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Abstract

We derive some estimators of the scale parameter of the Rayleigh distribution under
the unified hybrid censoring scheme. We also derive some estimators of the reliability
function and the entropy of the Rayleigh distribution. First, we obtain the maximum
likelihood estimator of the scale parameter. Second, we obtain the Bayes estimator using
the mean of the posterior distribution. Lastly, we obtain the Bayes estimator using the
mode of the posterior distribution. We also derive the interval estimation (confidence
interval, credible interval, and HPD credible interval) for the scale parameter under the
unified hybrid censoring scheme. We compare the proposed estimators in the sense of the
mean squared error through Monte Carlo simulation. Coverage probability and average
lengths of 95% and 90% intervals are obtained.

Keywords: Bayes estimator, credible interval, confidence interval, entropy, maximum likeli-
hood estimator, Rayleigh distribution, reliability function, unified hybrid censoring.

1. Introduction

Consider a Rayleigh distribution with the probability density function (pdf) :

f(x;σ) =
x

σ2
exp

(
− x2

2σ2

)
, (1)

and the cumulative distribution function (cdf) :

F (x;σ) = 1− exp

(
− x2

2σ2

)
, x > 0, σ > 0. (2)

Also, the reliability function of the Rayleigh distribution is

R(t|σ) = 1− F (t;σ) = P [X > t] = exp

(
− t2

2σ2

)
, t > 0. (3)
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For the pdf (1), the entropy simplifies to :

H(f) = 1 + ln

(
σ√
2

)
+
γ

2
, (4)

where γ is the Euler-Mascheroni constant.

The Rayleigh distribution is widely used in communication engineering and life testing of elec-
tro vacuum devices. So, the Rayleigh distribution has been discussed by many researchers as a
lifetime distribution. Balakrishnan (1989) proposed an approximate maximum likelihood esti-
mator (AMLE) of the scale parameter of the Rayleigh distribution with the censoring scheme.
Fernandez (2000) studied the Bayesian inference from the Type-II doubly censored Rayleigh
samples. Wu, Chen, and Chen (2006) studied the Bayesian inference for the Rayleigh distribu-
tion under the progressive censored samples. Han and Kang (2006) discussed the estimation
for the two-parameters Rayleigh distribution based on the multiple Type-II censored samples.
Kim and Han (2009) studied the estimation of the scale parameter of the Rayleigh distribu-
tion under the general progressive censoring scheme. Raqab and Madi (2011) discussed the
inference for the generalized Rayleigh distribution based on the progressive censored sam-
ples. Kang, Cho, Han, and Kim (2012) studied the estimation of the entropy for a double
exponential distribution based on the multiply Type-II censored samples. Abdel-Hamid and
AL-Hussaini (2014) discussed the Bayesian prediction for Type-II progressive censored sam-
ples from the Rayleigh distribution under the progressive-stress model. Cho, Sun, and Lee
(2014) proposed the estimations of the entropy for the Rayleigh distribution based on the
doubly-generalized Type-II hybrid censored samples. Seo and Kang (2015) discussed the
Bayesian estimation of the entropy of the half logistic distribution based on the Type-II cen-
sored samples. Kundu and Raqab (2015) obtained the estimation of R = P [Y < X] for the
three-parameters generalized Rayleigh distribution. Dey, Dey, and Kundu (2016) studied the
two-parameters Rayleigh distribution under the progressive Type-II censoring scheme. Seo,
Jeon, and Kang (2016) proposed the exact interval inference for the two-parameters Rayleigh
distribution based on the upper record values. Chaturvedi, Kang, and Pathak (2016) stud-
ied the estimation and testing procedures for the reliability functions of the generalized half
logistic distribution. Seo and Kang (2017) proposed more efficient inference using the hybrid
censored samples from a continuous probability distribution with the scale parameter.

In the Type-I censoring scheme, the test is terminated at fixed T∈(0,∞) and uses the observed
samples until that T . In the Type-II censoring scheme, the test is terminated when samples
are observed until the predetermined observation number (r). These were combined by Childs,
Chandrasekar, Balakrishnan, and Kundu (2003) and are called the hybrid censoring scheme
that also has two types. Chandrasekar, Childs, and Balakrishnan (2004) combined these
two types as the generalized Type-I hybrid censoring scheme and generalized Type-II hybrid
censoring scheme. A mixture of generalized Type-I and Type-II hybrid censoring scheme is
known as the unified hybrid censoring scheme combined by Balakrishnan, Rasouli, and San-
jari Farsipour (2008). They proposed exact likelihood inference based on the unified hybrid
censoring scheme from the exponential distribution. Panahi and Sayyareh (2016) studied the
estimation and prediction for the Burr Type XII distribution based on the unified hybrid cen-
soring scheme. Ateya (2017) discussed the estimations under the inverse Weibull distribution
based on the unified hybrid censoring scheme. Kaushik (2019) proposed a progressive interval
Type-I censored life test plan for the Rayleigh distribution.

In this paper, we derive some estimators of the scale parameter of the Rayleigh distribution
under the unified hybrid censoring scheme. The reliability function and the entropy are
also estimated. In section 2, unified hybrid censoring is briefly explained. In section 3, the
scale parameter is estimated by the three methods and the interval estimation for the scale
parameter is also derived. In section 4 and 5, the corresponding reliability function and
entropy are estimated, respectively. Finally, the proposed methods are examined through the
Monte Carlo simulation.
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2. Unified hybrid censoring

The lifetime of experimental objects is observed gradually and can be expressed by X1:n, X2:n,
. . . , Xn:n. Let k be the object number that must be observed, T1 be the predetermined
experiment end time, and T2 be the extended experiment end time. Let Di (i=1,2) be the
number of observed objects until Ti (i=1,2) and r be the predetermined observation number.
That is, it is assumed that k < r < n. In accordance with the end point and observed number,
unified hybrid censoring scheme is divided into six cases.

𝑋1:𝑛 𝑋𝑘:𝑛 𝑋𝑟:𝑛 𝑋𝐷1:𝑛 𝑇1 𝑇2⋯ ⋯ ⋯
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Figure 1: Unified hybrid censoring.

Case 1: 0 < Xk:n < Xr:n < T1 < T2, the experiment ends at the point of T1.

Case 2: 0 < Xk:n < T1 < Xr:n < T2, the experiment ends at the point of Xr:n.

Case 3: 0 < Xk:n < T1 < T2 < Xr:n, the experiment ends at the point of T2.

Case 4: 0 < T1 < Xk:n < Xr:n < T2, the experiment ends at the point of Xr:n.

Case 5: 0 < T1 < Xk:n < T2 < Xr:n, the experiment ends at the point of T2.

