mitbekommen. Hast du die Vorstellung von einem
breiten Bildungsbiirgertum, dass ein Professor sich praktisch auch anderweitiq . . .

Wilfried Grossmann: Das kommt von dieser Vorstellung die am Institut fiir Statistik vor-
herrschte. Die Vorstellung dass man nicht eine Spezialwissenschaft hat sondern dass
man eine gewisse Generalistenhaltung hat, das finde ich wichtig.

Die Interviewer bedanken sich herzlich bei Gabriele Mack-Niederleitner fiir die Transkription.
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News and Announcements

AStA (Wirtschafts- und Sozialstatistisches Archiv) is a journal published by the Ger-
man Statistical Society and Springer in German language (Editor: Ralf Miinnich). Topics
on economic and social statistics as well as topics related with the importance of statistics
in the society are in main focus. Contributions from authors from Austria are highly wel-
come and close cooperation with the Austrian Journal of Statistics is in discussion and
contemplated.

More information can be found at

http://www.springer.com/statistics/business2C+economics+26+finance/journal/11943

The Austrian Society of Statistics supports GeoMap, the first international Workshop
on Practical Aspects of Geochemical Exploration and Mapping with Logratio Techniques,
offers a practical forum of discussion for people concerned with the statistical treatment,
modelling and interpolation of compositional data in geochemical applications, particu-
larly focused on geochemical exploration and mapping. The workshop will mainly consist
of a series of invited lectures on the problems of geochemical mapping, followed by dis-
cussions on each of the compositional topics raised. The goal of the workshop is to build
teams to attach each of these specific topics and to provide enough time space for panel
discussions.

GeoMap will touch a wide variety of problems and oppportunities that the log-ratio
approach to compositional data analysis brings to regional geochemistry contexts. Parti-
cularly, the main specific feature of the workshop will be discussions for concrete problem
solving and team building. Complementarily, also contributions of participants from the
fields of interest of the workshop are warmly welcome, specially if they portray unsolved
problems. All participants should be preliminary familiar with the log-ratio approach to
compositional data analysis (otherwise, an introductory or an intermediate course may be
provided).

More information can be found at

http://geomap.data-analysis.at/
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