AUSTRIAN JOURNAL OF STATISTICS
Volume 31 (2002), Number 2&3, 131-140

Bayesian Inference for Questionable Data

Klaus Felsenstein

Department of Statistics and Probability Theory
Vienna University of Technology

Abstract: In this paper we develop Bayesian procedures for vague data. The
data are assumed to be vague in the sense that the likelihood is a mixture
of the model distribution and an error distribution. In this case the standard

updating procedure of the model prior would fail.

As a new method to deal with such imprecise data we consibieervable
uncertainties. In this model a specified degree of belief for the validity of
the observation is added to the original measurement. Our proposal involves
the idea that occasionally the observations are caused by an unknown error
distribution. We discuss the effect of this assumption and show a parametrical
and non-parametrical analysis in this setup.

For the analysis of the error distribution we establish a honparametrical ap-
proach. Convex optimization procedures can be applied for a nonparametric
estimation of the error distribution. An equivalence theorem characterizes
optimal estimates and provides an iterative procedure converging to the em-
pirical Bayes estimate.

Keywords: Empirical Bayes Estimate, Mixture Models, Convex Optimiza-
tion.

1 Introduction

In many practical applications the correctness of the data has to be checked. Assume a
model with densityf(x|6) represents the standard case but the data are contaminated. In
some cases dataare reported that are not informative abéwnd the standard model.

The basic concept of robust methods consists of replacing the original distriljitigh

by a mixture model

f@) = af(x]f) + (1 - a)g(z) (1)

with a distribution of distortiory(x) and a mixture weight < a < 1.

Such mixture models are the starting point for robust methods. From a Bayesian point
of view the robustness may be considered in various ways (Berger, 1994; Berger et al.,
1996). The unknown mixture weight can be treated as a constant or a stochastic parameter
with a prior distribution. Frequently, Bayesian robustness is understood as insensitivity
to disturbed priors (Berger and Berliner, 1986; Bayarri and Berger, 1998; Ruggeri and
Wasserman, 1993). An alternative approach of Bayesian robustness represents the analy-
sis of changes in the loss function (DeGroot, 1988). Anyway, a mixture model gives rise
to several difficulties concerning the estimation of the weight as well as determination of
the distributiong(x) (Lavine et al., 1993).
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From a Bayesian point of view it seems natural to consider the mixture weight to be a
stochastic variable (Gustafson and Wasserman, 1995). In our setup this stochastic variable
is observable in the following sense.

As a delimitation to other robust methods let’s give a definitioquéstionable data
The datar are reported by an expert who is able to evaluate the authenticity W¥e
mean the data is questionable if we are able to ask the expert how much he relies on the
correctness of the data. The expert reports a probabifity eachzx. b is the probability
that is distributed according to the (assumed) mogiel|d). If b = 1 the expert is sure
thatx is a correct measurement andit= 0 the expert is sure that has nothing to do
with the assumed model. Apart from thawill be betweer) and1.

Therefore we add a value of beligf with 0 < b, < 1 to each observation;. b,
(hopefully near 1) represents a realization of the stochastic varalfriestionable data
are pairs of measurements and beli¢fs, b;). Note that there exist completely differ-
ent (non-probabilistical) methods for analysing imprecise measurements such as belief
functions or "fuzzy data”.

Since we are interested in the paraméterf the original model we discuss the cal-
culation of the posterior distribution @f How are the beliefs used as weights of the
measurements; properly. First we consider the algorithm of updating especially the
calculation of the posterior and the Bayes estimat of

2 Updating and Estimation

The entire data fram® = (x,b) consists of. observations;, i = 1, ..., n, and associ-
ated belief$ = (by,...,b,). First we consider a fixed distributiar{z). Let h(.) denote
the density otx. We assume that the prior distributiaf) is independent o andg(x).
Let m( ) denote the marginal density of the observationnder the original model
f(x]0), = [ f(z|0)7() db. If no uncertainty is present, the prie(f) is updated
to 77(9|x) foIIowmg Bayes theorem,