Case 6: 0 < T1 < T2 < Xk:n < Xr:n, the experiment ends at the point of Xk:n.
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When the k-th observation occurs before T1, the experiment is terminated at min(max{Xr:n, T1}, T2)
and when the k-th observation occurs between T1 and T2, the experiment terminates at
min(Xr:n, T2). If it occurs after T2, the experiment is terminated at Xk:n. The likelihood
functions based on the unified hybrid censored samples are

L1(σ) =
n!

(n−D1)!

D1∏
i=1

f(xi:n)[1− F (T1)]n−D1 , D1 = D2 = D = r, · · · , n,

L2(σ) =
n!

(n− r)!

r∏
i=1

f(xi:n)[1− F (xr:n)]n−r, D1 = k, · · · , r − 1;D2 = r,

L3(σ) =
n!

(n−D2)!

D2∏
i=1

f(xi:n)[1− F (T2)]n−D2 , D1 = k, · · · , r − 1;D2 = k, · · · , r − 1;

D1 ≤ D2,

L4(σ) =
n!

(n− r)!

r∏
i=1

f(xi:n)[1− F (xr:n)]n−r, D1 = 0, · · · , k − 1;D2 = r,

L5(σ) =
n!

(n−D2)!

D2∏
i=1

f(xi:n)[1− F (T2)]n−D2 , D1 = 0, · · · , k − 1;D2 = k, · · · , r − 1,

L6(σ) =
n!

(n− k)!

k∏
i=1

f(xi:n)[1− F (xk:n)]n−k, D2 = 0, · · · , k − 1.

(5)

For the above likelihood functions, we can rewrite the unified likelihood function as follows.

L(σ;x) ∝
m∏
i=1

f(xi:n)[1− F (C)]n−m, (6)

where C is the experiment end time and m is the observed number until the experiment end
time C.

3. Parametric estimation

3.1. Maximum likelihood estimation

Using the likelihood function (6), we can obtain the log-likelihood function as follows.

lnL(σ;x) ∝
m∑
i=1

ln f(xi:n) + (n−m) ln[1− F (C)]. (7)

Then, we can easily obtain the maximum likelihood estimator (MLE) using equation (7).

σ̂M =

√∑m
i=1 x

2
i:n + (n−m)C2

2m
. (8)

To construct the 100(1-α)% confidence interval (CI) for σ, we can use the asymptotic normal-
ity of the MLE with V ar(σ̂M ) estimated from the inverse of the Fisher information. However,
it is complicated to calculate the exact expected values in the Fisher information. So we derive
the asymptotic variance by using the observed Fisher information

I(σ) ≈ −∂
2 lnL

∂σ2
=
D

σ2
, (9)
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where

D = −2m+
3(
∑m

i=1 x
2
i:n + (n−m)C2)

σ2
.

Under some mild regularity conditions, σ̂M is approximately normal with mean σ and variance
V ar(σ̂M )=1/I(σ̂M ). Hence, we can obtain the approximate CI based on the MLE for the
scale parameter σ as

σ̂M ± zα/2
√

ˆV ar(σ̂M ), (10)

where zα/2 denotes the percentile of the standard normal distribution with right-tail proba-
bility α/2.

3.2. Bayesian estimation

For the Bayesian estimation, we consider the natural conjugate family of the prior distribution
of σ used by Fernandez (2000), given by

π(σ) ∝
(

1

σ

)2δ+1

exp

(
− β

2σ2

)
, σ > 0, (11)

where δ >0 and β >0. For β=0 in (11), π(σ) reduces to a general class of improper priors.
This prior distribution is known as the square-root inverted gamma distribution. We can
derive the posterior distribution by combining (6) and (11) as follows.

π(σ|x) =

(∑m
i=1 x

2
i:n + (n−m)C2 + β

)m+δ

2m+δ−1Γ(m+ δ)
σ−2m−2δ−1e−

1
2σ2

[
∑m
i=1 x

2
i:n+(n−m)C2+β]. (12)

Then, the Bayes estimator under the squared error loss function of σ is obtained as

σ̂B = E(σ|x) =

√∑m
i=1 x

2
i:n + (n−m)C2 + β

2

Γ(m+ δ − 1
2)

Γ(m+ δ)
. (13)

We also consider the highest posterior density (HPD) estimator that is another method in
popular use from the Bayesian perspective. This HPD estimator is obtained based on the
maximum likelihood principle. Hence, the HPD estimator is the mode of the posterior distri-
bution. Using the posterior distribution (12), we have

∂ lnπ(σ|x)

∂σ
= −2δ + 2m+ 1

σ
+

∑m
i=1 x

2
i:n + (n−m)C2 + β

σ3

= 0.

(14)

We can obtain the HPD estimator by solving equation (14) as

σ̂H =

√∑m
i=1 x

2
i:n + (n−m)C2 + β

2m+ 2δ + 1
. (15)

In addition, we can also estimate 100(1-α)% credible interval (CrI) as follows.

∫ b

a
π(σ|x)dσ = 1− α, (16)



64 Estimation of the Rayleigh Distribution under Unified Hybrid Censoring

where a denotes the percentile of the posterior distribution with left-tail probability α/2 and
b denotes the percentile of the posterior distribution with right-tail probability α/2. This
interval has equal tail-probability. If the posterior distribution is unimodal, a common choice
is the shortest connected CrI, namely the HPD interval. The HPD CrI is as follows.∫ CL

CU

π(σ|x)dσ = 1− α (17)

and
π(CU |x) = π(CL|x). (18)

After some algebra, the equations in (17) and (18) take the form

Γ

(
1

2C2
L

,m+ δ,W

)
− Γ

(
1

2C2
U

,m+ δ,W

)
= 1− α (19)

and (
CU
CL

)2(m+δ)+1

= exp

{
−W

2

(
1

C2
U

− 1

C2
L

)}
, (20)

where W=
∑m

i=1 x
2
i:n + (n − m)C2 + β and Γ(t, a, b) =

∫ t
0

ba

Γ(a)y
a−1e−bydy is the incomplete

gamma function.

4. Reliability function

4.1. Maximum likelihood estimation

We can easily obtain the MLE of the reliability function R(t|σ) by the invariance property of
the MLE. That is,

R̂M = R(t|σ̂M ) = exp

(
− t2

2σ̂2
M

)
. (21)

4.2. Bayesian estimation

Let R = R(t|σ). Then, we can obtain the posterior distribution π(R|x) by substituting

σ =
√

t2

−2 lnR into the posterior distribution (12).

π(R|x) ∝ 1

Γ(m+ δ)

(∑m
i=1 x

2
i:n + (n−m)C2 + β

t2

)m+δ

(− lnR)m+δ−1R

∑m
i=1 x

2
i:n+(n−m)C2+β

t2
−1.

