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Abstract: We resume recent developments in the theory of unbiased quan-
tizations of probability distributions. Starting with variance-minimizing par-
titions, we review concept such gsinformation, maximum support plane
partition and quantizations, and motivate the definition of unbiased quantiza-
tions. The obtained results have applications in statistical inference and in the
theory of comparison of experiments.

Zusammenfassung:Wir geben eine kurz&bersichtilber neuere Entwick-
lungen auf dem Gebiet der unverzerrten Quantisierung von Wahrscheinlich-
keitsmalRen. Ausgehend von Varianz-minimierenden Partitionéuiterh

wir Konzepte wie MSP-Partitionen und Quantisierungen und motivieren die
Definition einer unverzerrten Quantisierung. Anwendungen der Resultate
sind Fragestellungen der statistischen Inferenz und der Theorie des Vergle-
ichs von Experimenten.
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1 Introduction

Consider a probability space€?, 7, P). Many statistical procedures require the choice of
a partitionB3 of the sample spade, or equivalently, the choice of a finite algelsFa C F.
A related task is the the approximation Bfoy a distributionu with finite support.

For instance, in descriptive statistics, quantities such as principal points in the sense
of Flury (1990) or quantiles are assigned to distributions. Continuous laws are replaced
by discrete laws by rounding or grouping. In cluster analysis an empirical distribution,
I.e. data, is partitioned such that some measure of homogeneity is maximized within and
minimized between clusters.

A procedure based on a partition of the sample space igthest of homogeneity.

Here typically the distribution of metrically scaled random variables is replaced by a
multinomial distribution. The power of the test depends on the chosen patrtition of the
sample space.

In all these procedures the grouping of data leads to a loss of information. In the
majority of cased3 (or Fy, p) is chosen from a specified class in order to maximize a
given measure of information. Let us illustrate this for principal points. Supposea
distribution onr¢ with finite second moment. For a partitigh= (B, ..., B,,) define
the conditional means

pi = /B «dP/P(B). 1)

3
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A partition B is optimal, if it minimizes
/min{”x —pi* |1 <i<m}dP (2

among all partitions of size at most. The conditional mean§;,) are called principal
points or prototypes and the partitidhis called variance-minimizing. Note that a set of
principal points(p;)™, defines a Voronoi-partitio® = (B, ..., B,,), up to boundaries,
by

B; CH{x |||z — pil| < ||z — p|| forall & < m}. (3)

Optimal partitions are self-consistent in the sense that if the prototypes are defified by
from B andB by (3) from (p;), then, up to boundaries, = B.

Replacing the squared norm i) by a functiong o ||.|| of the norm leads to one type
of generalizations of the concept of variance-minimizing partitions. These distance-based
guantizations have been studied intensively (cf. Bock, 1974, and Zador, 1964). Graf and
Luschgy (2000) provides an up to date account of these procedures.

2 MSP-Partitions

A different path leads to unbiased quantizations. f(@t) = ||z||*>. Note that the discrete
distribution

M= Z P<Bi>5pi7 (4)

=1

corresponding tds, maximizesyu(f), if and only if B is optimal. §, denotes the Dirac
distribution inzx.

Potzelberger and Strasser (2001) analyze general procedures of thisgtyjenotes
a Borel distribution orr? with [ ||z||dP < oo andP(H) = 0 for all hyperplanes{ and
f : RY — R a convexP-integrable function. Le8 = (B, ..., B,,) be a partition and let
the prototype®; and the distribution: be given by(1) and(4). Define

'(B) = / fdu (5)

and
I}, = sup{I’(B) | |B] <m}. (6)

I7(B) is called thef-information of the partitior3 (or equivalently of the distributiop).
The optimization problem

maximizel/(B) under|B| < m, 7)

is the so-called primal problem. A partition with maximglinformation is calledf-
optimal. Let us define the conjugate convex functférby

fe(a) = sup{{z,a) — f(z) | = € R'} (8)
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and denote byl the domain off¢, i.e. A = {a | f¢(a) < co}. We denote byD(f, p) the
set of subdifferentials at € R?, i.e.a € D(f,p), if (p,a) — f(a) = f(p).
The dual problem corresponding (o) is

maximizeF,,(ay, ..., ay), 9)
(a1,...,an) € A™, where
Fo(an .. an) = / max{(z, a;) — f(a;) | i < m}dP. (10)
Letay,...,a, € A. We call a partition3 = (B4, ..., B,,) a maximum support plane
partition (MSP-partition), if
r € By = (x,a;) — f(a;) = max{{x,ar) — f(ar) | k < m}. (11)

