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Abstract

This article deals with the problem of testing for two normal sub-mean vectors when
the data set have two-step monotone missing observations. Under the assumptions that
the population covariance matrices are equal, we obtain the likelihood ratio test (LRT)
statistic. Furthermore, an asymptotic expansion for the null distribution of the LRT
statistic is derived under the two-step monotone missing data by the perturbation method.
Using the result, we propose two improved statistics with good chi-squared approximation.
One is the modified LRT statistic by Bartlett correction, and the other is the modified
LRT statistic using the modification coefficient by linear interpolation. The accuracy of
the approximations are investigated by using a Monte Carlo simulation. The proposed
methods are illustrated using an example.

Keywords: asymptotic expansion, bias correction, likelihood ratio test, maximum likelihood
estimator, missing data, modified likelihood ratio test, Monte Carlo simulation, stochastic
expansion.

1. Introduction

Standard statistical methods have been developed for analyzing complete rectangular data
sets; however, incomplete data sets are often encountered. In this study, we consider the
problem of testing for two normal mean vectors on a subvector when the data set has two-
step monotone missing observations. The two-step monotone missing data can be written as
below:
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where “*” indicates a missing observation. That is, we have complete data for Nl(l) observations

with p dimensions and incomplete data for Nz(i) observations with p; + ps dimensions, where

NG — Nl(i) + NQ(i), 7 is the population number.

Many statistical methods have been developed for analyzing data with missing observations
(see, e.g., Anderson (1957); Anderson and Olkin (1985); Bhargava (1962); Jinadasa and
Tracy (1992); Little and Rubin (1986); Shutoh, Kusumi, Morinaga, Yamada, and Seo (2010);
Srivastava and Carter (1986); Yu, Krishnamoorthy, and Pannala (2006). As a previous study
closely related to this study, Kanda and Fujikoshi (1998) discussed the distribution of the
maximum likelihood estimators (MLEs) for two-step, three-step, and general k-step monotone
missing data. For a two-step monotone missing pattern, Seko, Kawasaki, and Seo (2011)
derived Hotelling’s T? type statistic and the likelihood ratio test (LRT) statistic for testing
two normal mean vectors and their approximate upper percentiles, and Kawasaki and Seo
(2016a) derived the stochastic expansion of Hotelling’s T? type statistic for a large sample
with a one-sample problem. Kawasaki, Shutoh, and Seo (2018) discussed the asymptotic
distribution of T2 type statistic with two-step monotone missing data under a large-sample
asymptotic framework.

Recently, a test for sub-mean vectors with two-step monotone missing data under a one-
sample problem was discussed by Kawasaki and Seo (2016b). They derived the likelihood
ratio (LR) criterion for testing the (p2 + p3)-mean vector under the given mean vector of
p1-dimensions. Subsequently, they proposed an approximation of the upper percentile of the
LRT statistic using linear interpolation based on Rao’s U statistic for complete data sets.
Naito T (2018) gave the T2 type test statistic and simultaneous confidence intervals using the
approximate upper percentiles of the T2 type test statistic in one- and two-sample problems
with tests for sub-mean vectors. Further, they considered simultaneous confidence intervals
for pairwise multiple comparisons using Bonferroni’s approximation in the k-sample problem.
In this article, we extend the results of a one-sample problem given by Kawasaki and Seo
(2016b) to a two-sample problem. In addition, a modified LRT statistic is given using the
asymptotic expansion of the null distribution of the obtained LRT statistic. Moreover, we
propose a modified LRT statistic using a modified coefficient by linear interpolation. These
studies still have problems extending to k-step monotone missing data, although these are
very complicated. In this article, we will first discuss in two-step monotone missing data.

