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Abstract

Elicitation of prior plays a very important role in Bayesian paradigm especially when dealing
with rare disease problems in medical field. The reason being that we do not get enough data
to draw valid inferences always. Since the subject of study is human population, one cannot do
experiments with their health. The prior distribution supports the final results by some additional
information gained from the experts. In any case if an appropriate expert is not available, we
can use past data to get information about the prior and its hyperparameters. The present paper
provides a technique of elicitation of prior hyperparameters based on a well known multinomial-
Dirichlet model. Since the main focus is on medical data problems, the inferences on odds ratios
and interaction parameters are also provided. Numerical illustration is based on a real dataset
from Israel on patients having ovarian cancer. Although the details have been given in the context
of ovarian cancer patients, the development in the paper is equally well applicable for any such
disease.
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1. Introduction

Bayesian approaches to the analysis of epidemiological data represent a powerful tool for interpreta-
tion of study results and evaluation of hypotheses about exposure-disease relations. Definitely prior
distributions have a major role in Bayesian inference and one has to be very careful while choosing
them. A small error in the choice of prior may result into misleading inferences. There are various
types of priors suggested in the literature, say, for example, Jefferys’ prior, reference prior, conjugate
prior, uniform prior, etc. In true sense, the spirit of Bayesian paradigm lies certainly in the subjective
elicitation of prior that may be approached by the experimenter through her subjective assessment or
expert opinion. The objective is to convert the assessment or the opinion into a probabilistic form. In
most of the cases the expert is unaware of statistical terminologies. As a result, it becomes a difficult
task to extract the information required to draw inferences on a particular hypothesis. Moreover, an
elicitation is considered appropriate if the distribution that is derived accurately represents the expert’s
knowledge regardless of how good that knowledge is. The idea of subjective prior elicitation has been
advocated by a number of researchers (see, for example, O’Hagan (2006)) but not given due emphasis
by most of the applied Bayesian practitioners.

Elicitation or subjective elicitation generally involves two strategies. In one case it may involve elic-
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iting the form of the prior distribution whereas in the other case it may be concerned with eliciting
only the hyperparameters of an assumed form of prior. The situation may also be considered where
one requires the elicitation of both prior distribution and its hyperparameters. This paper focusses on
elicitation of hyperparameters assuming the multinomial-Dirichlet combination considered earlier by
several authors. This may be equivalently considered as specifying the exact member of the Dirichlet
family based on the expert opinion that may be appropriate for the considered situation. Since the
prior distribution does play a crucial role in final inferences, a small ambiguity in expert’s perception
or a small misinterpretation of subjective opinion in converting into an appropriate a priori judge-
ment may result into drastically poor inferences. Keeping this in mind, a number of strategies have
been suggested in the literature for eliciting the hyperparameters of a chosen prior distribution, in
general, and of a conjugate prior distribution, in particular. Staél von Holstein (1971) is perhaps the
first reference where the author suggested a method for assessing the conjugate prior for a Bernoulli
process. His technique for assessing a beta distribution made use of the estimates of median and first
and third quartiles from the experts’ subjective opinion. Kadane, Dickey, Winkler, Smith, and Peters
(1980) presented a method for estimating conjugate priors for a linear regression model. Their method
made use of the multivariate ¢ predictive distribution, which involved the assessment of belief about
measures of central tendency for the regression coefficients as well as an assessment of belief about
variation or covariation and the appropriate value of a degrees-of-freedom parameter. Besides, we
also have an important reference by Winkler, Smith, and Kulkarni (1978) where authors considered
the elicitation of conjugate priors for the linear regression model by using predictive distributions.

Among other significant references, Chaloner and Duncan (1983) presented a method called predictive
modal estimation in the context of assessing beta prior. In their method, the expert first provides an
assessment of the mode of the distribution and then assesses the likelihood of other points along the
distribution relative to the likelihood of the mode. Similarly, Garthwaite and Dickey (1988) examined
the linear regression problem but introduced a technique that was based on the concept of points of
constrained minimum variance. In this technique, certain values of the independent variables are given
to the expert. The expert is then asked to select values for the remaining independent variables so that
his or her uncertainty regarding the dependent variable is minimized. A few fractile assessments are
also required from the expert in this approach to complete the elicitation of the subjective probability
distributions.

Truly speaking, to determine the prior hyperparameters, expert judgement is usually sought on the
quantities that may be easily assessed. The elicited quantities are then equated to their theoretical
expressions in order to solve for the unknown prior hyperparameters. A few such quantities may
include the central tendency measures such as the mean, median, mode, etc. Quantile estimates may
also be sometimes used based on the expert judgement. The problem, however, encountered with most
of these elicited characteristics is that they result in numerically challenging scenarios when equated
with the corresponding theoretical expressions. Dorp and Mazzuchi (2003) is an important reference
that makes use of the quantile estimates for specification of the parameters of the beta distribution
and its multivariate analogue. They have given a detailed accountability of the inherent numerical
intricacies and accordingly provided a few possible solutions based on certain iterative procedures.