MSP-partitions have been introduced by Bock (1992). Ry, . .., a,,) we denote the
set of MSP-partitions satisfying 1).
Primal and dual problem are equivalent in the sense of

Theorem 1. (Equivalence Theorem).

sup{ Fu(as, ... am) | a; € A} = sup{I/(B) | |B| < m}. (12)
If (a1,...,a,) € A™ is optimal for the dual problem, then a8 € S(ay,...,a,,) are
f-optimal.
Let 5 be f-optimal. If the prototypesp;) are defined by1) anda; € D(f,p;), then
(ai,...,an)is optimal for the dual problem.

Statistical properies of procedures based on MSP-partitions depend on the choice of
the convex functiorf. For instance, the power of tests for the one-sample or the k-sample
problem depend on the distribution of the partition (see Raliteaf, 1999). Iff is the
squared norm, there are always cdliswith low probability P(B;). More precisely,
let ),,, denote the uniform distribution on the prototypes. .., p,.. Assume thatP
is absolutely continuous with respect to Lebesgue measure andlietote its density.
Then, given regularity condition$(),,,) converges weakly to a distribution with density
proportional tor® >+ Take for instance d-dimensional normal distribution with mean
0 and varianc&.. Then the asymptotic distribution of the prototypes is again normal, with
mean0 and variancél + 2/d)X.. Thus, prototypes tend to be larger than the observations
and for largem there are many prototypes in regions “far out”, where cells have small
probabilities (cf. Btzelberger, 2000b). For a general convex functfaime asymptotic
distribution of the prototypes has a density proportiondjftg'/ +4 74/ (2+d) \where| f”|
denotes the determinant of the Hessiarf of

When the asymptotic distribution of the prototypes should®h¢hen|f”| o« 7% has
to be solved. Let for instancé = 1 and assume that is square-integrablef’ is then
proportional toffOO 72 (v)dv+c, with ¢ € R, so thatf(x) is asymptotically (fofz| — oo)
linear.

Aspects of robustness lead to choigesith bounded/’ (see Btzelberger and Strasser,
2001). /" may be regarded as an influence function. For applications, algorithms and nu-
merical aspects see Mazanec and Strasser (2000), Steiner (1999), or Kohonen (1984).
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3 Unbiased Quantizations

Up to now optimality of partitions was considered relative to a fixed distribuitorin
statistics the probability space is replaced by a statistical model and we have to study
properties of quantized statistical experiments.

Let £ = (Q, F, (P.):er) denote a statistical experiment, whéfe F) is a measurable
space andP,),cr a family of probability measures dif2, 7). To avoid technical diffi-
culties, let us assume that the parameter sfaisdfinite. Letm € N, B = (By, ..., By)

a measurable partition 6 ando(B) the field generated bg. We call the experiment
E' = (Q,0(B),(P:)«er) a quantization o2 of sizem. Let us denote by the informa-
tion order on the set of experiments with the same parametér. §eis more informative
than an experiment if for all bounded loss functions and all proceduféor F there is
a procedure for £ with risk at most the risk of’. It is natural to study those finite par-
titions 53 of size at mostn for which the experiment’ = (2, o(B), (P;)ier) is maximal
with respect too. We call such a partitios and the field-(8) admissible.

For experimentdy = (), F, (P,)wer) andF = (', F', (Q:):er) @n alternative char-
acterization off O F'is given by the Bishop-De Leeuw order on their standard measures.
z : R? — R? denotes the identity .

Let P and(Q denote Borel probability distributions ®{. P dominates) with respect
to the Bishop-De Leeuw ordeR) < P, if a stochastic kern€lK,),csuppg) exists, such
that

/a:de =y Q-a.e. (13)
andP = KQ, i.e. for all Borel setsA

P(A) = / K,(A)dQ. (14)

The kernel(K),esuppo) is called an unbiased kernel with respectdd P).

The standard measuers; of the experimentty = (Q, F, (P,)er) is the law of the
Radon-Nikodym derivative§!P, /dP),er underP = Y-, P,/|T|.