The rest of the article is organized as follows. In Section 2, we review the test for a subvector
based on non-missing data when the first p; dimensions of the mean vector u(i) are equal.
Then, we describe the definition and some notations and derive the MLEs and the LRT
statistic for two-step monotone missing data. In Section 3, an asymptotic expansion and its
distribution of the LRT statistic are derived, and we provide two modified LRT statistics. The
accuracy of the approximate solutions is investigated by Monte Carlo simulation in Section
4. The results of Section 3 are illustrated using a numerical example in Section 5. Finally,
Section 6 concludes this article. The proof of a result is completed in the appendix.
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2. The LRT statistic

2.1. Non-missing data case

In this section, we discuss the tests on subvector in two-sample case with non-missing data.
Let ygl),yé), .. ,yg\?@.) be distributed as N,(p (@), %3), where p() = (ugl),ug), .. ,ul(f))’, Y are

unknown, and i = 1,2. Then, u® = (u; (@’ pg) )/, where ugi) = (ugi),ug),...,ugl))’ and

ug) = (uj(oil) 115 /‘1(7? 2 ,,u;g)) pr<p<N (Z). The sample mean vectors and two matrices of
sums of squares are defined as
N 1
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where Wiy @ pr X pg and By : pr X py, respectively. Then for testing
Ho: pd) = ) given pf") = ) vs. Hy - pl) # ) given ptV = pf?, (1)

the likelihood ratio A is given by

N
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where W22.1 = W22 - WQlWﬁ1W127BQQ'1 = BQQ — BnggilBlg. Under the null hypothesis
n (1), the LRT statistic —2log A is asymptotically distributed as y? with p — p; degrees of
freedom when N — oo, i = 1,2. The problems treated in this article concern making the
modified LRT statistic based on the two-step monotone missing data.

2.2. Setting and problem

This section describes the missing data treated in this paper and the hypothesis testing
problems to consider. Let x (Z) zL'( )(l) be the multivariate normal N,(u® %), and let
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be the multivariate normal NP1+P2(“§1)2) Y(12)12)) for i = 1,2, and

We partition the p-dimensional vector $§z2 j=1,...,N 1( as w( )_ (ilfgl]): mgj), a::(;j)) (x 211)2)3’ zc:(;]))

where :c%), :c%), and :r:gj) are p1 X 1, po X 1, and p3 X 1 vectors, respectively. Similarly, we

partition the (p; + p2)-dimensional vector azg.i),j = Nl(i) +1,...,NO a5 mgi) = (:1:5? ,wg]) ).

That is, we have complete data for Nl(i) mutually independent observations with p-dimensions,
and incomplete data for NQ(Z) mutually independent observations with (p; + p2)-dimensions,
where NQ(Z) =NO N]F’L)a P =p1+p2+Dps.

Now, we consider the hypothesis

Hy : El)) “2223) given ,ug ) = ,ugz) vs. Hy : “82’, # “g)g) given ugl) = u?)’ (2)
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22)3) (ug) , ,ug),)’ . The situation when a component of g may be known is not rare.
In some situations, partial information concerning the population means may be available.
Srivastava (2002) introduced the motivation of this study for non-missing data with numerical
example. Eaton and Kariya (1975) derived tests for the independence of two normally dis-
tributed subvectors when an additional random sample is available. Provost (1990) obtained
explicit expressions when the MLEs of all parameters of the multi-normal random vector are
given and the LRT statistic for testing the independence between subvectors is obtained. We
discuss the problem of hypothesis (2) for data sets with two-step monotone missing observa-
tions in the two-sample case. In this section, we derive the MLEs of u(i) and X, and the MLE
of u(= pM = u®) and ¥ under Hy. Using these MLEs, we propose the LRT statistic.

where p

2.3. MLEs and the LRT statistic

In this section, we consider the LRT statistic for (2). To derive the LRT statistic, we first
consider the MLEs under the null hypothesis. Let the MLEs of u( and ¥ be denoted by
ﬁ(i) and f], respectively, and be partitioned in the same manner as ,u,(i) and ¥ (i =1,2). We
assume that the observation vectors are distributed as Np(u("), ¥) and Nl(i) > p, which is a
necessary and sufficient condition for the existence and uniqueness of the MLEs of p( and

Y. That is, the likelihood function is given by
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We define the sample mean vectors and unbiased sample covariance matrices as
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and we define
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where N} = N+ NP Ny = NV + N NO = NV 4 NP N@ = NP 4+ NP and
N =NW 4+ N® = N; + N,. Using the likelihood equations, we can obtain the MLEs.

We estimate the unknown parameters (u), u(?), %) by
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respectively.