This paper considers a problem from genetic epidemiology where it is supposed that disease in a hu-
man population occurs sometimes due to one’s physical structure inherited by birth and sometimes
due to outer environmental components that become part of individual’s everyday life. Subtle differ-
ences in genetic factors also cause people to respond differently to the same environmental exposure.
The complex interaction between an individual’s genetic composition and environmental agents is
the cause for almost all the diseases. Although the interaction of genes and environment are often
discussed in the context of disease or negative traits, the impact of their interaction can be protective,
neutral, or even harmful.

Mukherjee and Chatterjee (2008), Mukherjee, Ahn, Gruber, Ghosh, and Chatterjee (2010) and Gupta
and Upadhyay (2014) are some recent references in this area where the authors have considered gene-
environment association problems and obtained inferences on odds ratios and various interaction pa-
rameters. The current work provides a complete Bayes analysis of the same problem considering a
multinomial-Dirichlet modelling assumption. It mainly focusses on the elicitation of Dirichlet prior
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hyperparameters by the method given by Dorp and Mazzuchi (2003). As we do not have expert knowl-
edge on the specific application discussed in this paper, we presume that this information is available
from other sources. It is important to mention here that the objective of the present paper is to for-
malize the procedure presuming as if we have the expert opinion though in actual implementation
we never got an expert who could be examined for her opinion. As such, we rely on an alternative
strategy based on the past data or on a small subset of the given data to derive the expert opinion on
the quartiles that are subsequently used in the elicitation of prior hyperparameters. There is no claim
made here that our procedure is perfect. We believe, however, that our development can serve as the
beginning of a new research where prior is given due consideration in the light of expert’s opinion to
get an appropriate conclusion.

The plan of the paper is as follows. Section 2 discusses the formulation of the model for the problem
under consideration with a focus on our main objective, the subjective elicitation of prior. The com-
plete method is described in subsection 2.1. Based on the method discussed in this subsection, the
numerical illustration is provided in Section 3. Here we consider an ovarian cancer dataset on Israeli
women and accordingly draw the relevant inferences. We also provide the same study on reduced
dataset and the results are presented in subsection 3.1. Finally, a brief conclusion is given at the end.

2. Model formulation

At the outset let us consider a specific epidemiological problem that involves case-control scenario in
the structure of 2 x 2 x (I + 1). This structure is relevant where there are exactly three categorizations
with each of the first two categorizations, F and F5, having two levels and the third categorization,
F3, having (I + 1) levels. We may refer, for instance, the two levels of Fy, thatis, F» = 0 and F» = 1
as controls and cases, respectively. The complete structure consisting of n(= ng + n1) observations
can be classified as in Table 1 in the form of different cell counts. We have used the notation r;;, to
represent the count of individual cell where both 7 and j correspond to F7 and F5, respectively, and k
corresponds to the third categorization, F3. Obviously, both ¢ and j are binary variables taking values
either O or 1 whereas the variable k is a polytomous variable that may take values 0, 1, ..., [.

Table 1: Classification of a case-control scenario in 2 x 2 x (I + 1) structure

Fi =0 Fi=1 Total
F3=0|F3=1|..|F3=1|F3=0|F3=1|..| F35=1
Fo =01 7000 7001 | - | To0l 7100 T101 | - | T100 no
Fy =11 7010 ro1r | - | Tou 7110 11 | e | T1U ny

The structure given in Table 1 can be very well represented by two multinomial distributions with rg ~
multinomial (ng, pg) and r1 ~ multinomial (nq, p1) where ro = (7000, ---, T001; 7100 -+, T101)> PO =
(P000; -5 P01, 100 -+, P101)> T1 = (7010, -+ 7011, 71105 -+, T117) A0 P1 = (D010, -+, P02, P1105 -5 P111)-
It may be noted that we have considered two multinomial distributions, one corresponding to con-
trols (F5 = 0) and the other corresponding to cases (F» = 1). Moreover, the components of
po and p; are the corresponding cell probabilities given by p;jr = rijx/n; where Xryjr = nj,
1=20,1;7 =0,1;k = 0,1, ..., 1. The likelihood functions based on the above two configurations for
controls and cases can be written as

L(pj) o pojo"°...poj" " prjo 0 ..p1i" ", j = 0, 1. )

Let us now consider separate Dirichlet priors for the cell probabilities p; = (pojo, ---, Pojis P10,
..yp1j1) for j =0,1as

95(Pjlaz) o pojo° ot pr ™0 py ™t = 0,1, 2

where a; = (agjo, .-, aoji, @150---, @151), j = 0, 1, are the hyperparameters. The corresponding poste-
riors up to proportionality can be written as

e rojotaojo—1  rojitaoyi—1 rijotaijo—l | rijitai—1
Pj(pjlaj,r;) o Dojo --Poj1 P10 P11 ) 3)
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where the posterior for the controls (£ = 0) corresponds to 7 = 0 and the posterior for the cases
(Fy = 1) corresponds to j = 1. Obviously, the two posteriors given in (3), when normalized, are again
Dirichlet distributions with updated parameters (r; + a;) where r; and a; for j = 0, 1 are already
defined above.

