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Abstract

The present study considers the problem of estimating the scale parameter, reliability
function, and hazard function of Rayleigh distribution using the E-Bayesian estimation
approach when progressively Type-II censored data are available. The evaluation stan-
dards of these estimates are accessed through the definition of E-posterior risk (expected
posterior risk) and E-MSE (expected mean square error). These estimations are carried
out using conjugate prior distributions of the unknown parameters under four different
loss functions i.e. quadratic, weighted squared error, Degroot, and entropy loss functions.
Further, we perform Monte Carlo simulations to compare the performances of these pro-
posed methods and use a real dataset for illustration purposes.

Keywords: Rayleigh distribution, progressive type-II censoring, loss function, bayesian esti-
mation, prior distribution, posterior risk.

1. Introduction

The Rayleigh distribution is extensively applied in various fields, including survival analysis
in medical science, reliability engineering, communication engineering, and life testing of elec-
trovacuum devices. The Rayleigh distribution also has widespread applications in fields such
as economics, political science, sociology, cultural studies, and technology. For a more com-
prehensive understanding, readers may refer to the studies by Wu, Chen, and Chen (2006) and
Kumar and Soni (2019). The Rayleigh time-to-failure (TTF) distribution characterizes items
undergoing accelerated aging, where failures do not confirm to the conditions of a stationary
random process. With a hazard rate that increases linearly, as depicted in Figure 1, it serves
as an effective model for the lifetimes of rapidly aging components, as emphasized by Raqab
and Madi (2011). As time progresses, the reliability function of the Rayleigh distribution
declines at a much faster rate than that observed in the exponential distribution. In rapidly
fading communication channels, the amplitude of the signal is described by a Rayleigh dis-
tribution (see Cheng and Chen (2021)). The probability density function, reliability function
(RF), and hazard function (HF) of the Rayleigh distribution are as follows:
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In many reliability studies, the primary goal is to minimize both the cost and the time
associated with the analysis. In this context, statistical experiments involving censored data
are essential, and recent research has increasingly focused on analyzing such experiments.
Wu et al. (2006) derived Bayesian inference for the Rayleigh distribution under progressive
censored samples. Kim and Han (2009) focused on estimating the scale parameter of the
Rayleigh distribution in the context of general progressive censoring. Maiti and Kayal (2021)
estimated the parameters and reliability characteristics of a generalized Rayleigh distribution
under a progressive Type-II censored sample. Rastogi and Tripathi (2014) explored the
estimation of the inverted exponentiated Rayleigh distribution under Type-II progressive
censoring. Abu-Moussa, Alsadat, and Sharawy (2023) provided estimates for the reliability
functions of the extended Rayleigh distribution under the progressive first-failure censoring
model.
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Figure 1: Pdf, and hazard rate function of Rayleigh distribution

Among the various censoring schemes, the conventional Type-I and Type-II censoring methods
are the most widely used. However, when a researcher needs to withdraw test items at times
other than the scheduled termination time, conventional censoring may not be appropriate.
Intermediate withdrawal may be preferred in cases where test items are removed early for other
experiments or when a balance is sought between observing extreme lifetimes and minimizing
the total testing time. Thus, censoring test items at times other than the termination time
can be advantageous, as in scenarios such as loss of connection with individuals under test or
accidental breakage of test items. Under the progressive Type-II censoring scheme, n units
are placed on test at time zero, and the goal is to observe m failures. The process begins
when the first failure is observed. When the first failure is observed, r; of the surviving units
are randomly selected and removed from the experiment. At the time of the second failure,
ro of the remaining n — r; — 1 units are randomly selected and removed from the experiment.
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84 E-Bayesian Estimation of Rayleigh Distribution

Finally, at the mth failure all remaining surviving units r,, =n—m—r{ —r9—... —Tyy_1 are
removed from the experiment. hence, the censoring scheme R = (r1,r2,...,7ry,) is prefixed.