7(0|D) = w(0lz) = %

Forn = 1 questionable observatiab = (z,b), the densityf(x|0) is replaced by the
mixture density, therefore the posterior density reads

w(0lx)m(x)b + (1 —b)g(xz)m(0
~(0lD) — TEDm@Y + (1= bg()r(6) 2
m(z)b + (1 —b)g(z)
Since the posterior density for questionable observation is a weighted average of the pos-

terior density with exact data;(¢|z), and the priorr(0) the Bayes estimate éfresults
as the analogue average

Op(x)m(2)b + (1 —b)g(x)uo
m(z)b + (1 —b)g(z) (3)

with prior meanu, = E(#) and posterior meafi () = E(0|x) respectively. The updat-
ing for n questionable observatios follows

9|D Zw Uy ooy lg 9|$117"‘7xik) (4)

0 =




K. Felsenstein 133

where the sum is taken over all subsets of indi¢as...,i.} € {1,...,n} and the
weightsw are up to a normalizing constant

W(il, e ,Zk) X b“blkm(l’“, e ,l’ik) X (1 — blk+1)(1 — bln)g(xlk+1)g(xln)
The Bayes estimate is the corresponding convex combination

0 = wlir,....ix)0p(x;,, ..., 7).

In the situation of conjugate priors the calculation of a marginal density reduces to the cal-
culation of a quotient of prior and posterior densitiesz [jets large a stepwise updating
procedure according to (2) is recommended.

In practical situations assuming a fixed distortion distributiombecomes unrealistic.
First, we consider a parametric family fof.). If a parameter determines the density
g(z|T) the specification of a additional prior distributiatir) is needed. Then the above
updating procedures remain valid if we insert the marginal density

guﬁ=t/ﬂﬂﬂdﬂﬂ

with respect to the prior (7). The next level of difficulty is to incorporate an appropriate
prior w(7) for the nuisance parameter Typically there is rare knowledge about the
distortion distribution. Frequently the usage of a non-informative prior can not solve that
problem. The non-informative (invariance) property depends upon the assessed family of
distributions.

Instead we refuse to specify a special pri¢r) and turn to a nonparametric approach
concerning the distortion distribution. We consider a mixture model of the form

flz) = af(z]d) + (1 —a)g(z)

with unknown measuré'. j denotes the density @f. In a linear representation we write
the measure as

f@)zaﬂﬂm+<rﬂm/%uwww> (5)

with a family of distributionsgs(.). The model (5) serves as starting point for the es-
timation of the measuré&:(.), it represents a completely unknown prior. Note that the
distributionh(.) of o does not affect the estimation @explicitely.

3 Estimation of the Distortion

There are several approaches towards the estimation of the me&asaré). Instead
of assessing a prior over measures (Antoniak, 1974) we introduce an empirical Bayes
procedure here. The basic conception consists of a likelihood estimat@riist and a
Bayesian estimation d@f according the guide line of Section 2 afterwards.

Before we discuss the Bayesian estimation we sketch the strategy of maximizing a
nonparametric likelihood. Let the parameter of inteesie fixed. The observation of
guestionable data leads to the likelihood

L(G) = H f(24]b)
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and!/(G) = log(L) the Log-likelihood. For the optimization éfstandard procedures of
convex optimization are used (Lindsay, 1995). The concave funétiofin G) can be
maximized over a convex set.

Define the feasible regioR* to be the convex hull of

P = {f(mlbi)ii=1,...,n,G}.

The feasible region is a subset of RIn the boundary oP* an optimalf* maximizing
[(.) exists. Sincef* = (fi,..., fn) lies in the convex seP* there exist a measu@*
with

fi = f(xilbi). (6)

Since an optimalz* with not more tham points in the support exists the equations (6)
can be solved fo6z*. Assuming that is fixed means that’* depends or. Therefore
the calculation of the posterior distribution needs the application of the above optimiza-
tion procedure for each, 7(0|D) < L(G(0)*) =(6). Especially the computation of the
posterior mead = [ 07(8|D) df becomes a troublesome task.
An alternative approach serving as way out isiterginal methodWe mean that we
use a method for calculation that gives an approximate result for the exact optimization
procedure described above. The marginal method is much simpler to perform in practice.
The key idea is the interchange of the analyses concerning the parameter of thterest
and the distortion distribution. Here we calculate the marginal distributions firstb;)
is substituted by

Filb) ~ milon w1 + (1—@)/95(%) dG(s).