In epidemiological studies, the objective generally lies in drawing inferences about the odds ratio, a
ratio that measures the odds of exposure for cases against controls. These odds ratios can be calculated
for any of the factors of interest, say, F1, F», F3 and also for the joint effect of these factors, say, for
example, effect of I, and F3 on different levels of I, etc. Let ORp,, = pooopoik /DPookPo1o denotes
the odds ratio associated with the k" level of F3 for F; = 0 and OR F, = PoooP110/Po1oP10o denotes
the odds ratio associated with F7 for F3 = 0. There may be situations when any two of these three
components might have a joint affect on the third one. To check whether such association exists, we
define the measure of association between, say, F; and F3 considering only its k" level and keeping
FQ = 0. Thus

Or Fs, = log {(pooopoik)/(Pookporo)}, k =1,....1, “4)

where the subscript k& with F3 denotes its k' level. If, however, this association comes out to be
non-zero, one may go a step ahead for calculating the multiplicative interaction parameter between
F and Fj at its k'" level (see also Mukherjee and Chatterjee (2008)). This interaction parameter can
be given as

Y, = (PookPoroP100P11k)/ (PoooPo1kP10KP110), k = 1, ..., L. %)

2.1. Subjective elicitation of prior

To present the methodology in a simple way, we consider the same modelling formulation given
earlier. We, however, use slightly different form in this subsection and the symbols used here may not
be exactly related to what we have defined earlier. To begin with, let us consider x = (z1,...,xp),
p=(p1,---,00)s A= (A1,...,\¢) and define

T, T2

* x ~ multinomial(n, p) o< pi*p3* - - - pj*; Y jzi=n, % pi=1,p>0, i=1,...,¢

. INOIEPY .
* p ~ Dirichlet(A) = g(p|A) = M Hle pit

* p|x ~ Dirichlet(x + \)

To describe briefly the elicitation procedure for the model under consideration, let us first reparame-
terize the Dirichlet (A) distribution by introducing new parameters 5 = » . \; and oy = \;/f,1 =
1,..., ¢, yielding the density,

r(g) st e
P = M TBa T (B -~ 5a0) <H” )(12]”) - ©

where o = (a1, ...,04), p; >0, >, pi=1,0; >0,1=1,2,...,¢, > . a; = land § > 0. Thus to
obtain the estimates of A/s, we need to elicit both s and .

It is well known that beta distribution is a special case of Dirichlet distribution and all the marginal
distributions of Dirichlet variables follow beta distributions. An important property of beta distribu-
tions is that for all p € [0,1], 0 < m1 < mg = g(p|mi,n) > g(p/me,n) and n; > ng > 0 =
g(plm,n1) > g(p|m,n2) where p denotes a univariate analogue of p and g(p|m,n) denotes a beta
distribution with parameters m and n given by

I'(m+n)

m—1 n—1
T 1— 0.0 1. 7
Tm)T(n)” (1-p)" " ,m,n>00<p< (7

g(p|m, n) =

If we re-parameterize the beta distribution in the same way as it was suggested for the Dirichlet
distribution, the above property can be written as,

ag > a1 >0, 8>0= Pr(P <plag, B) < Pr(P < play, B), (®)
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where P is used to denote the random variable corresponding to p and () and 3 are the parameters of
the re-parameterized beta distribution. Obviously, the marginals of Dirichlet distribution also follow
this property. Finally, the quantile constraint concept given below in the form of a definition can be
used as well (see, for example, Dorp and Mazzuchi (2003)).

Definition. Let 0 < p, < 1, 0 < ¢ < 1. A random variable P with support [0, 1] satisfies quantile
constraint (py, ¢) if and only if Pr(P < p,) = q.

This property can be easily extended for the Dirichlet distribution at the level of each of its marginals.
Thus to get the values of o;, ¢ = 1,2, ..., ¢, and /3, we need to solve ax and 3 for p ~ g(p|a, ) given
in (6) under the two quantile constraints (pf] 7, qr) and (pf]U, gi;) for any P;, where ¢} < ¢i;, and
(¢ —1) single quantile constraint (pé, qj) for Pj, j =1,2,...,¢, j # i. As usual, Py is used to denote
the random variable corresponding to the component p(y. Since this problem cannot be solved in a
closed form, one has to resort to an appropriate numerical solution. A numerical solution is defined
below (see also Dorp and Mazzuchi (2003)). A word of remark: although the method of Dorp and
Mazzuchi (2003) is straightforward to deal with, it suffers from an important drawback in the sense
that P;’s are not treated symmetrically. The method actually requires placing two quantile constraints
on one of the probabilities and (/—1) single quantile constraint on others. Moreover, I, is treated quite
differently than other probabilities (see, for example, Evans, Guttman, and Li (2017)). Alternative
methods are, of course, suggested in the literature (see Zapata-Vazquez, O’Hagan, and Bastos (2014)
and Evans et al. (2017)) to deal with the elicitation of Dirichlet parameters efficiently but we stick
to the method of Dorp and Mazzuchi (2003) simply because of its inherent ease. Moreover, since
our illustration in the next section considers a large data size, it is expected that a slight deviation in
elicited prior will not affect our final inferences.