A main result of the theory of comparison of experiments, which motivates the follow-
ing definition, is the fact thekl O F' if and only if o < o (see Blackwell, 1951, 1953,
Strasser, 1985, or Torgersen, 1991). The experim@rgad F' are equivalentfy ~ F, if
E D FandF D E.

Definition 1. (a) Let P be a Borel probability distribution or? andm € N. Let us define
the set of unbiased quantizations/@bf complexityn as

M(P,m) = {p | p = P and|supp(n)| < m}. (15)

w € M(P,m) is called admissible (maximal), if for all € M(P,m)withpy < v, u=v
holds.

(b) LetE = (0, F, (Pi)ier) be an experiment with finite parameter space An ex-
perimentF = (Q,F, (Q¢)wer) is an unbiased quantization df of complexitym, if
or € M(og,m). We denote the set of unbiased quantizationg’dby M (E,m).
F e M(E,m) is admissible of it is maximal with respectIoin M(E,m).
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Let us remark that isupg P)| > m andu € M (P, m) is admissible, thefsupgu)| =
m.

Unbiased quantizations of distributions correspond to the representation of distribu-
tions by mixtures. More specifically, let = >~ w;d,, be a distribution orr? with
|supg )| < m. pis an unbiased quantization &f if Borel distributionsP; exist such
that [ xP;(dz) = p; andP = > w;P;,. The mixture-component®, ..., P, are
parametrized by its means anpds a distribution on the parameter.

Theorem2 shows that a quantization of an experiment is equivalent to an experiment
generated by a finite subfield &. It has been proved by Strasser (2000).

Theorem 2. F € M(FE,m) if and only if there is a measurable partitidf of 2 with
|B| < m such thatF' ~ (Q,0(B), (P)ier)-

The Theorem of Blackwell-Sherman-Stein (see Torgersen, 1991, or Strassen, 1965)
provides the fundamental characterization of the Bishop-De Leeuw agdet:P if and
only if for all convex and continuous functiorfs

/ fdQ < / fdP. (16)

Therefore, intuitively speaking, maximizing an information measure of the foyii. on
M(P,m) will lead to admissible quantizations, at least, when the maximizing quantiza-
tion is unique. It can be shown that all admissible quantizations are essentially generated
by MSP-partitions.

Theorems 3 - 6 summarize the essential results on admissible elemevit&oin):
Existence of admissible quantizations, admissibilityfedptimal quantizations, charac-
terization of admissible quantizations and geometric properties of corresponding parti-
tions. The proofs of these results are providedatzBlberger (2002). We assume tifat
is a Borel probability measure arf with finite expectation and such th&(H) = 0 for
all hyperplanesi C Rr¢.

Before we can state the results we have to introduce some notation. A paftiton
(Bi,...,B,) of RY, where allB; are convex, is called a polytopepartition (PT-partition).

B = (By,...,B,) is called MSP-patrtition (cf. section 2), if there are linear functions
g1, - - - gm, Such that
B, C{x | gi(z) > g;(z) forall 5}. (17

In this caseB is generated by, whereg(x) = max{g;(x) | i < m}. L,, denotes the class
of convex functions, which are affine on sets, i.e.g € L,, if there are affine functions
g1, - - -, gm SUCh that

g9(z) = max{g;(z) | i <m}. (18)

Note that PT-partitions consist of sets with boundaries that are subsets of hyperplanes
and therefore nullsets. We do not distinguish between partitions which are identical up to
boundaries.

In the one-dimensional case all PT-partitions are MSP-partitions. They consist of
intervals. IfB = (By, ..., By,) with B; =]a;_1,a;] for i < m, B,, =|a,,_1,00[ and
apg < --- < a,,_1, thenB is generated by a functiopne L,,. Indeed, leb; < --- < b,,
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and letg be continuous om and linear onB; with ¢ = b, on B;. ¢ is convex and
generated3. Ford > 1 the class of MSP-partitions is a proper subclass of the class of
polytopepartitions, seed®zelberger (2002).

Let a partition3 be given. We denote the quantization defined byand (4) by 5.
If g € L,, andB is generated by, then we abbreviatg® by 19. Let f be convex and
P-integrable. We defin®; = {x € M(P,m) | [ fdu = I]}. n € Oy is called
f-optimal. Note that in generald;| > 1. If f € L,, \ L,,,_1, then|Oy| = 1 and thus
O; = {u/}. Let us mention an implication of the Equivalence Theorem ¥:iff convex
andP-integrable,f ¢ L,,_; andy € Oy, then ag € L, exists, such thag < f, u = p¢
and [ fdu = [ gdu = | gdP. The MSP-partition generated by such & an f-optimal
partition.