On the contrary, under Hy, the MLEs of p(= p® = u(?) and ¥ are given by

fi = ( F(12) > _ ( N _ Tr(12) >
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respectively. From the above MLEs, the LRT statistic is given by —2log A, where
=\ —N1/2 S —Na/2
by by
\ o (U) <|A(12)(12)|> _ 3)
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3. Two approximate solutions

In this section, we propose two approximate modified LRT statistics. Under Hy, —2log A
is asymptotically distributed as a x? distribution with ps + p3 degrees of freedom when
Nl(i), NG — o0 with Nl(i)/N — (0,1). However, the chi-square approximation is very simple,
but this approximation is not good when the sample size is not large. Therefore, we pro-
pose two correction coefficient to the LRT statistic and improve the approximation to the y?
distribution. For general theory of modified likelihood ratio statistics, see Muirhead (1982).

3.1. Modified LRT statistic

First, we consider the asymptotic expansion of the LRT statistic, —2log A\, when

N :
o) = == (0,1), N~ o0, ij = 1,2,

In our derivations, we consider the stochastic expansions of f, X, &, and ¥ in terms of
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We note that the stochastic expansions are derived under p() = u(® =0 and ¥ = I,. From
the above conditions, we have the following theorem.
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Theorem 1. An asymptotic expansion of the distribution of the likelihood ratio test statistic,
—2log A\, can be presented as

+ c _
Pr(—2108 A < ) = Gpyigy(2) + P2 PG o o(a) — Gy () + 0N,

where G¢(x) is the distribution function of the x* distribution with f degrees of freedom,

! {1 (2p1 + +4)+1 (p+3) L ( +2)}
CcC = —_ o — .
P2+ D3 2292 P1 T P2 5 p3(p B 51?3 p3
Proof. See the Appendix. O

Using an asymptotic expansion of the null distribution of —2log A, the Bartlett correction
coefficient of the LRT statistic is given by p = 1 — ¢/N. Then, we can derive the modified
LRT statistic, —2plog A, and

Pr(=2plog A < 2) = Gpyipy () + O(N72)7

where p =1—¢/N.

3.2. Modified statistic *

The modified LRT statistic, —2plog A, given in Section 3.1, is a theoretical result; however,
the equation is slightly complicated. In addition, although we will investigate this in detail in
Section 4, the approximation is not always accurate. In this section, we propose an approx-
imate solution of the upper percentiles, which is simpler approximate for the modified LRT
statistic.

The coefficient of the modified LRT statistics for non-missing data is obtained by substituting
ps = 0 and py = ps + ps for the coeflicient ¢ given in section 3.1. If we denote the coefficients
of the modified LRT statistic in the case of non-missing data cases N and N; by py and
PN, , respectively, then it may be noted that p* is between py and ppn,, where p* is the
coeflicient of the modified LRT statistic —2p* log A. From the linear interpolation, we propose
an approximation to the modified LRT statistic n the case of two-step monotone missing data.
Then, we can obtain an approximate modified LRT statistic with two-step monotone missing
data

Q" = —2p"log A,

where

_ptpit4 (1_1031\72)

% Ps3
— i _ — 1
p*=pn + —(ox — pny) = 2N, N

Next section, we compare the accuracy of two modified LRT statistics proposed in this section
by simulation.

4. Simulation study

We computed the upper 100« percentiles of the LRT statistic and two modified LRT statis-
tics by Monte Carlo simulation (10° runs) for o = 0.1,0.05,0.01 and various conditions of
(p1,p2,p3) and (Nl(i), 2(1))(@ = 1,2). In particular, we evaluated the asymptotic behavior of
the x2 approximations and accuracy of the modified upper percentiles of —2log X. For con-
venience, we prepared data sets that had equal sample sizes in all simulations. The sample

sizes of the missing samples were set according to the following three cases:

o (10, 10), (15, 15), (20, 20), (40, 40), (200, 200),
(ND Ny =2 (5,10, (10,20), (20, 40), (40, 80),
(10,5), (20, 10), (40, 20), (80, 40),
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and the dimensions were set according to the following four cases:

(plap27p3) = (25 25 2)7 (27 274)a (4) 2) 2)5 (47474)

We simulated the upper 100« percentiles of the LRT statistic (—2log A) and modified LRT
statistics (—2plog A and @*), and the actual type I error rates for the upper percentiles of
—2log A and —2plog A, as well as Q* are given by

a, = Pr{—2log\ > x§2+p37a},
aML == Pr{*2p10g>\ > X}2)2+p3,0é}’
ag = Pr{Q* > X§2+p37a},

respectively.