Bayesian theory integrates prior information into a model, thereby enhancing statistical infer-
ence (see Friesl and Hurt (2007)). The quality of the statistical inference in Bayesian theory
is contingent on the selection of both the loss function and the prior distribution (see Han
(2020); Igbal and Yousuf Shad (2023), Okasha and Al-bassam (2021), O. Shojaee (2024)).
The E-Bayesian and robust Bayesian estimation methods are particularly valuable for ad-
dressing the uncertainty associated with prior information by considering a class of priors
instead of relying on a single prior distribution. Typically, the E-Bayesian method aims to
predict future values of a sequence of random variables or estimate unknown parameters by
specifying a prior distribution for the hyperparameters (see Han (2021)). In a recent study,
Igbal and Yousuf Shad (2023) derived E-Bayesian estimates for the rate parameter of the
Maxwell distribution under various loss functions, and further computed E-posterior risks
and E-mean square errors (MSEs) as performance evaluation standards.

The objective of this paper is to derive Bayesian and E-Bayesian estimates for the scale
parameter of the Rayleigh distribution under various loss functions for progressive Type-
IT censored data. The estimators are calculated using the Quadratic Loss Function (QLF),
Weighted Squared Error Loss Function (WSELF), Degroot Loss Function (DLF), and Entropy
Loss Function (ELF). The performance of these estimators is evaluated using E-posterior risk
and E-mean square error (E-MSE). Numerical simulations and statistical analyses of real
datasets are conducted using R-4.2.2. The structure of the article is as follows: Section 2
presents the posterior distribution under the conjugate gamma prior. Section 3 introduces the
loss functions, Bayesian estimators, and posterior risks. Section 4 focuses on the computation
of E-Bayesian estimates, E-MSE, and E-posterior risk for the given loss functions. Section
5 provides an example using Monte Carlo numerical simulations. Section 6 analyzes a real
dataset, and Section 7 concludes the paper.

2. Prior and posterior distribution

Let X = (x1,x9,...,2,) be the sample values observed from the Rayleigh distribution. when
we apply progressive Type-II censoring to this sample, the censored sample can be written as
Timwm, where i = 1, ..., m. Now, the likelihood function can be obtained as:

L(\zx) = XA 2 T (1 R:) (4)

Using Equation (4), we obtained the log-likelihood function as

log(L(A|z)) = log(c) + mlog(\) — )\i z2(1+ R)) (5)

=1

Now to get the maximum likelihood estimator(MLE) of A\, we will take the derivative of
Equation (5) and equate it to 0. Hence, the MLE of X is

m

A=
iy 2 (1+ Ry)

(6)

Let us suppose the conjugate prior density function of A with hyperparameters a and b,
namely I'(a,b), the the pdf is

ba
hi(\;a,b) = mXHe*bA; A>0,a>0,b>0 (7)

where I'(a) = [° 2% le™2.
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The posterior distribution of A given that X is derived as follows:
L(A|z)hi(X;a,b)
~ LA (A a, )

XA D iy @ (14 R;) i)\aflefb)\
['(a)

fOOO cAme Yo w2 (14Ry) i)\afle—b)\d)\
I'(a)
)\erafle*)\(Z:n L2 (IR, )er)
Jee Amta—1,= A0 27 (1+R)+D) 7y
(S0 a2(1 4 Ry) +b)" T amta-1o AL, w214 R)+)
I'(m+a)

9(Alz)

Defining Q = >-7, 22(1 + R;), we have the posterior distribution as
(R N o~ MQ+b
A \mta— Q+b) ]
9(Ale) = I'(m+a) ®

According to Han (2021), in a conjugate prior distribution of A given in Equation (7), a and b
should be selected to assure that hi()\; a, b) is a non-increasing function of A. By differentiating
Equation (7) with respect to A\, we get,

d d [ b .4 _
S (Xa,b)] = dA[ ())\ le “}

_ b* a—2 _—b\
= N ==

Note that a, b, and A are non negative, it proceeds that 0 < a < 1 and b > 0 due to
—[h1(A;a,b)] < 0, which means that [hi(\;a,b)] is a non-increasing function of A. Given

0 < a < 1, the tail of gamma distribution will become thinner as value of ’b’ increases.