To clarify the details, let us suppose an initial interval (c;, fi) that contains 5* (an estimate of () and
let an initial value of 5* be 3] = # For this particular 3}, calculate o, an initial value of o,
by considering an interval (d;, e;) = (0, 1), which is supposed to contain ¢, and take a; = ‘%ﬂ.
Next calculate (qi7)1 = Pr(P < pgu|oy, B7), where pyy is the upper quantile value suggested by
the expert. If (qr7)1 < qu, where gy is the area of upper quartile, then (dz, e2) = (d1, o), otherwise
(da, e2) = (ay, e1). This follows from the property of the beta distribution given by (8). Now take
aly = ‘ZQ% and again calculate (qi7)2 = Pr(P < pgulody, 57) and repeat the same procedure
described above until at the ' stage (qi7): ~ qu.

After this we shall go on for refining 57. For this, we calculate g7, = Pr(P < (pqr)1]c;, 57), where
qr, is the area of lower quantile. If (pgz,)1 < pgr, Where p,y, is the lower quantile value given by the
expert, then (c2, f2) = (87, f1), otherwise (c2, f2) = (c1, 57) and 55 = % For this value 35 of
[3 again update the value of c; by the same procedure. The value of 3 is updated until (pyz): = pqr-
In this way the final values of «; and 3 are obtained as o and 3*, respectively. Using the final value
of 5%, we calculate o}, j = 1,2,..., ¢, j # i through the same procedure by which a; is calculated.

To determine the initial interval (c¢;, f1) containing 8%, first set ¢; = 0 as 5 > 0. To obtain the upper
bound f; of this initial interval, set 811 = 1 which implies f; = 2. Now solve for «;; satisfying
(qu)1 = Pr(P < pguleit, Bi1). Proceeding in a similar manner described above, we may go on for
updating ay;. Say, for oy at t!" stage, we get (qu); ~ qu. We may then find out (pqr)1,+ by solving
qr, = Pr(P < (pgr)1,t|@it, Bit). Incase (pgr)1+ < pgr then set 51 ¢41 = 2 x B1 .. We may repeat
the above procedure for all ¢. Conversely, if (pq L)t > DqL»> Set f1 = (1. In this way the initial
interval containing 8* may be determined.

3. Numerical illustration

To illustrate our procedure, we considered an ovarian cancer dataset based on the women of Israel.
This is a partially real and a partially simulated dataset which has been analyzed earlier by a number of
authors (see, for example, Modan, Hartge, Hirsh-Yechezkel, Chetrit, Lubin, Beller, Ben-Baruch, Fish-
man, Menczer, Struewing, Tucker, and Wacholder (2001), Chatterjee and Carroll (2005), Mukherjee
and Chatterjee (2008), etc.). A recent analysis of this data has been done by Gupta and Upadhyay
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(2014) but in an empirical Bayes way. The dataset is given in Table 2. The categories Fy, F> and
F3 are denoted by G, D and E representing genetic susceptibility (absent/ present), disease status
(controls/ cases) and environmental exposure (absent/ present at level k, k = 1,2, 3), respectively.

Table 2: Classification of case-control data with respect to disease status, genetic susceptibility and
environmental exposure

OC Use
G=0 G=1 Total
EFE=0|F=1|FE=2|FE=3|FEF=0|FE=1|FE=2| FE=3
D=0 577 86 32 40 9 1 1 1 747
D=1 494 67 15 16 184 34 7 15 832
Parity
G=0 G=1 Total
F=0|F=1|F=2|FEF=3 | FE=0|F=1|FE=2|FE=3
D=0 42 506 155 32 1 8 2 1 747
D=1 68 373 116 35 20 188 30 2 832

The gene responsible for the occurrence of ovarian cancer is supposed to be BRC A1 and/or 2 muta-
tion and the levels of environmental exposures, considered as oral contraceptive (OC) use and parity,
are defined as follows:

* For OC use:
E = 0 = subjects who never used OC,
F =1 = corresponds to those who used OC up to 3 years,
E = 2 = corresponds to those who used OC from 3 years to 6 years and
FE = 3 = corresponds to those who used OC for more than 6 years.

* For parity:
E = 0 = corresponds to women who have no children,
FE =1 = corresponds to women having 1-3 children,
E = 2 = corresponds to women having 3-6 children and
FE = 3 = corresponds to women having more than 6 children.

For convenience most of the previous authors have analyzed this problem considering that genes
and environmental components are independent of each other. This dataset can be converted into a
2 X 2 x 2 data by combining the non-zero cells of the category environmental exposure to £ = 1.
Such an attempt might be of general interest to those medical practitioners who simply want to study
the impact of presence or absence of environmental components and are not interested to go into a
detailed study at different levels.