From tables, it is seen that the simulated values approach closer to the upper percentiles of

the x? distribution when both the sample sizes Nl(i) and Ng(i) become large. In this article,

(Nl(i), NQ(i)) = (200, 200) is listed as a representative example of a large sample size, hence
it was confirmed that the same tendency was observed in other cases. It may be also that
the upper percentiles of the two modified LRT statistic shows better results in all cases.
It appears from the simulated results that the upper percentiles of —2log A and —2plog A
monotonically approach x2, but the upper percentile of Q* does not. While —2plog A is
obtained by asymptotic expansion, it is presumed that Q* is not monotonic because the ratio
of pn, and py forming p* depends on the relationship between p and p3. In addition to the
ones listed in this article, we are conducting simulations in various cases, and we will also
consider their trends. The results for actual type I error rates also show that —2plog A is
a good approximation for small ps/p values, and Q* is a good approximation for large ps/p
values. Note that the case where the value of p3/p is small refers to (p1,p2,p3) = (2,2,4), and
in the other cases (2,4,4) and (4,4,8), the same tendency is observed. Cases with large values
of ps/p were (p1,p2,p3) = (2,2,2), (4,2,2), and (4,4,4), and the same tendency was confirmed
at (8,2,2) and (8,4,4) as well.

The following Figures show the distribution of the LRT statistics, modified the LRT statistics,
—2plog A\, and x? distribution as an asymptotic distribution. The blue histogram represents
the LRT statistic, the pink histogram represents modified LRT statistic, and the red solid line
represents 2 distribution. Figures 1 to 4 show the behavior of the distribution of statistics
when the dimension is (p1,p2,p3) = (2,2,2) and the sample size are moved. From these
figures, we can see that the accuracy of the modified LRT statistic correction is good even
when the sample sizes are small. Figures 5 and 6 show the case where the dimensions are
varied and the sample sizes are (Nl(i), NQ(i)) = (5,5), i = 1,2. As shown in Figures 1 and 5,
when the dimension of the missing part increases, the approximation to the x? distribution
becomes worse; however, the modified LRT statistic shows better approximation accuracy
than the LRT statistic.



96 Modified Likelihood Ratio Test with T'wo-step Monotone Missing Data

Table 1: Upper percentiles and type I errors (o = 0.1)