Definition 2.1. According to Han (2021), the E-Bayesian (namely, Expected Bayesian) es-
timation of Ap, Ap being continuous, is defined as

Api = [ [ Apg(®:a,b)dadb (9)
S

where S is the precinct of a and b, A is the Bayesian estimation of A having the hyper-
parameters a and b, whereas ¢g(®;a,b) is the probability function a and b over S.

Definition 2.2. According to Han (2020), the E-Posterior (i.e. Expected Posterior) Risk of
AEB, having PR(Ap) being continuous, may be defined as

E — PR(\gp) = //PR A5)g(®; a, b)dadb (10)

where S is the precinct of a and b, PR()\ B) is the posterior risk of the Bayesian estimation of
A having the hyper-parameters a and b, whereas g(®; a, b) is the probability function a and b
over S.

Definition 2.3. According to Han (2019), the E-MSE (namely, Expected Mean Square Error)
of Agp, having M SE(Ap) being continuous, may be defined as

E - MSE(\pg) = / / MSE(Ap)g(®; a,b)dadb (11)

where S is the precinct of a and b, MSE ()\ p) is the posterior risk of the Bayesian estimation
of A having the hyper-parameters a and b, whereas g(®; a, b) is the probability function a and
b over S.
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3. The loss functions, Bayesian estimators, and posterior risks

Let A represents an estimate of A. Consider estimating A, there is always a deviation detected
between the parameter and its estimate. When estimating the parameter A, a loss incurred is
usually measured by the loss function. A loss function is also known as a 'measure of error’.
According to Mood (1950), the loss function L = L(X, \) is stated as a real-valued function
subject to the following conditions:

(a) L >0,V possible estimates A and V A € ©
(b) L =0, for A=A\

Suppose a random variable X has a pdf f(z;\), for an estimator \ of parameter A, the loss
functions, respective Bayesian estimators, and posterior Risks of A for any prior distribution
are given in Table 1.

Table 1: Loss functions, Bayes estimators, and posterior risks

Loss function Bayes estimator Posterior Risk
(A= N2  [BExe(ATY)] N [Exja(A71)]

QLF = 2 ABQ = 7[E)\|x(>\72)] PR()\BQ) =1- 7[E)\|z(>\72)}

wsELF = 4 ;”2 Asw = [Bx.(A)]™ PROpw) = Exp(\) — [Exa (A1)
(- B $oy 21 BV’

TR SNy R DANOY)

ELF = % — log (i) —1 S\BE = [E)\M()\il)}*l PR(S\BE) = [E,\|m 10g(>\)] +lOg[E)\‘w(>\71)]

4. E-Bayesian, E-Posterior risk and E-MSE estimations

Theorem 1. Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)
and (7) respectively, we have the following results using QLF':

(i) The Bayesian estimator of \ is

(ii) Suppose, for the prior distribution of hyper-parameters a and b given below:
1
hg(a,b):E, 0<a<l,0<b<k (12)
the E-Bayesian estimator of \ is:
N 1 3 k
A = - —=)in{1+—=
eno = (m-3)m(1+5)

(iii) The E-MSE and E-Posterior risk are given by

E— MSE(Agpg) = Q(Q1+ 5 (m + ;)

and

E—PR(XEBQ):zn< m )

m—1
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Proof. (i) The Bayesian estimator of A (i.e. XBQ) under QLF is

N [ExeO  a+m-—2
[Exe(A2)]  Q+b

(i) The E-Bayesian of A (i.e. Agpg) under QLF is

AEBO :// ABoha(a, b)dadb

_ / / a+m— 2} d b
3 k
- _2 1
()
(iii) The MSE and E-MSE are given below:

a+m

MSE[j\BQ] = E)\|z[)‘ - 5\BQ]2 = W

E— MSE[/\EBQ / MSE )\BQ]hz(a b)dada

a+m 1
dadb
// [CENE

“aa+n (" *3)