(22)

From the posterior distribution (22), the Bayes estimator of R(t|σ) under the squared loss
function is given by

R̂B = E(R|x) =

( ∑m
i=1 x

2
i:n + (n−m)C2 + β

t2 +
∑m

i=1 x
2
i:n + (n−m)C2 + β

)m+δ

. (23)

On differentiating the log-posterior distribution with respect to R in turn and setting the
equation to zero, we obtain the equation as

∂ lnπ(R|x)

∂R
=
δ +m− 1

R lnR
+

∑m
i=1 x

2
i:n + (n−m)C2 + β − t2

Rt2

= 0.

(24)
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Then, we can find the HPD estimator by solving equation (24).

R̂H = exp

(
− t2(m+ δ − 1)∑m

i=1 x
2
i:n + (n−m)C2 + β − t2

)
. (25)

5. Entropy

5.1. Maximum likelihood estimation

We can easily obtain the MLE of entropy H(f) by the invariance property of the MLE. That
is,

ĤM = 1 + ln

(
σ̂M√

2

)
+
γ

2
. (26)

5.2. Bayesian estimation

Let H = H(f). Then, we can obtain the posterior distribution π(H|x) by substituting

σ =
√

2e(H−1− γ
2 ) into the posterior distribution (12).

π(H|x) ∝ 2

Γ(m+ δ)

∑m
i=1 x

2
i:n + (n−m)C2 + β(

2eH−1− γ
2

)2


m+δ

exp

−∑m
i=1 x

2
i:n + (n−m)C2 + β(

2eH−1− γ
2

)2

 .

(27)

Since the posterior distribution (27) is complicated for the entropy H, we can’t easily obtain
the Bayes estimator. Instead, we can obtain the Bayes estimator using the method proposed
by Tiernery and Kandane (1986).

E[g(H)|x] =

∫
g(H)π(H|x)dH =

∫
enl

∗(H)dH∫
enl(H)dH

, (28)

where

l(H) =
1

n
lnπ(H|x) , l∗(H) =

(
l(H) +

1

n
ln g(H)

)
.

Tiernery and Kandane (1986) showed that the expectation (28) can be approximated as

E[g(H)|x] ≈
(
|ψ∗|
|ψ|

) 1
2

exp(n{l∗(Ĥ∗)− l(Ĥ)}) =

(
|ψ∗|
|ψ|

) 1
2 g(Ĥ∗)π(Ĥ∗|x)

π(Ĥ|x)
, (29)

where Ĥ∗ and Ĥ maximize l∗(H) and l(H), respectively and ψ∗ and ψ are minus the inverse of
the second derivatives of l∗(H) and l(H) at Ĥ∗ and Ĥ, respectively. Since the Bayes estimator
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is the mean of the posterior distribution under the squared error loss function, g(H) = H and

l(H) =
1

n

[
lnK + (m+ δ) ln

(
m∑
i=1

x2
i:n + (n−m)C2 + β

)
− (m+ δ)

{
ln 4 + 2

(
H − 1− γ

2

)}
−
∑m

i=1 x
2
i:n + (n−m)C2 + β

4e2(H−1− γ
2 )

]
,

l(H∗) =

(
l(H) +

1

n
lnH

)
,

(30)

where K is a constant. We can obtain the Bayes estimator by substituting equation (30) into
equation (29) as follows.

ĤB =

(
|ψ∗|
|ψ|

) 1
2 Ĥ

∗exp
{
−2
(
Ĥ∗ − 1− γ

2

)
(m+ δ)

}
exp

(
−

∑m
i=1 x

2
i:n+(n−m)C2+β

4e2(Ĥ
∗−1− γ

2 )

)
exp

{
−2
(
Ĥ − 1− γ

2

)
(m+ δ)

}
exp

(
−

∑m
i=1 x

2
i:n+(n−m)C2+β

4e2(Ĥ−1− γ
2 )

) . (31)

To obtain the HPD estimator, we can use equation (27). On differentiating the log-posterior
distribution (27) with respect to H in turn and setting the equation to zero, we obtain the
equation as

∂ lnπ(H|x)

∂H
= −2(m+ δ) +

∑m
i=1 x

2
i:n + (n−m)C2 + β

2
exp

(
−2
(
H − 1− γ

2

))
= 0. (32)

We can obtain the HPD estimator ĤH by solving equation (32).

ĤH = 1 +
γ

2
− 1

2
ln

(
4(m+ δ)∑m

i=1 x
2
i:n + (n−m)C2 + β

)
. (33)

6. Illustration example and simulation results

6.1. Illustration example

In this section, we use the following real data presented in Lieblein and Zelen (1956). They
performed life tests and determined the number of revolutions to failure for 23 ball bearings.
The observed failure times are as follows:

Table 1: Real data set

0.1788 0.2892 0.3300 0.4152 0.4212 0.4560 0.4848 0.5184 0.5196 0.5412
0.5556 0.6780 0.6864 0.6864 0.6888 0.8412 0.9312 0.9864 1.0512 1.0584
1.2792 1.2804 1.7340

For this data set, Raqab and Madi (2002) indicated that the one-parameter Rayleigh distri-
bution provides a satisfactory fit. In this example, we assume that the underlying distribution
of this data is the Rayleigh distribution based on the unified hybrid censoring scheme. We
take Case I (r=8, k=5, T1=0.6, T2=1.0), Case II (r=16, k=7, T1=0.6, T2=1.0), Case III
(r=20, k=6, T1=0.6, T2=1.0), Case IV (r=16, k=12, T1=0.6, T2=1.0), Case V (r=20, k=12,
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Table 2: Estimation of the scale parameter for the example

Case n r k T1 T2 σ̂M σ̂B σ̂H R̂M R̂B R̂H ĤM ĤB ĤH
1

23

8 5

0.6 1.0

0.5426 0.6599 0.6319 0.6541 0.7412 0.7499 0.3307 0.5177 0.4999
2 16 7 0.5504 0.6365 0.6163 0.6619 0.7274 0.7338 0.3450 0.4840 0.4707
3 20 6 0.5672 0.6415 0.6231 0.6780 0.7317 0.7375 0.3750 0.4924 0.4804
4 16 12 0.5504 0.6365 0.6163 0.6619 0.7274 0.7338 0.3450 0.4840 0.4707
5 20 12 0.5672 0.6415 0.6231 0.6780 0.7317 0.7375 0.3750 0.4924 0.4804
6 21 19 0.5644 0.6362 0.6187 0.6755 0.7282 0.7337 0.3701 0.4843 0.4728

T1 =0.6, T2=1.0), and Case VI (r=21, k=19, T1=0.6, T2=1.0). For the Bayesian inference,
the prior parameters are chosen (δ, β)=(3.5, 5.5). Table 1 reports results for the real data.