Theorem 3. For every admissible € M (P, m) there is a polytopepartitiof8 of size at
mostm, such thay, = /5.

Theorem 4. For everyu € M(P,m) there is an admissible € M (P, m) such that
= .

Corollary 1. For everyu € M(P,m) there is a polytopepartitiols of size at mostn,
such thaty < ;5.

Theorem 5. Supposeg is a P-integrable convex function with¢ L,,_;. Thenally € O,
are admissible.

Theorem 6. Let u € M(P, m) with |supgu)| = m. u is admissible if and only if there
exists a sequence of convex functiongs, C L,, \ L.,_1, such thaty = lim,, ., pu9".

Theorem3 and Theorend point out the close connection between admissible quan-
tizations and partitions with special geometric properties. Maximizing an information
measurd ¢ (B) with convexg ¢ L,, ; leads to an admissible quantization which is gen-
erated by a MSP-partition. On the other hand, Theosemplies that all admissible
uw € M(P,m) come from PT-partitions. Thus fof = 1 Theorem3 and Theorend
provide a complete characterization of admissible quantizations as any PT-partition is a
MSP-partition. However, fodi > 1 the situation is different. We have

{19 | 1t € Lin \ Lin_1} Z {t | x admissible inM (P, m)} ¢ {u” | B a PT-partition}.

Since{ud | u € Ly, \ Ly—1} is dense in{p | p admissible inM (P, m)}, in principle any
admissiblex may be approximated by a suitabffeoptimal quantization. Note that even
in the light of the Theorem of Blackwell-Sherman-Stein this proposition is not trivial.
If there are hyperplaned with P(H) > 0, then Theorend remains valid. However,
Theorem3 and Theorent do not hold, see &tzelberger (2000a). In particular, unbiased
quantizationg: and nontrivial convex functiongy,,) € L,, \ L.,,_1 may exist, such that

is not admissible, although = lim,, o p, With i, € O,,.

Let us emphasize an important consequence of Theorem 4 and Theorem 1. All meth-
ods that lead to a partition of the sample space which is not the limit of MSP-partitions are
inadmissible. This observation applies in particular to various distance-based generaliza-
tions of principal points or k-means clustering. All methods that lead to a disintegration
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P = >"" w,P; with overlapping supports of the distributiofs are inadmissible. All
these procedures are dominated by procedures based on admissible quantizations.
Finally, we briefly discuss the structure of admissible quantizations of experiments
E = (Q,F,(P)w«er). By Theorem 6 admissible quantizations are limits of certain
optimal quantizations. Let us descrip®ptimal quantizations, whereec L,, \ L,,_1.
We may assume that the parameter spade the set{1,...,d}. The experiment is
dominated. Let) denote a Borel measure with << () for all ¢ € T with derivatives
;. We have to assume that hyperplanes are nullsets. More precisely, we assume that for
alla, ..., aq € R,

QU{w | Z arpy(w) = 0}) = 0. (19)
If the partition3 = (By,..., B,,) is g-optimal, then there are,;, € R, = 1,...,m,
t =1,...d, such that
d d
we B; = Z a;ppr(w) = max{z appr(w) | k< m}. (20)
=1 t=1

W.I.g. we may assume that all.; > 0. Itis easy to see that the soluti¢20) is equivalent

to the following Bayesian discrimination problem. Let distributidswvith densitiesy,

be given. Let densitieg; = Zle Bi j; correspond to hypothesés,, ..., H,,. Given

an observatioww decide which distribution); generatedv. Let U(i,¢) denote the util-
ity of decisiont if H; is the true. Furthermore, l&t ¢ T with P( = j) = m; =
>, BijP(H;). t € Tis chosen if it maximizes the expected posterior utility, which is
proportional to

ZU(i,t) (w | Hy)P(H;) = ZZU i,1) B0 (w) P(H,)
= Z U(jv t)ﬂ-j(?pj(w)?
where m
U@, t) = Ui, t)Bi,;P(H;) /7 (21)

=1

is the utility of decisiort if # = j holds. «;, corresponds td/ (5, t)m;. We conclude that
g-optimal partitions correspond to Bayesian discriminant problems. They are admissible,
all admissible partitions are limits of them.
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