The Posterior Risk and E-Posterior Risk under QLF are computed as follows:

N _ [E)\|:t()‘71] _ 1
PR = (g 0] a1

E — PR[\gpg] = / / PR[XBQ]hQ(a, b)dada

[ [zt
()

O

Theorem 2. Suppose X = z;, (i =1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)

and (7) respectively, we have the following results using WSELF':

(i) The Bayesian estimator of \ is
5 _a+m-—1
PO

(ii) Suppose, for the prior distribution mentioned in Equation (4.1), the E-Bayesian estima-

tor of A is:

< 1 1 k
)\EBw—k<m—2>ln<1+Q>
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(iii) The E-MSE and E-Posterior risk are given by

B~ MSE(ppw) = ngjlk)

and

. 1 k

E — PR(A =—In(l+—=
e -1+
Proof. (i) The Bayesian estimator of A (i.e. Agy) under WSELF is

N T a+m-—1
Apw = [Eyz(A Y] IZW

(ii) The E-Bayesian of A (i.e. Agpw) under WSELF is
XEBW = // :\Bwhg(a, b)dadb
a+m-—11
= —dadb
/ / Qrb K
1 k
= _Z 14 -
“1(n2)r(+g)
(iii) The MSE and E-MSE are given below:

2 Q +m
MSEXgw] = Exi. A — Agwl]? = — ™
[Aew] = Expa| BW| CEDE

E — MSE[\ppw] = / / MSE[3 g lha(a, b)dadb

a+m 1
dadb
- ] &5

. om+1
Q(Q +k)
The Posterior Risk and E-Posterior Risk under WSELF are computed as follows:
“ 1
PR[ABu] = BEy\z(\) = [Exe A\ = ——
[ABw] = Exjz(A) = [Exz (A 010

E— PR[)\EBW / PR )\Bw]hg(a b)dadb

O]

Theorem 3. Suppose X = x;, (i = 1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)
and (7) respectively, we have the following results using DLF:

(i) The Bayesian estimator of \ is
[ +m+1
PP b
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(ii) Suppose, for the prior distribution mentioned in Equation (4.1), the E-Bayesian estima-

tor of A is:
“ 1 3 k
—_ —_— —_— 1 —
)\EBD 2 <m+ 2) ln( + Q)

(iii) The E-MSE and E-Posterior risk are given by

E — MSE(S\EBD) = Q(Ql—i—k) <m+ 3)

and 49
N m

E—PR(\ =in|——

=10 (252)

Proof. (i) The Bayesian estimator of A (i.e. Agp) under DLF is

5 A=) atm+l
PP T Qb

(ii) The E-Bayesian of A (i.e. Aggp) under DLF is
AeBD = // Apha(a, b)dadb
a+m+11
—dadb
/ / oty kT
=7 <m+3>ln<1+g>
(iii) The MSE and E-MSE are given below:

a+m+1

MSE[App] = By [\ — App)* = CEDE

E — MSE[Agpp] = / MSE[\gplha(a, b)dada

a+m-+11
= ddb
// Qro? k"

)

m+

Q(Q + k) ( 2

The Posterior Risk and E-Posterior Risk under WSELF are computed as follows:

N VN OV 1
PRAsDI=1= 15 "0 = avm 1

E - PRApsp] = / PR[A\gp]ha(a, b)dadb

= / / —dadb
a+m-+1k
(m + 2)
m+1
Theorem 4. Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribution

mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)
and (7) respectively, we have the following results using ELF:

O]
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(i) The Bayesian estimator of \ is
$p & +m-—1
PET Qb

(ii) Suppose, for the prior distribution mentioned in Equation (4.1), the E-Bayesian estima-

tor of A is:
“ 1 1 k
== = 14 =
s = (=) in (1)