6.2. Simulation results

To compare the performance of all previously proposed estimators for the scale parameter,
reliability function, and entropy, we simulate the biases and the MSEs of all proposed esti-
mators by using the Monte Carlo simulation. The average lengths of the CrIs is obtained by
10,000 sampling from the posterior distribution. The unified hybrid censored samples from
the Rayleigh distribution are generated for sample size n=20 and 40. Using these samples,
the MSEs of all proposed estimators are obtained with σ=1. The simulation run 10,000 times.
For the reliability function, we set t=0.5. For the Bayesian inference, the prior parameters
are chosen (δ, β)=(3.5, 5.5).

We also derive the asymptotic relative efficiency (ARE) between the two estimators. ARE is
helpful for comparing the performance of the Bayes estimator and HPD estimator with the
MLE. The ARE is defined as follows:

ARE(σ̂∗, σ̂) =
MSE(σ̂)

MSE(σ̂∗)
, (34)

where the MSE(σ̂) denotes the MSE, which is estimated by
∑n

i=1(σ̂i−σ)2/n. If ARE(σ̂∗, σ̂)>1,
σ̂∗ is more efficient than σ̂. All results are given in Tables 2∼5.

The results in the Tables reveal that for all proposed estimators, the MSEs generally decrease
as the sample size n increases. When the sample size n is fixed, the MSEs generally decrease
as the object number that must be observed k increases. When the sample size n and the
object number that must be observed k are both fixed, the MSEs generally decrease as the
predetermined observation number r increases. Lastly, the MSEs generally decrease as the
predetermined end time T1 and the extended end time T2 increase.

These simulation results demonstrate that the HPD estimator and the Bayes estimator are
more efficient than the MLE in the sense of the MSE. Likewise, the HPD estimator and the
Bayes estimator are more efficient than the MLE for ARE. For reliability function, the HPD
estimator is a more efficient estimator than the other two estimators in the ARE. We also
show that the Bayes estimator obtained by using the mean of the posterior distribution is
more efficient than the other two estimators for entropy in the ARE. The average length of
CI based on the MLE is longer than the lengths of intervals based on the others.

7. Conclusion

We derive some estimators of the scale parameter of the Rayleigh distribution based on unified
hybrid censoring. We also estimate the reliability function and the entropy for the Rayleigh
distribution. First, we obtain the MLE. Second, we obtain the Bayes estimator by using
the natural conjugate prior distribution. Lastly, we obtain the HPD estimator based on the
maximum likelihood principle by using the natural conjugate prior distribution.
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Table 3: The MSEs(biases) and asymptotic relative efficiencies (ARE) of the proposed esti-
mators of σ

n r k T1 T2 σ̂M σ̂B σ̂H ARE(σ̂B ,σ̂M ) ARE(σ̂H ,σ̂M ) ARE(σ̂H ,σ̂B)

20

18
13

0.8 1.6

0.0162(0.0034) 0.0115(0.0024) 0.0112(-0.0321) 1.4095 1.4389 1.0209
11 0.0181(0.0077) 0.0125(0.0054) 0.0118(-0.0299) 1.4410 1.5320 1.0632

16
11 0.0188(0.0053) 0.0130(0.0037) 0.0124(-0.0318) 1.4526 1.5204 1.0466
8 0.0198(0.0066) 0.0134(0.0045) 0.0127(-0.0312) 1.4703 1.5602 1.0611

14
11 0.0200(-0.0011) 0.0135(-0.0007) 0.0135(-0.0374) 1.4827 1.4821 0.9996
6 0.0209(0.0002) 0.0140(0.0001) 0.0138(-0.0368) 1.4995 1.5211 1.0144

18
13

1.3 1.6

0.0162(0.0034) 0.0115(0.0024) 0.0112(-0.0321) 1.4094 1.4389 1.0209
11 0.0180(0.0077) 0.0125(0.0054) 0.0118(-0.0299) 1.4410 1.5320 1.0632

16
11 0.0187(0.0056) 0.0129(0.0038) 0.0123(-0.0317) 1.4505 1.5200 1.0479
8 0.0196(0.0068) 0.0134(0.0047) 0.0126(-0.0311) 1.4684 1.5601 1.0625

14
11 0.0191(0.0009) 0.0130(0.0006) 0.0129(-0.0360) 1.4669 1.4814 1.0099
6 0.0201(0.0022) 0.0135(0.0014) 0.0132(-0.0354) 1.4849 1.5222 1.0251

18
13

0.8 1.9

0.0157(0.0014) 0.0114(0.0010) 0.0112(-0.0303) 1.3786 1.4021 1.0170
11 0.0159(0.0017) 0.0115(0.0012) 0.0113(-0.0301) 1.3830 1.4125 1.0213

16
11 0.0168(-0.0039) 0.0119(-0.0029) 0.0122(-0.0353) 1.4072 1.3806 0.9811
8 0.0168(-0.0039) 0.0119(-0.0029) 0.0122(-0.0353) 1.4077 1.3816 0.9815

14
11 0.0177(-0.0078) 0.0122(-0.0055) 0.0129(-0.0407) 1.4511 1.3712 0.9449
6 0.0178(-0.0078) 0.0122(0.0054) 0.0130(-0.0407) 1.4515 1.3723 0.9454

40

38
33

0.8 1.6

0.0074(-0.0034) 0.0063(-0.0029) 0.0065(-0.0198) 1.1741 1.1438 0.9742
30 0.0077(-0.0015) 0.0065(-0.0013) 0.0066(-0.0195) 1.1844 1.1695 0.9874
27 0.0082(0.0018) 0.0068(0.0015) 0.0067(-0.0176) 1.1947 1.2159 1.0177

35
28 0.0080(0.0009) 0.0067(0.0007) 0.0067(-0.0182) 1.1914 1.2006 1.0078
27 0.0082(0.0018) 0.0069(0.0015) 0.0067(-0.0176) 1.1950 1.2158 1.0174
26 0.0084(0.0028) 0.0070(0.0023) 0.0068(-0.0170) 1.1985 1.2313 1.0273

32
26 0.0087(0.0020) 0.0072(0.0016) 0.0071(-0.0177) 1.2015 1.2271 1.0213
24 0.0091(0.0032) 0.0075(0.0027) 0.0073(-0.0169) 1.2071 1.2484 1.0342
21 0.0093(0.0037) 0.0077(0.0031) 0.0074(-0.0165) 1.2109 1.2595 1.0401

30
24 0.0094(0.0015) 0.0078(0.0012) 0.0076(-0.0185) 1.2125 1.2373 1.0204
15 0.0097(0.0020) 0.0079(0.0017) 0.0077(-0.0181) 1.2165 1.2491 1.0268