Table 3: Classification of extracted data (2 x 2 x 2) of size 50 with respect to disease status, genetic
susceptibility and environmental exposure

OC Use
G=0 G=1 Total
E=0|FEF=1|FE=0]| E=1
D=0 1 3 1 1 24
D=1 16 2 5 3 26
Parity
G=0 G=1 Total
E=0|E=1|E=0] E=1
D=0 2 20 1 1 24
D=1 2 15 2 7 26

We also considered a dataset of moderate sample size with n = 50 extracted from 2 x 2 x 2 setup
discussed above in such a way that each cell frequency remains at least equal to unity. The dataset
is shown in Table 3 and it is taken exclusively for the purpose of comparison. It is to be noted
that such datasets with small to very small sample sizes may not result in the desired inferences on
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association and interaction parameters as the corresponding reported cell frequencies may not be the
true representatives of the prevalence of gene and environmental components in the actual population.

In our analysis the primary objective is to estimate the odds ratio, measure of association between GG
and E and, in case this association is non-zero, the multiplicative interaction parameter between the
latter two. It may be noted, however, that the G — E association in the control population at £ level
of E (see (4)) and the multiplicative interaction parameter between G and £ = k, k = 1,2, 3, (see
(5)) based on the observations in Table 2 are not logically appealing as a number of cell frequencies
are too small to draw any valid conclusion on the actual G — E association or the multiplicative
interaction parameter. We, therefore, propose to consider such measures for 2 x 2 x 2 setup along
with 2 X 2 x 4 setup. In this case, we shall drop the subscript k& from ORg, , OgE,, and 1)), keeping
their interpretations the same.

Since we did not have any expert who can be contacted to get her subjective opinion, we divided the
entire data into two parts, one having first 50 observations and other, the remaining 1529 observations.
This division was done for both the 2 x 2 x 4 and 2 x 2 x 2 setups separately. The first part of the data
was considered as past data and it was used for elicitation of hyperparameters whereas the second part
of the data was used for the desired inferences. The two datasets are shown in Tables 4-5. The values
in the parentheses correspond to 2 x 2 x 2 setup.

Table 4: Past data with sample size 50 for elicitation of prior hyperparameters

OC Use
G=0 G=1 Total
E=0|FE=1|FE=2|E=3|FE=0|FE=1|FE=2|FE=3
D=0 18 3 1 1 1 0 0 0 24
(18) 5) - - (1) 0) - - (24)
D=1 15 2 1 1 5 1 0 1 26
(15) 3) - - (6) (2 - - (26)
Parity
G=0 G=1 Total
E=0| E=1| E= EFE=3|FE=0|FEF=1|FE=2|FE=3
D=0 1 16 5 1 0 1 0 0 24
(2) (22) - (0) 0) - - (24)
D=1 2 11 3 1 1 6 2 0 26
(2 (16) - - (D (7 - - (26)

Table 5: Remaining data with sample size 1529 for the inferential developments

OC Use
G=0 G=1 Total
E= E=1|FE=2| FE=3]| E= E=1|FE=2| E=3
D=0 559 83 31 39 8 1 1 1 723
(559) (153) - - ®) 3) - - (723)
D=1 479 65 14 15 179 33 7 14 806
479) (95) - - (178) (54) - - (806)
Parity
G=0 G=1 Total
EFE=0|F=1|FE=2|FE=3|FE=0|FE=1|FE=2|FE=3
D=0 41 490 150 31 1 7 2 1 723
(40) (671) - - (1) (11) - - (723)
D=1 66 362 113 34 19 182 28 2 806
(66) (508) - - (19) (213) - - (806)

In order to elicit the prior hyperparameters (see subsection 2.1), we first obtained the empirical Bayes
(EB) estimates of Dirichlet hyperparameters a;, 7 = 0, 1, where ag denotes the vector of hyperparam-
eters corresponding to controls and a; denotes the same for cases, based on the past data of size 50
(see also Gupta and Upadhyay (2014)). It is to be noted that some of the cell observations were zero
in past data making the corresponding cell probabilities also zero. In order to find the EB estimates
for these cases, we considered very small cell probabilities of the order 10~ for these cells so that the
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corresponding EB estimates can be worked out. Before we proceed further, let us describe briefly the
EB procedure used in the present paper.

The EB approach traditionally uses a prior density with hyperparameters estimated on the basis of
observed data usually by means of classical approach. If maximum likelihood (ML) estimates are
easily obtainable, the same are often preferred. To provide a brief outline of used EB procedure, let
us consider x = (x1, .. ., xy) as the set of observed multinomial data. The corresponding multinomial
parameters (pq, . . . , p¢) can be easily obtained as the estimates of different cell probabilities based on
various cell counts. Let these estimates are denoted by p = (p1, . . . , P¢) (see also Gupta and Upadhyay
(2014)). Finally, the EB estimates of the parameters of the Dirichlet distribution, which is the prior
for multinomial parameters, can be obtained by maximizing the corresponding log-likelihood function
given by,

G(A) = logg(p|A)

IO IEDY e
— log ((2:7,—1 ) pr\z 1
Hi:l F()\i) i=1

=logT (Z )\i> =) logT(A) + > (A — 1) log pi. 9)

There are a number of methods for numerically maximizing this objective function G(\) as there is
no closed form solution for the same. A detailed survey for various methods can be found in Lwin
and Maritz (1989), Minka (2000), etc. (see also Gupta and Upadhyay (2014)). We, however, used
the procedure given by Minka (2000). The results of EB estimates are shown in Table 6 where the
bracketed values represent the EB estimates corresponding to 2 x 2 x 2 setup. It may be noted here
that we have described the EB procedure based on the model formulation given at the beginning of
subsection 2.1 although the procedure was actually implemented on (2) for j = 0, 1. The description
given on (9) is simply meant for notational convenience.