(iii) The E-MSE and E-Posterior risk are given by

m+1

E— MSEO\EBE) = m

and )
E— PR(\gpr) =1— (1 —m)log (1 - )
m

Proof. (i) The Bayesian estimator of A (i.e. Agg) under ELF is

at+m-—1

Ape = [Ey,(\ ] = O+0

(ii) The E-Bayesian of A (i.e. Appg) under WSELF is
\EBE = // Aghs(a,b)dadb
a+m—11
= —————— —dadb
|
k
- - 1+ =
“ ()i (1+5)
(iii) The MSE and E-MSE are given below:

a-+m

MSE[Apg| = Eyz[A— App]® = Q+o2

E— MSE[)\EBE / MSE )\BE]hQ(CL b)dadb

a+m 1
dadb
// Qro2k™
_ m+1

Q@)
The Posterior Risk and E-Posterior Risk under WSELF are computed as follows:
PR[Agg] = [Exulog(N)] + log[Ey(A7']

= (a +m) @) PolyGamma(0,a + m) — log (a—l—m—l)

Q+b
E - PRApps) = / PR[Apx]ha(a, b)dadb

= / / (a 4+ m) @+ PolyGamma(0,a +m) — log ( dadb
0 Jo

:1—(1—m)log(1—;)

a—}—m—l)l
Q+0b k
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Let us consider another three conjugate priors, and derive Theorem 1, 2, 3, and 4 for these
priors. The three conjugates prior are as follows

1
2 u— v—
2b u— v—
h5(a,b)zma 1(1*&) 1, 0<a<1,0<b<k

Theorem 5. Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)
and (7) respectively, we have the following results using QLF'

i ow, considering prior hz(a,b) mentioned in Equation , the E-Bayesian estimator o
i) N ders jor h b tioned in Equats 13), the E-B ] timator of
A is:

(a2 (14)

(iii) The E-MSE and E-Posterior risk are given by

5\EBQ =

o 1 U
E—MSE(\ =
(Aes0) = G+ 7w (u+v+m>
and
E — PR(A\gpg) = ! /1 : i1 —a)"d
EBQ -~ B(u,v) Jo atm—1" “ “

Theorem 6. Suppose X = z;, (i =1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)
and (7) respectively, we have the following results using WLF:

(i) Now, considering prior hs(a,b) mentioned in Equation (13), the E-Bayesian estimator of
A is: 1 "
N u
A =— —1)in({14 =
B k(U+v+m )n( +Q)
(iii) The E-MSE and E-Posterior risk are given by

. 1 u
E — MSE()\EBW) = Q(Q 4 k) (u + v + m>
and 1 k
B~ PR(ppw) = in (1+ Q)

Theorem 7. Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)
and (7) respectively, we have the following results using DLF":

(i) Now, considering prior hg(a,b) mentioned in Equation (13), the E-Bayesian estimator of
A is: .

. u k
A = — L)in(1+—=
EBD k(u+v+m+ >n( +Q>
(iii) The E-MSE and E-Posterior risk are given by

E*MSE(S\EBD): Q(Ql—i—k?) (uiv+m+1>

and

A 1 1 1
E—P = u=l(1 —q)ot
R(Aepp) B(u,v) /0 a+m+1 a" (1= a)" da
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Theorem 8. Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)
and (7) respectively, we have the following results using ELF:

(1) Now, considering prior hg(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A 18: . .
N U

= — —1 1+ —

AEBE k<u+v+m )ln( +Q)

(iii) The E-MSE and E-Posterior risk are given by

< 1 u
E — MSE()\EBE) = Q(Q""k) (u—i—v +m>

and

E - PR(/\EBE / / PRBEhg(a b)dadb
Theorem 9. Suppose X = x;, (i = 1,2,...,n) be the sample values from Rayleigh distribution
mentioned in Equation (1), the likelihood and the prior functions are given in Equations (4)

and (7) respectively, we have the following results using QLF'

(i) Now, considering prior ha(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A is: S\EBQ:z<uj_U+m2)[(1+§)ln(l+g)1}

(iii) The E-MSE and E-Posterior risk are given by

A 2 k k
B - MSE(spo) = 7 (u—lf—v +m) [Q —In (1+Q)}
" E — PR(A\gpg) = ! /1 ! (1 —a)"ld
EB T Bluv) Jo atm—1" v