Nl(i) Nz(i) —2log A (ar) —2plog A (amL) Q*
(pr,p2,p3) = (2,2,2) 10 10 1046 (0214) 798  (0.108) 785 (
20 20 8.89 (0.146 ) 7.83 (0.102) 778 (
40 40 828  (0.120) 779 (0.100) 776 (
200 200 7.87  (0.104) 777 (0.100) 777 (
5 10 1828 (0464) 1036 (0.197) 975 (
10 20 1027  (0.205) 804  (0.110) 787 (
20 40 880 (0.142) 7.8  (0103) 777 (
40 80 824  (0119) 779 (0.101) 776 (
10 5 1067 (0224) 792  (0.105) 783 (
20 10 8.95 (0.149) 7.79 (0.101) 7.7 (
40 20 832  (0123) 778 (0.100) 777 (
80 40 805 (0.110) 779 (0.100) T.78 (
(pr,p2,p3) = (2,2,4) 10 10  16.06 (0311) 1111  (0.116) 11.84 (
20 20 1267 (0176) 1072 (0.103) 11.01 (
40 40 1156 (0.133)  10.66  (0.101) 10.80 (
200 200 10.81 ( 0.106 ) 10.65 (0.100 ) 10.67 (
5 10  56.67 (0.844) 2330 (0450) 3022 (
10 20 1592 (0.304) 11.23  (0.120) 1220 (
20 40 1259 (0.173) 1074 (0.103) 1112 (
40 80 1150 (0.131) 1065  (0.100) 10.83 (
10 5 1625 (0318) 11.02 (0.113) 1151 (
20 10 1276 (0.180) 1071 (0.102) 10.90 (
40 20 1157 (0.133) 1064  (0.100) 1073 (
80 40 1110 (0.166)  10.65  (0.100) 10.70 (
(p1.p2.p3) = (4,2,2) 10 10 1185 (0272) 815  (0.115) 771 (
20 20 930 (0164) 7.84  (0103) 767 (
40 40 846  (0.128) 780  (0.101) 772
200 200 7.90 (0.105) 777 (0.100) 776 (
5 10 4887 (0.771) 2118  (0.468) 1629 (
10 20 1158 (0259) 830  (0.121) 772
20 40 9.17 (0.158) 7.87 (0.104) 764 (
40 80 839  (0125) 779 (0.101) 7.69 (
10 5 1221 (0288) 804 (0.110) 773 (
20 10 943  (0170) 7.8  (0101) 771 (
40 20 852  (0130) 779 (0.100) 774 (
80 40 812  (0114) 777 (0100) 775 (
(pr,p2,p3) = (4,4,4) 10 10 2589 (0517) 1553  (0.169) 1510 (
20 20 17.01 (0.231) 13.61 (0.108) 13.46 (
40 40 1491 (0.152) 1342 (0.102) 1336 (
200 200 13.63 (0.108 ) 13.36 (0.100) 13.35 (

5 10 - (-) - (-) -
10 20 25.32 (0.497) 16.04 (0.185) 1547 (
20 40 16.77 (0.221) 13.69 (0.110) 13.51 (
40 80 14.79 (0.148) 13.44 (0.102) 1335 (
10 5 2653 (0542) 1504 (0.153) 1474 (
20 10 17.30 (0.242) 13.55 (0.106 ) 13.45 (
40 20 1503  (0.157) 1340  (0.101) 13.36 (
80 40 1413  (0.125) 1337  (0.100) 1335 (

3
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Table 2: Upper percentiles and type I errors (o = 0.05)

Nl(i) Nz(i) —2log A (ar) —2plog A (o) Q*
(pr.p2.ps) = (2,2,2) 10 10 1279 (0.132) 975  (0.056) 9.59
20 20 1082 (0.081) 954  (0.051) 9.48
40 40 1010 (0.063) 950  (0.050) 9.47
200 200 9.60 (0.052) 9.49 (0.050) 9.48
5 10 22.94 (0.365 ) 13.00 (0.126 ) 12.23
10 20 1257  (0.126)  9.85  (0.058) 9.64
20 40 1071 (0.078) 955  (0.051) 9.46
40 80 10.04 (0.062) 9.50 (0.050) 9.46
10 5  13.07 (0.140) 969  (0054) 9.8
20 10 10.93 (0.083) 9.52 (0.061) 947
40 20 1015  (0.064) 949  (0.050) 9.48
80 40 9.80 (0.057) 9.48 (0.050) 9.48
(pr,pa.p3) = (2,2,4) 10 10 1907 (0211) 1319  (0.061) 14.07
20 20 1500 (0.102) 1269  (0.052) 13.03
40 40 13.67 (0.072) 12.62 (0.050) 1277
200 200 12.80 (0.054 ) 12.60 (0.050) 12.63
5 10 70.66 (0.790) 29.05 (0.360 ) 37.68
10 20 18.91 (10.206 ) 13.34 (0.064) 14.49
20 40 14.93 (0.100) 12.73 (0.053) 13.19
40 80 13.60 (0.070) 12.60 (0.050) 12.81
10 5 1028 (0218) 13.07 (0.059) 13.65
20 10 15.10 (0.105) 12.67 (0.051) 12.90
40 20 13.69 (0.072) 12.59 (0.050) 12.70
80 40 13.13 ( 0.060 ) 12.60 (0.050) 12.65
(p1,p2.p3) = (4,2,2) 10 10 1424 (0.170) 1020  (0.065) 9.49
20 20 11.34 (0.094) 9.57 (0.052) 9.36
40 40 10.31 (0.068 ) 9.51 (0.050) 941
200 200 9.63 (0.053) 9.48 (0.050) 9.46
5 10 62.68 (0.711) 27.16 (0.384) 20.89
10 20 14.24 (0.170) 10.21 (0.065) 9.50
20 40 1120  (0.090) 961  (0.053) 9.33
40 80 1025 (0.067) 952  (0.051) 9.39
10 5 14.92 (0.193) 9.83 (0.067) 947
20 10 1151  (0.098) 954  (0.051) 9.40
40 20 10.38 (0.070) 9.49 (0.050) 9.44
80 40 990  (0.059) 948  (0.050) 9.45
(pr,p2.p3) = (4,4,4) 10 10 3041 (0407) 1825  (0.101) 17.74
20 20 1977 (0.143) 1582  (0.055) 15.65
40 40 17.34 (0.085) 15.61 (0.052) 15.53
200 200 15.82 ( 0.055 ) 15.51 (0.050) 15.49