Table 6: EB estimates of the components of a;(j = 0, 1) using past data

OC Use
aooo apo1 aoo2 aoo3 a100 aio1 a102 @103
D=0 125.59 24.52 8.33 3.37 8.21 0.42 0.55 0.63
(126.65)  (35.28) - - (9.49) (0.19) - -
ao10 ao11 aop12 ao13 aiio aiil ai112 ai113
D=1 98.70 11.25 9.11 3.09 33.07 8.34 035 7.70
(98.63) (20.06) - - (39.50) (13.43) - -
Parity
aooo apo1 aoo2 aoo3 a100 aiol @102 @103
D=0 8.00 118.60 30.86 5.78 0.41 6.98 043  0.56
(14.68) (156.42) - - 0.25) 0.27) - -
ao10 ao11 ap12 @013 aiio a1l a112 ai13
D=1 14.26 74.57 16.07 5.25 7.37 36.99 16.52 0.58
(13.52) (104.94) - — (7.02) (46.14) - -

No doubt, the EB criterion is close to classical paradigm because of the involvement of observed
data in its evaluation. The method is often criticized by subjective Bayesians who consider prior
information exogenous to observations. We, therefore, finally resort to subjective elicitation of hyper-
parameters based on the description given in subsection 2.1. Since the method is based on elicitation
of hyperparameters using quartiles obtained from the experts, we actually work for these quartiles
using EB estimates derived from the past data due to non-availability of experts in our case. To be
explicit, because we do not have an expert available to specify the quartiles used in the elicitation, we
estimated the hyperparameters of the Dirichlet distribution using the EB method just described and
applied to a subset of the data. This Dirichlet gives the quartiles that are subsequently used in the
elicitation procedure described in subsection 2.1. We do not claim that relying on EB estimates is the
only possibility. One can, of course, use alternative method as well.
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Table 7: Quartile values and estimates of hyperparameters corresponding to re-parameterized Dirich-
let model for 2 x 2 x 4 setup

Quartile const- OC use Parity
raints/Parameters D=0 D=1 D=0 D=1
(pqs @) (0.75,0.75) (0.60,0.75) (0.05,0.75) | (0.10,0.75)
ay 0.73 0.57 0.05 0.08
(pq, q) (0.16,0.75) (0.08,0.75) (0.71,0.75) | (0.46,0.75)
Qs 0.14 0.07 0.68 0.43
(pgs ) (0.06,0.75) (0.06,0.75) (0.20,0.75) | (0.11,0.75)
a3 0.05 0.05 0.18 0.09
(pgs @) (0.02,0.75) (0.02,0.75) (0.04,0.75) | (0.04,0.75)
ay 0.014 0.015 0.03 0.03
(pq, q) (0.06,0.75) (0.21,0.75) | (0.003,0.75) | (0.05,0.75)
as 0.05 0.19 0.002 0.04
(pqs @) (0.003,0.75) | (0.06,0.75) (0.05,0.75) | (0.23,0.75)
o 0.002 0.05 0.04 0.22
(pgs @) (0.004,0.75) | (0.002,0.75) | (0.003,0.75) | (0.11,0.75)
ar 0.003 0.002 0.002 0.09
(pq, 9) (0.71,0.25) (0.55,0.25) (0.03,0.25) | (0.07,0.25)
B8 128 128 128 128

Table 8: Quartile values and estimates of hyperparameters corresponding to re-parameterized Dirich-
let model for 2 x 2 x 2 setup

Quartile const- OC use Parity
raints/Parameters D=0 D=1 D=0 D=1

(pq, Q) (0.76,0.75) | (0.60,0.75) | (0.10,0.75) | (0.09,0.75)
o1 0.73 0.57 0.08 0.08

(pg, @) (0.22,0.75) | (0.13,0.75) | (0.93,0.75) | (0.45,0.75)
a2 0.20 0.11 0.91 0.61

(pq, Q) (0.06,0.75) | (0.25,0.75) | (0.001,0.75) | (0.13,0.75)
a3 0.05 0.23 0.001 0.04

(pq, @) (0.71,0.25) | (0.55,0.25) | (0.07,0.25) | (0.07,0.25)
B 128 128 128 128

Table 9: Estimates of original Dirichlet hyperparameters

OC Use
apoo apo1 apo2  Qoo3 a100 aio1 aio2 Q103
D=0 9375 18.00 6.25 1.87 6.25 0.31 0.41 1.16
(93.75)  (25.25) - - (6.25) (2.75) - -
aop1o aopi1 apiz Q013 aiio aiil aiiz Q113
D=1 73.00 8.50 6.25 1.87 24.00 6.25 0.25 7.87
(73.00)  (14.50) - (29.00) (11.50) - -