In this case the optimization procedure is executed once. Frequently only minor devia-
tions to the exact method occur in practical situations.

The preceding methods remain applicable if the weighg not observed or missing
for observations. In this case we inserpr take the mean of the beliefsas estimate.
Then we end up with

f(z) = m(zi]zy, ..., x-1)a + (1 —a)/gs(xi) dG(s)

as model density.

4 Ilterative Procedures

The method of convex optimization is accompanied by a useful characterization of the
optimum in terms of an equivalence property. Convexity allows the implementation of a
directional derivative, here we define

D1U((1 — )Gy + €G1)
0e e=0

A(Go, G1> =
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the directional derivative for two measurég andG,. If the directionG, represents a
one point measure isy, G; = d,,, then we define

A(GO, SQ) = A(Go, G1>

An equivalence theorem (Whittle, 1971, 1973) characterizes the solution of the optimiza-
tion problem:
The measuré&* maximizes(.) iff

sup A(G™,s) < sup A(G, s)

for all G, or, iff
sup A(G™,s) = 0.

The support of>* contains only points; with A(G*,s;) = 0 and consists of not more
thann points. This equivalence theorem serves as base of an gradient-based algorithm.
Starting at a measui&, with k& support-points then single points are added successively
such that the directional derivative reaches a maximum.

Let G be a measure with a single support paisch thatA (G, s) is maximized. In
the second step we search for a weighwvith 0 < ¢* < 1 such that

[((1 —€)Go+ €eG) — max .
The resulting measure
G =(1—-€)Gy+€G

containsk + 1 points in the support. Fgr — oo the sequence of measuir@g converges
to the optimal measures* in the sense that

(Gy) — UG,

It can be shown that convergence holds for any sequence of chosen weigiifsling

the conditionse, — oo and)’, ¢, = oo (Felsenstein, 1996). The equivalence theo-
rem provides a criterion for stopping the algorithm. In case of optimality the directional
derivative should vanish, therefore if

A(Gy, sy < 6

is fulfilled for a suitable smald > 0 the iteration might be stopped. Since it suffices to
find a measure with at most points in the support a backwards step after exceeding
points can be added. Therefore points with

A(Gp, sy > 6

will be eliminated.
The directional derivative for the model with questionable data reads

(1 =0)[[f gs(x:) dG1(s) — [ gs(wi) dGo(s)]
fx;]0)b; + (1 —10;) fgs(%') dGo(s)

A(Go,Gr) = )



136 Austrian Journal of Statistics, Vol. 31 (2002), No. 2&3, 131-140

and
(1= b;)[gsy (i) — [ gs(wi) dGo(s)]
flail)bi + (1= 1b) [ gs(w:) dGo(s)

In the situation where the beliefs are not observable it is possible to apply the same itera-
tion procedure. Then in each step a weightext to a points has to be found such that
the directional derivative becomes maximum.

If o is the actual weight of7, the directional derivative in directio& (with one
point s; and new weightv ) reads

A(Go,s0) = Y

i

_ f(@il0) o — ap] + (1= a)gs, (2)) — (1= ) [ gs(x:) dGo(s)
AGosia) = 3 a0 f(@il8) + (L—ao) [ g.(z:) dGos) ‘

Here the weighty does not vary. The mixture weight is treated as fixed and unknown
constant in contrast to a stochastic variable.

5 Example

For purposes of illustration we demonstrate the model with questionable data and its in-
herent geometry properties in a simple case. Assume the data (if correct) are normally
distributed with variancé and the prior of the mean is a standard normal distribution.
For the distortion distribution we choose a Laplace kernel, therefore

1
gs(x) = 55 e

—|x[s
Lets compare the marginal method under different assumptions. The meaning and inter-
pretation of the mixture weight is considered here in three ways.