5 10 - (-) - (-) -
10 20 2085 (0.387) 1890  (0.113) 18.24
20 40 19.51 (0.136 ) 15.93 (0.057 ) 15.71
40 80 17.17 (0.082) 15.60 (0.052) 15.50
10 5 3107 (0431) 17.61  (0.088) 17.26
20 10 20.09 (0.152) 15.74 (0.064) 15.63
40 20 17.46 (0.087) 15.57 (0.051) 15.52
80 40 16.39 ( 0.066 ) 15.50 (0.050) 15.48

1

Note : Xio‘os, =9.49, X%,o.os = 12.59, x%}o.og) =
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Table 3: Upper percentiles and type I errors (o = 0.01)

ND NS 2logh () —2plogh (o)  QF

(p1,p2p3) = (2,2,2) 10 10 1803 (0.043) 1375  (0.012) 1353 (
20 20 1518 (0.020) 1338  (0.010) 1328 (

40 40 1413 (0.014) 1329  (0.010) 1327 (

200 200 1343  (0.011) 1327  (0.010) 1326 (

5 10 3354 (0210) 1901  (0.046) 17.89 (

10 20 1775 (0.040) 1390  (0.013) 1361 (

20 40  15.04 (0.019) 1341  (0.011) 1328 (

40 80 1406 (0.014) 1329  (0.010) 1324 (

10 5 1835 (0.047) 1361 (0011) 1345 (

20 10 1534  (0.021) 1336  (0.010) 1329 (

40 20 1422 (0.015) 1330  (0.010) 1327 (

80 40  13.72  (0.012) 1327  (0.010) 1326 (

(p1,p2p3) = (2,2,4) 10 10 2571 (0.084) 1778  (0.014) 1896 (
20 20 2011 (0.029) 1701  (0.011) 1747 (

40 40 1823 (0.017) 16.82  (0.010) 17.03 (

200 200 17.06 (0.011) 1680  (0.010) 1684 (

5 10  102.82 (0.672) 4227  (0218) 5484 (

10 20 2549  (0.082) 17.99  (0.015) 1954 (

20 40  19.96 (0.028)  17.02  (0.011) 17.63 (

40 80 1820 (0.016) 16.86  (0.010) 17.14 (

10 5 2596 (0.08) 1759  (0.013) 1838 (

20 10 2021 (0.030) 1695  (0.011) 1726 (

40 20 1833  (0.017) 1686  (0.010) 17.00 (

80 40 1752 (0.013) 1682  (0.010) 1688 (

(p1,p2p3) = (4,2,2) 10 10 2060 (0.070) 1416 (0.014) 1339 (
20 20 1594 (0.026) 1345  (0.011) 13.15 (