Parity

apoo aopo1 apo2 apo3 a1i00 aio1 a102 a103

D=0 5.75 87.25 2275  4.00 0.31 5.12 0.31 2.50
(10.75) (116.75) - - (0.17) (0.33) - -

ao1o ao11 aoi12 ao1s aiio aii aii2 aiis

D=1 10.37 55.00 12.00 3.75 5.12 27.75 12.00 2.00
9.75)  (78.00) - - (5.12)  (35.12) - -

Our next step, therefore, consisted of evaluating the quartiles by solving the incomplete beta functions
(see subsection 2.1) after replacing the unknown Dirichlet parameters by their EB estimates given in
Table 6 (see also (8) and the Definition given in subsection 2.1). Our final step consisted of estimating
the parameters «;, i = 1,...,8(4) and (8 by the method suggested in subsection 2.1. These estimated
parameters are shown separately for OC use and parity in Table 7 and 8 where Table 7 corresponds
to 2 X 2 X 4 setup and Table 8 corresponds to the same for 2 x 2 x 2 setup. These estimates then
provide the estimates of original Dirichlet hyperparameters a;, 7 = 0, 1, used in our study, which are
shown in Table 9. It can be seen that the elicited prior hyperparameters, in general, differ from the
corresponding EB estimates (see Tables 6 and 9).
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Table 10: Estimated sample based posterior means and the corresponding standard deviations of dif-
ferent cell probabilities for 2 x 2 x 4 set up

Cell OC use Parity Cell OC use Parity
probabilities probabilities
Pooo 0.7660 0.0543 Do1o 0.5916 0.0821
(0.0137) | (0.0075) (0.0150) | (0.0084)
Doo1 0.1192 0.6783 Po11 0.0796 0.4474
(0.0102) | (0.0151) (0.0084) | (0.0160)
D002 0.0441 0.2035 Do12 0.0223 0.1333
(0.0069) | (0.0132) (0.0048) | (0.0113)
Doo3 0.0480 0.0412 Do13 0.0182 0.0397
((0.0076) | (0.0070) (0.0043) | (0.0063)
D100 0.0173 0.0014 D110 0.2152 0.0257
(0.0043) | (0.0012) (0.0132) | (0.0050)
D101 0.0016 0.0150 D111 0.0418 0.2242
(0.0014) | (0.0044) (0.0062) | (0.0128)
D102 0.0014 0.0024 D112 0.0076 0.0436
(0.0013) | (0.0016) (0.0029) | (0.0066)
D103 0.0024 0.0039 D113 0.0237 0.0040
(0.0016) | (0.0021) (0.0048) | (0.0019)

Using these elicited parameters of Dirichlet prior, the final estimates of posterior cell probabilities, log
odds ratios and interaction parameters were obtained for the dataset shown in Table 5. The estimated
posterior means and the corresponding standard deviations of various cell probabilities are shown in
Table 10. We also obtained the estimates of posterior cell probabilities for 2 x 2 x 2 setup but we
are not showing those results, instead we shall focus on the quantities which are of more interest to
the practitioners. The corresponding estimates for log odds ratio and other interactive parameters are
shown in Table 11.

Table 11: Posterior estimates of log odds ratio and other association parameters for 2 x 2 x 2 setup

Parameters | OC use Parity
Ok 0.3129 -0.0717
(0.5328) | (1.1514)
log(OREg) | -0.3209 | -0.6979
(0.1416) | (0.1961)
log(ORg) | 2.8701 3.0641
(0.2823) | (1.1365)
log(v) 0.1556 0.3804
(0.5602) | (1.1793)

It can be seen from Table 11 that 4 is non-zero, which clearly conveys the message that genes and
environment are associated with each other and cannot be considered independent. log(ORE) is neg-
ative for both OC use and parity conveying that for non-susceptible subjects both the environmental
components reduce the risk of ovarian cancer. Positive values of log(OR¢) suggest that patients hav-
ing BRCA1/2 mutation are having high risk of disease in the control population. The estimated values
of log (1)) are showing positive association among genetic susceptibility and environmental exposure
but in general these values are less than those obtained in the control population (refer the values of
log(OR¢) in Table 11). Thus it can be concluded that both OC use and parity reduce the risk of
ovarian cancer to a larger extent as compared to the categories of no-OC use and no-parity. It can be
further seen that estimated variability along with the estimated posterior means convey that negative
values for log(v)) are also quite probable for both OC use and parity suggesting a further possibility
of decrease in the values of log(v)).