38
33

1.3 1.6

0.0074(-0.0034) 0.0063(-0.0029) 0.0065(-0.0198) 1.1741 1.1438 0.9742
30 0.0077(-0.0015) 0.0065(-0.0013) 0.0066(-0.0195) 1.1844 1.1695 0.9874
27 0.0082(0.0018) 0.0068(0.0015) 0.0067(-0.0176) 1.1947 1.2159 1.0177

35
28 0.0080(0.0009) 0.0067(0.0007) 0.0067(-0.0182) 1.1914 1.2006 1.0078
27 0.0082(0.0018) 0.0069(0.0015) 0.0067(-0.0176) 1.1950 1.2158 1.0174
26 0.0084(0.0028) 0.0070(0.0023) 0.0068(-0.0170) 1.1985 1.2313 1.0273

32
26 0.0087(0.0020) 0.0072(0.0016) 0.0071(-0.0177) 1.2015 1.2271 1.0213
24 0.0091(0.0032) 0.0075(0.0027) 0.0073(-0.0169) 1.2071 1.2484 1.0342
21 0.0093(0.0037) 0.0077(0.0031) 0.0074(-0.0165) 1.2109 1.2595 1.0402

30
24 0.0094(0.0016) 0.0077(0.0013) 0.0076(-0.0184) 1.2120 1.2373 1.0209
15 0.0096(0.0021) 0.0079(0.0017) 0.0077(-0.0181) 1.2160 1.2492 1.0273

38
33

0.8 1.9

0.0070(-0.0008) 0.0060(-0.0006) 0.0060(-0.0172) 1.1665 1.1600 0.9945
30 0.0074(0.0014) 0.0063(0.0013) 0.0062(-0.0157) 1.1729 1.1914 1.0157
27 0.0076(0.0019) 0.0065(0.0017) 0.0063(-0.0153) 1.1757 1.2010 1.0215

35
28 0.0078(0.0007) 0.0066(0.0006) 0.0066(-0.0165) 1.1784 1.1929 1.0123
27 0.0079(0.0008) 0.0067(0.0007) 0.0066(-0.0164) 1.1789 1.1945 1.0132
26 0.0079(0.0008) 0.0067(0.0007) 0.0066(-0.0164) 1.1791 1.1952 1.0136

32
26 0.0082(-0.0021) 0.0069(-0.0017) 0.0070(-0.0195) 1.1879 1.1759 0.9899
24 0.0083(-0.0021) 0.0069(-0.0017) 0.0070(-0.0194) 1.1881 1.1764 0.9901
21 0.0083(-0.0020) 0.0070(-0.0017) 0.0070(-0.0194) 1.1882 1.1766 0.9902

30
24 0.0085(-0.0036) 0.0071(-0.0030) 0.0073(-0.0216) 1.1974 1.1692 0.9765
15 0.0085(-0.0036) 0.0071(-0.0030) 0.0073(-0.0216) 1.1974 1.1694 0.9766
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Table 4: The MSEs(biases) of the estimators of the reliability function

n r k T1 T2 R̂M R̂B R̂H ARE(R̂B ,R̂M ) ARE(R̂H ,R̂M ) ARE(R̂H ,R̂B)

20

18
13

0.8 1.6

0.00090(-0.0042) 0.00067(-0.0073) 0.00061(-0.0022) 1.3424 1.4782 1.1012
11 0.00094(-0.0037) 0.00069(-0.0069) 0.00064(-0.0018) 1.3606 1.4767 1.0853

16
11 0.00104(-0.0045) 0.00075(-0.0075) 0.00068(-0.0023) 1.3906 1.5280 1.0988
8 0.00105(-0.0044) 0.00075(-0.0075) 0.00069(-0.0022) 1.3943 1.5270 1.0952

14
11 0.00119(-0.0065) 0.00083(-0.0090) 0.00073(-0.0035) 1.4364 1.6306 1.1352
6 0.00120(-0.0064) 0.00083(-0.0089) 0.00074(-0.0034) 1.4393 1.6286 1.1315

18
13

1.3 1.6

0.00090(-0.0042) 0.00067(-0.0073) 0.00061(-0.0022) 1.3411 1.4769 1.1013
11 0.00094(-0.0037) 0.00069(-0.0069) 0.00064(-0.0018) 1.3594 1.4754 1.0854

16
11 0.00101(-0.0044) 0.00073(-0.0075) 0.00067(-0.0022) 1.3766 1.5115 1.0980
8 0.00102(-0.0043) 0.00074(-0.0074) 0.00068(-0.0021) 1.3804 1.5107 1.0944

14
11 0.00104(-0.0056) 0.00076(-0.0084) 0.00067(-0.0030) 1.3743 1.5488 1.1270
6 0.00106(-0.0055) 0.00077(-0.0084) 0.00068(-0.0029) 1.3781 1.5476 1.1230

18
13

0.8 1.9

0.00088(-0.0045) 0.00067(-0.0072) 0.00061(-0.0026) 1.3206 1.4546 1.1015
11 0.00089(-0.0045) 0.00067(-0.0072) 0.00061(-0.0025) 1.3214 1.4543 1.1005

16
11 0.00099(-0.0061) 0.00074(-0.0085) 0.00065(-0.0036) 1.3500 1.5278 1.1317
8 0.00099(-0.0061) 0.00074(-0.0085) 0.00065(-0.0036) 1.3500 1.5277 1.1316

14
11 0.00114(-0.0075) 0.00080(-0.0097) 0.00069(-0.0042) 1.4127 1.6399 1.1608
6 0.00114(-0.0075) 0.00080(-0.0097) 0.00069(-0.0042) 1.4127 1.6398 1.1607

40

38
33

0.8 1.6

0.00040(-0.0031) 0.00036(-0.0047) 0.00034(-0.0022) 1.1178 1.2048 1.0778
30 0.00041(-0.0027) 0.00037(-0.0046) 0.00034(-0.0019) 1.1278 1.2091 1.0721
27 0.00042(-0.0021) 0.00037(-0.0041) 0.00035(-0.0013) 1.1458 1.2096 1.0557

35
28 0.00042(-0.0023) 0.00037(-0.0042) 0.00035(-0.0015) 1.1411 1.2105 1.0608
27 0.00043(-0.0021) 0.00037(-0.0041) 0.00035(-0.0013) 1.1468 1.2108 1.0559
26 0.00043(-0.0019) 0.00038(-0.0040) 0.00036(-0.0012) 1.1518 1.2108 1.0512

32
26 0.00046(-0.0022) 0.00040(-0.0042) 0.00038(-0.0014) 1.1567 1.2214 1.0560
24 0.00047(-0.0020) 0.00040(-0.0041) 0.00038(-0.0013) 1.1624 1.2213 1.0506
21 0.00047(-0.0020) 0.00041(-0.0040) 0.00039(-0.0012) 1.1645 1.2213 1.0487