40 40 1444  (0.016) 1331  (0.010) 13.18 (

200 200 1348  (0.011) 1327  (0.010) 13.25 (

5 10 9470 (0.590) 41.04  (0.248) 3157 (

10 20 2024 (0.064) 1451  (0.016) 1350 (

20 40 1572 (0.024) 1349  (0.011) 1310 (

40 80 1437 (0.015) 1336 (0.010) 13.18 (

10 5  21.06 (0.076) 1386 (0013) 1333 (

20 10 1613 (0.027) 1338  (0.010) 1317 (

40 20 1452 (0.016) 1328  (0.010) 1323 (

80 40  13.87 (0.013) 1327  (0.010) 1323 (

(p1,p2,p3) = (4,4,4) 10 10 4043 (0.228) 2426  (0.031) 2359 (
20 20 2573 (0.046) 2058  (0.012) 2037 (

40 40 2248  (0.021) 2023  (0.011) 2014 (

200 200 2046 (0.011) 2005 (0.010) 2003 (

5 10 - (-) - (-) -

10 20 39.89 25.27 24.38
20 40 2541 20.75 20.47
40 80 2226 20.22 20.09

20 10 26.15 20.49 20.34
40 20 22.61 20.16 20.10

( ) ( ) (
( ) ( ) (
( ) ( ) (
10 5 4110 (0246) 2329  (0.025) 2283 (
( ) ( ) (
( ) ( ) (
80 40  21.26 ) 2011 ( ) 20.08 (

Note : XiO.Ol = 13.28, X%‘,0.0l = 16.81, Xg’o'm = 20.09
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Figure 5: (p1,p2,p3) = (2,2,4)
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5. Numerical example

We illustrate the results of this study using an example given in Wei and Lachin (1984). This
data consist of serum cholesterol values that were measured under treatment at five different
time points, baseline and months 6, 12, 20, and 24 in the placebo and high dose groups. The
original data consists of 31 and 36 complete data and 17 and 29 missing data, respectively. In
this article, we selected 8 observations randomly for complete data from each groups. And we
use 4 observations which the data for the 24th month was not observed from the missing data
of the two groups to create two-step monotone missing data. In this example, the first variable
baseline seems to be equal between two groups, so we assume “given” in the hypothesis. Thus,
we have the two-step monotone missing data of Nl(i) = §, NQ(i) =4and py =1,pp =3,p3=1
fori=1,2.

For the above example, we obtained —2logA = 17.46 with a p-value of 0.00036. Since
—2log Ag0.01 = 18.13 from the simulation value, the null hypothesis is not rejected at the
significance level of 0.01. When we use X421,0.01 = 13.28, the null hypothesis is rejected. Thus,
using x? percentile gave an incorrect test result. In contrast, we obtained —2plog A\ = 13.23
(p-value 0.00758) and Q* = 12.36 (p-value 0.01325) from the above example. Since the simu-
lation value are —2plog A4 .01 = 13.74 and Q] o o1 = 12.84, the null hypothesis is not rejected
in either case. When we use Xz21,0.017 the null hypothesis is also not rejected and the test results
are the same as when using simulated values. We also performed 10 times on data obtained
from the same sampling procedure, and confirmed that similar results were obtained.

6. Conclusion

We considered the two-sample problem of testing for sub-mean vectors with two-step mono-
tone missing data. We derived the LRT statistic by deriving MLEs and provided the null
distribution of the LRT statistic. Then, we proposed two modified LRT statistics. In addi-
tion, we showed the upper 100« percentiles of the LRT statistic and modified LRT statistics,
as well as the type I errors, when the null hypothesis was rejected using ng 4p; under their
simulated statistic. In order to explain this result, we verified whether it can be used with
numerical examples. In conclusion, simulation results showed that the modified LRT statistics
provided a better approximation than the LRT statistic in all cases.

As an issue for the future, expansion of the general m population problem can be considered.
In the other hand, k-step monotone missing data, even the discussion on one population
problem remains.
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Appendix

Proof of Theorem 1.

Let the LR criterion A can be written as

1
A= (‘N{(WT22 + Braa) — (Wra1 + Bra1)(Wrin + Brin) " (Wria + Brig)}

1 _
: ‘Nl {(Wrss + Brss) — (Wrs12) + Brs2) (Wraz)a2) + Brazaz)
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(Wra2)s + BF(12)3)}‘/

1
{‘N(WT22 — Wyt Wi, Wria)

— Ny /2
)

1 _
X (’N{(WT22 + Braa) — (Wra1 + Brar) Wri1 + Brin) ™ (Wria + BTlQ)}’ /

)—Ng/?