Table 12 provides the estimates of log odds ratios and interaction parameters for 2 x 2 x 4 setup.
OcE,.k = 1,...,3, is showing association for both OC use and parity discarding the assumption of
independence between genetic susceptibility and environmental exposures. log(ORE, ), k =1, ..., 3,
is coming out to be negative suggesting that for non-susceptible subjects both OC use and parity re-
duce the risk of ovarian cancer and this risk mostly decreases for higher levels of OC and/or parity.
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Table 12: Posterior estimates of log odds ratio and other association parameters using elicited prior
hyperparameters (2 X 2 x 4 setup)

Posterior | OC use Parity Posterior OC use Parity
estimates estimates
OcE, -0.8273 0.1074 | log(ORg,) | -0.1456 | -0.8277
(1.1272) | (1.0785) (0.1565) | (0.1902)
OcE, 0.0016 -0.6126 | log(OREg,) | -0.4611 -0.8324
(1.0690) | (1.2632) (0.2841) | (0.2119)
OcE, 0.6479 | 1.5276 | log(ORg,) | -0.7598 | -0.4450
(0.8311) | (1.2423) (0.2937) | (0.3035)

The estimated values corresponding to log(OR¢) are not shown in Table 12. These values were
2.8567(0.2883) and 2.8220(1.0933), respectively, for OC use and parity, where bracketed values cor-
respond to the estimated standard deviations. Therefore, it can be concluded that the patients with
BRCA1/2 mutation are having high risk of developing ovarian cancer in control population.
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(a) OC use (b) Parity

Figure 1: Posterior density estimates of interaction parameter log(;), k = 1,2, 3 (from left to right)
corresponding to OC use and parity.

The log(v), k = 1,2, 3, at different levels of environmental exposure are shown in the form of pos-
terior density estimates using boxplot representations (see Figure 1). Although the density estimates
at all the three levels of environmental exposures are showing more or less similar behaviour, they
nicely convey an important message on the development of the disease with increasing OC and parity.
It can be seen that as the OC use and parity increase, the risk of ovarian cancer decreases. One or two
estimates appear exception probably because of the reasons explained earlier. 4

3.1. Results for an extracted data of reduced size

The results were also obtained for an extracted data of size 50 given in Table 3. This was done to see
the effect of reduced sample size on our analysis. It is important to mention that if we have very small
sample sizes, we may come across a situation where most of the cell frequencies are zero especially
for large values of [. We, therefore, did not consider a value of n smaller than 50. The estimated cell
probabilities along with their standard deviations (in parentheses) are given in Table 13. It is to be
noted here that the prior hyperparameters are same that are presented in Table 9 for 2 x 2 x 2 set up.
Contrary to our expectation, we observed that the estimated cell probabilities were showing more or
less similar trend that we observed earlier for 2 x 2 x 2 setup.

We finally calculated the posterior estimates of log odds ratio and other interactive parameters, which

11
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Table 13: Estimated sample based posterior means of different cell probabilities for extracted data of
size 50

Cell OC use Parity
probabilities
Pooo 0.7427 0.0855
(0.0368) | (0.0242)
Poo1 0.1854 0.8979
(0.0323) | (0.0259)
D100 0.0476 0.0077
(0.0170) | (0.0069)
Pi1o1 0.0243 0.0089
(0.0129) | (0.0075)
Po1o 0.5788 0.0765
(0.0377) | (0.0201)
Po11 0.1073 0.6035
(0.0250) | (0.0387)
p1io 0.2195 0.0462
(0.0328) | (0.0173)
pi11 0.0944 0.2738
(0.0240) | (0.0365)

Table 14: Posterior estimates of log odds ratio and other association parameters for extracted data of
size 50

Parameters | OC use Parity
OcEe 0.6503 -2.1705
(0.7202) | (1.4753)
log(ORE) | -0.3083 | -0.2936
(0.3599) | (0.4382)
log(ORg) | 1.8339 2.2885
(0.4399) | (1.2423)
log (1)) 0.1948 1.9163
(0.8352) | (1.5567)

are shown in Table 14. It can be seen that the results are certainly changed in terms of numerical values
but the final messages are more or less same that we drew earlier based on 2 x 2 x 2 setup for large
sample size. That is, g is showing an association among genetic and environmental components
for both OC use and parity indicating the need of going a step ahead for evaluating the multiplicative
interaction parameter . Similarly, for non-susceptible subjects both OC use and parity reduce the
risk of ovarian cancer whereas the subjects unexposed to environmental factors but having BRCA1/2
mutation are having a higher risk of the disease. The estimated 1 is also showing a similar behaviour
with values indicating that OC use and parity reduce the risk of ovarian cancer even in patients with
BRCA1/2 mutation. This reduction is stronger for OC use, than for parity.

4. Conclusion

The paper provides a complete Bayesian analysis of a gene-environment problem where the main
focus is on prior elicitation of hyperparameters. The approach based on subjective elicitation of prior
hyperparameters and subsequently the use of such elicited prior in drawing the final posterior infer-
ences can always be regarded in a true Bayesian spirit. It is, however, often the case that availability
of expert is not always guaranteed and, as such, the appropriate specification of prior hyperparameters
becomes difficult. The methodology given here recommends the use of past data or any small subset
of the given data to achieve the process of elicitation. It is seen that the considered methodology is,
in general, easy to implement and provides a systematic way to tackle an important issue of hyperpa-
rameter selection. To the best of our understanding, no such attempt was ever made on the specific
application considered in the paper where it is perhaps always desired to refine the inferences. The
future researches may consider defining such strategies in general where one has priors other than the
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conjugate Dirichlet distribution. Elicitation of the complete functional form of the prior distribution
is another important direction where future researchers may proceed.
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