30
24 0.00050(-0.0026) 0.00043(-0.0045) 0.00041(-0.0017) 1.1660 1.2371 1.0610
15 0.00051(-0.0025) 0.00043(-0.0050) 0.00041(-0.0016) 1.1681 1.2370 1.0590

38
33

1.3 1.6

0.00040(-0.0031) 0.00036(-0.0047) 0.00034(-0.0022) 1.1178 1.2048 1.0778
30 0.00041(-0.0027) 0.00037(-0.0046) 0.00034(-0.0019) 1.1278 1.2091 1.0721
27 0.00042(-0.0021) 0.00037(-0.0041) 0.00035(-0.0013) 1.1458 1.2096 1.0557

35
28 0.00042(-0.0023) 0.00037(-0.0042) 0.00035(-0.0015) 1.1411 1.2105 1.0608
27 0.00043(-0.0021) 0.00037(-0.0041) 0.00035(-0.0013) 1.1468 1.2108 1.0559
26 0.00043(-0.0019) 0.00038(-0.0040) 0.00036(-0.0012) 1.1518 1.2108 1.0512

32
26 0.00046(-0.0022) 0.00040(-0.0042) 0.00037(-0.0014) 1.1563 1.2210 1.0559
24 0.00047(-0.0020) 0.00040(-0.0041) 0.00038(-0.0013) 1.1621 1.2209 1.0506
21 0.00047(-0.0020) 0.00041(-0.0040) 0.00039(-0.0012) 1.1642 1.2209 1.0487

30
24 0.00050(-0.0025) 0.00043(-0.0045) 0.00040(-0.0016) 1.1637 1.2343 1.0607
15 0.00050(-0.0025) 0.00043(-0.0045) 0.00041(-0.0016) 1.1658 1.2342 1.0586

38
33

0.8 1.9

0.00037(-0.0023) 0.00033(-0.0041) 0.00031(-0.0016) 1.1172 1.1870 1.0624
30 0.00038(-0.0020) 0.00034(-0.0037) 0.00032(-0.0013) 1.1280 1.1866 1.0520
27 0.00039(-0.0019) 0.00034(-0.0037) 0.00033(-0.0012) 1.1305 1.1862 1.0497

35
28 0.00041(-0.0022) 0.00036(-0.0040) 0.00034(-0.0015) 1.1329 1.1967 1.0563
27 0.00041(-0.0022) 0.00036(-0.0040) 0.00034(-0.0015) 1.1332 1.1967 1.0560
26 0.00041(-0.0022) 0.00036(-0.0040) 0.00034(-0.0015) 1.1334 1.1966 1.0558

32
26 0.00045(-0.0030) 0.00039(-0.0048) 0.00037(-0.0021) 1.1356 1.2186 1.0732
24 0.00045(-0.0030) 0.00039(-0.0047) 0.00037(-0.0021) 1.1356 1.2186 1.0731
21 0.00045(-0.0030) 0.00039(-0.0047) 0.00037(-0.0021) 1.1356 1.2186 1.0731

30
24 0.00048(-0.0035) 0.00042(-0.0052) 0.00038(-0.0025) 1.1427 1.2379 1.0833
15 0.00048(-0.0035) 0.00042(-0.0052) 0.00038(-0.0025) 1.1427 1.2379 1.0833
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Table 5: The MSEs(biases) of the estimators of the entropy

n r k T1 T2 ĤM ĤB ĤH ARE(ĤB ,ĤM ) ARE(ĤH ,ĤM ) ARE(ĤH ,ĤB)

20

18
13

0.8 1.6

0.0162(-0.0011) 0.0114(-0.0105) 0.0117(-0.0245) 1.4184 1.3850 0.9764
11 0.0176(-0.0011) 0.0122(-0.0081) 0.0123(-0.0223) 1.4461 1.4312 0.9897

16
11 0.0187(-0.0011) 0.0128(-0.0101) 0.0130(-0.0244) 1.4621 1.4366 0.9826
8 0.0192(-0.0011) 0.0131(-0.0095) 0.0132(-0.0239) 1.4727 1.4529 0.9856

14
11 0.0203(-0.0011) 0.0136(-0.0151) 0.0141(-0.0301) 1.4950 1.4398 0.9631
6 0.0209(-0.0011) 0.0139(-0.0145) 0.0143(-0.0295) 1.5047 1.4552 0.9671

18
13

1.3 1.6

0.0162(-0.0011) 0.0114(-0.0105) 0.0117(-0.0244) 1.4181 1.3847 0.9765
11 0.0176(-0.0011) 0.0122(-0.0081) 0.0123(-0.0223) 1.4459 1.4310 0.9897

16
11 0.0184(-0.0011) 0.0127(-0.0099) 0.0129(-0.0242) 1.4574 1.4329 0.9832
8 0.0190(-0.0011) 0.0129(-0.0093) 0.0131(-0.0237) 1.4683 1.4494 0.9871

14
11 0.0189(-0.0011) 0.0129(-0.0135) 0.0133(-0.0283) 1.4679 1.4206 0.9677
6 0.0195(-0.0011) 0.0132(-0.0129) 0.0136(-0.0278) 1.4787 1.4372 0.9719

18
13

0.8 1.9

0.0158(-0.0011) 0.0114(-0.0112) 0.0117(-0.0238) 1.3857 1.3521 0.9758
11 0.0159(-0.0011) 0.0115(-0.0110) 0.0118(-0.0237) 1.3882 1.3562 0.9769

16
11 0.0171(-0.0011) 0.0121(-0.0156) 0.0126(-0.0288) 1.4125 1.3563 0.9602
8 0.0172(-0.0011) 0.0121(-0.0156) 0.0126(-0.0288) 1.4127 1.3566 0.9603

14
11 0.0186(-0.0011) 0.0127(-0.0191) 0.0135(-0.0335) 1.4631 1.3821 0.9446
6 0.0186(-0.0011) 0.0127(-0.0191) 0.0135(-0.0335) 1.4633 1.3823 0.9447

40

38
33

0.8 1.6

0.0075(-0.0071) 0.0064(-0.0096) 0.0066(-0.0164) 1.1706 1.1397 0.9736
30 0.0078(-0.0054) 0.0066(-0.0083) 0.0067(-0.0157) 1.1826 1.1565 0.9780
27 0.0082(-0.0022) 0.0068(-0.0058) 0.0069(-0.0135) 1.1975 1.1843 0.9889