MoDEL A: The first model consists of completely specified beliefs for the question-
able data. The mixture weight is a stochastic variable which can be observed. The
observations ar&,. This is the model of questionable data we discussed in the previous
sections.

MODEL B: Alternatively a fixed but unknown weiglt is assumed. Then is non-
stochastic. The optimization procedure involves all possible values @he likelihood
depends upon the distributigr and the mixture weight:.

MoDEL C: A third alternative lies inbetween these two models. Then we assume that
the beliefs are provided by the expert but not dedicated to each observatiquiicitely.

An estimate fora is inserted, for example the mean beliéfserves as estimate of the
mixture weight. Them is non-stochastic, the fixed valuebis

All these models suit for the concept of convex optimization determining the distortion
measure=(s). The assumed prior lead to normal distributions as marginal distributions.
Namely the marginal distribution of an single observatioVi®), 2). The covariance of
the first and second observationcis(z,,z2) = 1. However all conditional marginal
distributions are normal in that model and can be calculated without integration due to the
conjugate property of the prior.
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Assume two observations are taken= 1.5 andz, = —0.4. The expert trusts in the
first observation a50% and the seconfl0%. The mean of the beliefs = 0.5, b, = 0.9
is used as estimate ofin the third model.

The feasible sets are convex and closed subsets’ofARpoint z = (z1,2,) € R?
belongs to the feasible set if a distortion measuiexists (here that means that a concrete
Laplace distribution with parameteris used) such that

z1 = f(x1,b1)

and
2y = f(x2,b2).

The coordinates are the values of the (marginal) densities for therglaad z,. The
feasible setis a curve; (s), z2(s)) depending on the parametee (0, co).

The following figure shows the feasible sets for the three modelsdenotes the set
for questionable data (Model Af2 denotes the feasible set if the mixture weighb is
(Model C) andF'3 denotes the set for Model B.

It includes the optimal points on the boundary of the convex hulls. The optimal points
are reached after a couple of steps of the iterative procedure. The determination of the
distortion measures simplifies in this situation to the determination of the corresponding
s, for the first model that is* = 0.81. The pointsz* = (z;(s"), 22(s*) maximizing the
likelihood are marked in the figureX is the optimal point for model Ag for model B
andJ for model C.
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Figure 1. Feasible sets and optimal points

The right vertex in Figure 1 is the poiitn(z,), m(x2|x1)). This point represents
the situation where no doubtful data exist, the belief factor becdmesf course, the



138 Austrian Journal of Statistics, Vol. 31 (2002), No. 2&3, 131-140

general model£3) includes the case of estimatad /'2). The sizes of the sets indicate
the flexibility of the model with questionable data.

Under identical circumstances we assume the two observations are0.35 with
beliefb; = 0.72 andzy, = 1.1 with beliefb, = 0.9. Figure 2 shows the corresponding
feasible sets and optimal points. Note that the optimal poit2belongs to all sets. It
may serve as ‘compromise’. But for every considered model the point corresponds to its
own optimal guess of the distortion measure. In case of questionable data we get

flz) = m(z|D)b + (1 —b)1.22¢ 1717244

for these two observations.

The upper vertex indicates the point of complete informative data without question-
able data. The optimal point df'l can not be interpreted as mixture within the other
models.
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Figure 2: Feasible sets and optimal points

CONCLUDING REMARK: In Molzer et al. (2000) a comprehensive study of road data is
presented. A Bayesian regression model is applied to the data. The original regression
model turned out to have bad determination. Experts checked the data and completed the
data by beliefs. Particularly in that study the additional analysis of beliefs proved useful
to improve the quality of the statistical results.

The method can be applied to any data but requires practicable numerical handling.
Especially for large datasets the marginal method represents a simplification of calcu-
lation. The development of software for questionable data is intended for comfortable
usage.

The model is open for several methodical extensions. In the case of prior knowledge
about the distribution of distortion it would be sensible to use a nonparametric prior for
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the distortion measure. A conjugate Dirichlet process (Antoniak, 1974) e.g. leads to an
updating algorithm of the distribution of the distortion measure.
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