1 p—
. ‘M(WFSSS — WF3(12)WT(112)(12)WF(12)3)

1 _
‘N (Wrag — Wy Wi, Wri2)

Then, we can write

1
Wrp = (Nl—Z)SF:(Nl—Q) (Ip+N

v
1—2 F)
= (N& —2)I, + /Noy — 2V,

Wr = (N1 —2)Spagaz) + (N2 —2)SL

1 1 1 1 1 1 N .
+W( Ny )z%()u) - \/]WZ(L))(\/F 57() 2) \/EZ(L))/
1 2 2 2 2 D)
v (V25 - VNG NP2E, NPy
= (N =4I+ VN = 2Veaz)az) + VN2 =21
1 1 1 1 1 1 1 N .
+W( NZ( )Z%()l?) B \/]Wz(L))( Nz( )ZEV()H) \/EZ(L))/

1 2) (2 2 (2, [Ar(2 2
ty@ N, )z%()lz)—\/Wz(L))( N )Z%()m) NP 2Py
= (N—4)I,+/N& —2Vp +/Noy — 2V,
p

/
2 @) @) @)
01" (i) 5" ) [0 _@
+§( _\/;ZL> ( ORC FTORE I

1 /
Bp — Nl( )Nl( ) 1 (1) 1 (2) ( 1 Zg) B 1 Zg) ,
N1 /]V1 / / /N1(2)

552

o z;v—lzs?)( e - sl?)
Br = NN]\(72()1)( Nz E1)2)F+ ;! )z(L))(M 12)F+\/EzL
+Z\J/\]]\(71()2)( 8)2F+ N2 (2) F 12F+\/EZL
—%(\/]@ E))F"‘ NV (N @F“‘\/i 2y
- (W Efz)ﬁ@ F (1%) NV
N a;”zz”xﬁ e+ VLY
+§2)<¢5@ i+ VI (o) 4 o=y
2)F+\/» (1) (5(2 g;) 5(2) (2))

/ / 1 D (1
2)F + ZL 21%) 55 )zg:))l-

A ,.\
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N
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Then, A can be expanded as

A= [1+ {\/ZT\/izFJF\/iZgL) \/T\/‘SﬁzzFJf\/iZQL}

1
{ ET22_ET21ET11ET12)}
52 1 n_(1 5 2) (2 2) (2
{ 0D S o) [ 5 4 )
~1
X [1+ N (\/ 5(2 —\/4 { (Er3s _EF3(12)E;(llz)(lg)EF(H)S)}
/ [ _(2\]" =
ZSF 5§ z3F))} 2-

Therefore, —2log A can be described as

oz

1 1 _
—2log A = Q1 + Q2+NQ3+OP(N 1),

VN

where 0; = 5§1) + 53(-2) (1 =1,2),

5(2)
u, = (\/ F2+\/ (1)> \/ ( 5%2)43%—1— (5(2) (2)>,

5(2 st
Uy = 51 172173, Q1= U1U1 + U2U2,

Q2 = —u\(V61Vrae + V02 Vie)ur — ——=ubViszus,
\/E
2 1
Qs = 4uju; + 51U2u2 + 5 —uyVps(12)Via2)ste

+uh (V01 Vrar + V02 Vio1) (Vo1 Ve + V02 Viie)us

2 1 !

1 1
+ul (V61 Viraa + V/02Vi20) us + guévﬁggug (U1U1 7(u2u2)2
2 (4) (i) (1)
) ; 0 ; 0.
Y, 2 @) /% (@) 2 (1)
" ; (\/ FORLE: 5(i)ZL2) (V O )
The characteristic function of —2log A is given as
E[e(210eN)] — E[¢/O {1 gt Q + —( ) N @2+ Op(N )}]
N
—(1— 2it) ®2tps)/2 [1 + (792;;3)6{(1 —9it) ! - 1}] Fo(NY),
where ) 1 .
= 2 4 - —
c p2+p3{2p2( p1+p2 + )+5p3(p+3) %, p3(ps + )}

Therefore, by inverting the characteristic function, the proof of Theorem 1 is complete.
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