35
28 0.0081(-0.0032) 0.0068(-0.0065) 0.0069(-0.0141) 1.1930 1.1755 0.9854
27 0.0082(-0.0023) 0.0069(-0.0058) 0.0069(-0.0135) 1.1978 1.1844 0.9888
26 0.0084(-0.0014) 0.0070(-0.0051) 0.0070(-0.0129) 1.2024 1.1930 0.9922

32
26 0.0087(-0.0024) 0.0072(-0.0059) 0.0073(-0.0137) 1.2055 1.1930 0.9896
24 0.0090(-0.0013) 0.0074(-0.0050) 0.0075(-0.0129) 1.2116 1.2042 0.9939
21 0.0092(-0.0009) 0.0076(-0.0047) 0.0076(-0.0126) 1.2148 1.2095 0.9957

30
24 0.0095(-0.0032) 0.0078(-0.0068) 0.0079(-0.0146) 1.2159 1.2014 0.9881
15 0.0097(-0.0208) 0.0079(-0.0063) 0.0080(-0.0143) 1.2192 1.2070 0.9900

38
33

1.3 1.6

0.0075(-0.0071) 0.0064(-0.0096) 0.0066(-0.0164) 1.1706 1.1397 0.9736
30 0.0078(-0.0054) 0.0066(-0.0083) 0.0067(-0.0157) 1.1826 1.1565 0.9780
27 0.0082(-0.0022) 0.0068(-0.0058) 0.0069(-0.0135) 1.1975 1.1843 0.9889

35
28 0.0081(-0.0032) 0.0068(-0.0065) 0.0069(-0.0141) 1.1930 1.1755 0.9854
27 0.0082(-0.0023) 0.0069(-0.0058) 0.0069(-0.0135) 1.1978 1.1844 0.9888
26 0.0084(-0.0014) 0.0070(-0.0051) 0.0070(-0.0129) 1.2024 1.1930 0.9922

32
26 0.0087(-0.0024) 0.0072(-0.0059) 0.0073(-0.0137) 1.2054 1.1929 0.9896
24 0.0090(-0.0013) 0.0074(-0.0050) 0.0075(-0.0129) 1.2115 1.2041 0.9939
21 0.0092(-0.0009) 0.0076(-0.0047) 0.0076(-0.0126) 1.2147 1.2094 0.9957

30
24 0.0094(-0.0031) 0.0077(-0.0066) 0.0078(-0.0145) 1.2150 1.2008 0.9883
15 0.0096(-0.0027) 0.0079(-0.0062) 0.0080(-0.0142) 1.2183 1.2064 0.9903

38
33

0.8 1.9

0.0071(-0.0043) 0.0061(-0.0070) 0.0062(-0.0137) 1.1658 1.1450 0.9821
30 0.0074(-0.0023) 0.0063(-0.0054) 0.0064(-0.0122) 1.1748 1.1626 0.9896
27 0.0076(-0.0018) 0.0064(-0.0050) 0.0065(-0.0118) 1.1776 1.1676 0.9915

35
28 0.0079(-0.0032) 0.0067(-0.0062) 0.0068(-0.0131) 1.1798 1.1653 0.9877
27 0.0079(-0.0031) 0.0067(-0.0061) 0.0068(-0.0130) 1.1802 1.1660 0.9880
26 0.0079(-0.0031) 0.0067(-0.0061) 0.0068(-0.0130) 1.1804 1.1664 0.9881

32
26 0.0084(-0.0062) 0.0071(-0.0089) 0.0072(-0.0160) 1.1865 1.1607 0.9783
24 0.0084(-0.0062) 0.0071(-0.0089) 0.0072(-0.0160) 1.1866 1.1609 0.9783
21 0.0084(-0.0062) 0.0071(-0.0089) 0.0072(-0.0160) 1.1867 1.1610 0.9784

30
24 0.0087(-0.0079) 0.0073(-0.0104) 0.0075(-0.0179) 1.1952 1.1624 0.9725
15 0.0087(-0.0079) 0.0073(-0.0104) 0.0075(-0.0179) 1.1953 1.1625 0.9726
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Table 6: Coverage probabilities(average lengths of 95% & 90% interval)

n r k T1 T2
95% 90%

CI based on σ̂M CrI HPD CrI CI based on σ̂M CrI HPD CrI

20

18
13

0.8 1.6

0.9444(0.5178) 0.9679(0.4770) 0.9627(0.4666) 0.9029(0.4346) 0.9296(0.3964) 0.9194(0.3878)
11 0.9446(0.5270) 0.9688(0.4834) 0.9634(0.4726) 0.9044(0.4423) 0.9276(0.4016) 0.9210(0.3927)

16
11 0.9380(0.5282) 0.9683(0.4847) 0.9617(0.4738) 0.8981(0.4433) 0.9261(0.4027) 0.9160(0.3937)
8 0.9381(0.5306) 0.9662(0.4862) 0.9621(0.4751) 0.8954(0.4453) 0.9228(0.4039) 0.9133(0.3948)

14
11 0.9373(0.5371) 0.9699(0.4924) 0.9641(0.4810) 0.8942(0.4508) 0.9279(0.4089) 0.9171(0.3995)
6 0.9374(0.5395) 0.9687(0.4941) 0.9639(0.4826) 0.8915(0.4528) 0.9254(0.4103) 0.9149(0.4008)

18
13

1.3 1.6

0.9444(0.5178) 0.9682(0.4768) 0.9623(0.4664) 0.9029(0.4346) 0.9294(0.3963) 0.9189(0.3877)
11 0.9446(0.5270) 0.9687(0.4832) 0.9640(0.4725) 0.9044(0.4423) 0.9279(0.4016) 0.9189(0.3927)

16
11 0.9382(0.5282) 0.9696(0.4846) 0.9626(0.4737) 0.8982(0.4433) 0.9260(0.4026) 0.9153(0.3936)
8 0.9383(0.5306) 0.9677(0.4860) 0.9624(0.4751) 0.8955(0.4453) 0.9244(0.4038) 0.9136(0.3948)

14
11 0.9447(0.5366) 0.9704(0.4917) 0.9656(0.4804) 0.9040(0.4504) 0.9321(0.4084) 0.9256(0.3991)
6 0.9448(0.5390) 0.9691(0.4933) 0.9651(0.4818) 0.9013(0.4524) 0.9302(0.4097) 0.9234(0.4003)

18
13

0.8 1.9

0.9394(0.4858) 0.9656(0.4517) 0.9602(0.4427) 0.8967(0.4077) 0.9224(0.3758) 0.9159(0.3683)
11 0.9388(0.4864) 0.9648(0.4520) 0.9601(0.4430) 0.8964(0.4082) 0.9217(0.3760) 0.9152(0.3686)

16
11 0.9369(0.4953) 0.9663(0.4598) 0.9617(0.4503) 0.8944(0.4157) 0.9245(0.3824) 0.9122(0.3745)
8 0.9369(0.4954) 0.9655(0.4599) 0.9606(0.4504) 0.8944(0.4158) 0.9246(0.3824) 0.9127(0.3746)

14
11 0.9364(0.5209) 0.9676(0.4807) 0.9626(0.4700) 0.8913(0.4372) 0.9290(0.3994) 0.9146(0.3906)
6 0.9364(0.5209) 0.9683(0.4807) 0.9628(0.4701) 0.8913(0.4372) 0.9281(0.3995) 0.9163(0.3906)

40

38
33

0.8 1.6

0.9436(0.3398) 0.9601(0.3277) 0.9535(0.3237) 0.8984(0.2851) 0.9129(0.2738) 0.9058(0.2705)
30 0.9447(0.3542) 0.9607(0.3404) 0.9543(0.3361) 0.9025(0.2973) 0.9152(0.2843) 0.9100(0.2807)
27 0.9446(0.3645) 0.9596(0.3494) 0.9546(0.3448) 0.9034(0.3059) 0.9167(0.2917) 0.9109(0.2879)

35
28 0.9460(0.3619) 0.9596(0.3472) 0.9547(0.3426) 0.9022(0.3037) 0.9156(0.2899) 0.9102(0.2861)
27 0.9449(0.3645) 0.9593(0.3495) 0.9550(0.3448) 0.9034(0.3059) 0.9167(0.2918) 0.9124(0.2879)
26 0.9461(0.3665) 0.9600(0.3512) 0.9554(0.3465) 0.9025(0.3076) 0.9171(0.2932) 0.9107(0.2893)

32
26 0.9435(0.3669) 0.9565(0.3516) 0.9534(0.3469) 0.8964(0.3080) 0.9132(0.2935) 0.9056(0.2896)
24 0.9430(0.3691) 0.9570(0.3534) 0.9529(0.3487) 0.8975(0.3098) 0.9125(0.2950) 0.9078(0.2911)
21 0.9427(0.3699) 0.9559(0.3541) 0.9527(0.3493) 0.8958(0.3104) 0.9104(0.2956) 0.9038(0.2916)

30
24 0.9393(0.3709) 0.9562(0.3551) 0.9518(0.3502) 0.8927(0.3113) 0.9094(0.2964) 0.9032(0.2924)
15 0.9390(0.3717) 0.9553(0.3558) 0.9511(0.3509) 0.8910(0.3119) 0.9079(0.2969) 0.9006(0.2929)

38
33

1.3 1.6

0.9436(0.3398) 0.9602(0.3277) 0.9554(0.3237) 0.8984(0.2851) 0.9133(0.2737) 0.9064(0.2705)
30 0.9447(0.3542) 0.9607(0.3404) 0.9543(0.3361) 0.9025(0.2973) 0.9152(0.2843) 0.9100(0.2807)
27 0.9446(0.3645) 0.9597(0.3494) 0.9554(0.3447) 0.9034(0.3059) 0.9174(0.2917) 0.9099(0.2879)

35
28 0.9460(0.3619) 0.9595(0.3471) 0.9557(0.3426) 0.9022(0.3037) 0.9153(0.2898) 0.9090(0.2861)
27 0.9449(0.3645) 0.9595(0.3494) 0.9552(0.3448) 0.9034(0.3059) 0.9174(0.2917) 0.9097(0.2879)
26 0.9461(0.3665) 0.9596(0.3511) 0.9564(0.3464) 0.9025(0.3076) 0.9170(0.2931) 0.9102(0.2893)

32
26 0.9435(0.3669) 0.9570(0.3515) 0.9523(0.3468) 0.8964(0.3079) 0.9132(0.2935) 0.9066(0.2896)
24 0.9430(0.3691) 0.9571(0.3534) 0.9525(0.3486) 0.8975(0.3098) 0.9124(0.2950) 0.9075(0.2911)
21 0.9427(0.3699) 0.9556(0.3540) 0.9519(0.3492) 0.8958(0.3104) 0.9108(0.2955) 0.9058(0.2915)

30
24 0.9392(0.3709) 0.9580(0.3551) 0.9524(0.3502) 0.8927(0.3112) 0.9100(0.2963) 0.9027(0.2923)
15 0.9390(0.3717) 0.9553(0.3556) 0.9506(0.3508) 0.8910(0.3119) 0.9076(0.2969) 0.9014(0.2928)

38
33

0.8 1.9

0.9471(0.3359) 0.9605(0.3241) 0.9553(0.3202) 0.9007(0.2819) 0.9142(0.2708) 0.9085(0.2676)
30 0.9473(0.3405) 0.9594(0.3281) 0.9560(0.3241) 0.8992(0.2858) 0.9133(0.2741) 0.9080(0.2708)
27 0.9476(0.3413) 0.9584(0.3289) 0.9555(0.3249) 0.8984(0.2865) 0.9121(0.2748) 0.9069(0.2715)

35
28 0.9454(0.3420) 0.9568(0.3295) 0.9544(0.3255) 0.8956(0.2870) 0.9092(0.2753) 0.9051(0.2719)
27 0.9450(0.3421) 0.9561(0.3296) 0.9539(0.3256) 0.8955(0.2871) 0.9092(0.2753) 0.9032(0.2720)
26 0.9448(0.3422) 0.9560(0.3297) 0.9526(0.3256) 0.8955(0.2872) 0.9097(0.2754) 0.9040(0.2721)

32
26 0.9419(0.3484) 0.9557(0.3354) 0.9525(0.3311) 0.8928(0.2924) 0.9078(0.2801) 0.9024(0.2766)
24 0.9419(0.3484) 0.9559(0.3354) 0.9521(0.3311) 0.8928(0.2924) 0.9078(0.2801) 0.9042(0.2766)
21 0.9419(0.3484) 0.9563(0.3354) 0.9515(0.3312) 0.8928(0.2924) 0.9074(0.2801) 0.9041(0.2767)

30
24 0.9388(0.3572) 0.9564(0.3433) 0.9515(0.3388) 0.8908(0.2998) 0.9052(0.2866) 0.8999(0.2829)
15 0.9388(0.3572) 0.9563(0.3434) 0.9512(0.3389) 0.8908(0.2998) 0.9061(0.2867) 0.8999(0.2830)
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The Bayes estimators has better performance than MLE. Especially, the estimator R̂H is
more efficient than the estimator R̂B for reliability function in the ARE and the estimator
ĤB is more efficient than the estimator ĤH for entropy in the ARE.

In this paper, we developed the estimation method for the reliability function and entropy
based on the complete sample because the estimators of the reliability function and the entropy
are not easily obtained under unified hybrid censoring scheme. To obtain the estimators of
reliability function and entropy under unified hybrid censoring scheme, we need more study.
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