Theorem 10. Suppose X = x;, (i = 1,2,...,n) be the sample values from Rayleigh distribu-
tion mentioned in Equation (1), the likelihood and the prior functions are given in Equations
(4) and (7) respectively, we have the following results using WLF:

(1) Now, considering prior hy(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A is: 5\EBW:Ii<uj_v_i_m_1>[(l—i-%)ln@—i-g)—1}

(iii) The E-MSE and E-Posterior risk are given by

“ 2 k k
E—MSE()\EBw) = ﬁ <’LLU—|—U+m) [ —In <1+)]

and

E — PR(\ppw) = % [(1 + g) In (1 + g) — 1}

Theorem 11. Suppose X = x;, (i = 1,2,...,n) be the sample values from Rayleigh distribu-
tion mentioned in Equation (1), the likelihood and the prior functions are given in Equations
(4) and (7) respectively, we have the following results using DLF'

(i) Now, considering prior hy

A 18:

b) mentioned in Equation (13), the E-Bayesian estimator of

(a,
5\131313—i<u+7n+1) Kl—i—i)ln(l—i—g)—l}
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(iii) The E-MSE and E-Posterior risk are given by

N 2 U k k
E—-MSE == 1) |2 — 14+ =
SE(AgBD) 2 <u+v+m+ >[Q ln( +Q>]
and
E — PR(Agpp) = ! /1 ! a* 11 —a)""tda
PEDI T Bluv) Jo a+m+1

Theorem 12. Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribu-
tion mentioned in Equation (1), the likelihood and the prior functions are given in Equations
(4) and (7) respectively, we have the following results using ELF:

(i) Now, considering prior ha(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A is: 5\EBE:;<u:iv+m1)KlnLi:))ln(lJrg)1}

(iii) The E-MSE and E-Posterior risk are given by

E - MSE(A\gpp) = % <uu+v + m) [g i <1 " gﬂ

and A
E — PR(\ggE) = / / PRprhy(a,b)dadb
0o Jo
Theorem 13. Suppose X = x;, (i = 1,2,...,n) be the sample values from Rayleigh distribu-
tion mentioned in Equation (1), the likelihood and the prior functions are given in Equations

(4) and (7) respectively, we have the following results using QLF:

(i) Now, considering prior hs(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A is: S\EBQ:z<uj_v+m_2) [(1—%ln(1+g))}

(iii) The E-MSE and E-Posterior risk are given by

E — MSE(\ppq) = % <uiv +m> [ln (1 + g) - Qik]

and

. 1 1 1
E — PR()\ = u=l(1 — q)" 4
(AesQ) ﬁ(u,v)/g a+m—1a (1—a) “

Theorem 14. Suppose X = x;, (i = 1,2,...,n) be the sample values from Rayleigh distribu-
tion mentioned in Equation (1), the likelihood and the prior functions are given in Equations
(4) and (7) respectively, we have the following results using WLF:

(1) Now, considering prior hs(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A is: XEBW:]i(u:L_U—Fm_l) [(1—§ln(1+g>>}

(iii) The E-MSE and E-Posterior risk are given by

- 2 k
E—MSE()\EBw) = ﬁ (uiv —i—m) [Zn (1+

and
E — PR(Appw) = % [1 - %ln (1 + Ck))]
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Theorem 15. Suppose X = x;, (i = 1,2,...,n) be the sample values from Rayleigh distribu-
tion mentioned in Equation (1), the likelihood and the prior functions are given in Equations
(4) and (7) respectively, we have the following results using DLF:

(i) Now, considering prior ha(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A is:
« 2 U Q k
= — 1) (1—-—= 1+ —
AEBD k(u+v+m+ >|: kln( +Q)]

(iii) The E-MSE and E-Posterior risk are given by

E—MSE(XEBD)zli( “ +m+1) [Zn(1+k) _1}

u+v Q Q+k
and
E— PRO\psn) = — / L e gplg
_ — a —a a
PEDI T Bluv) Jo a+m+1

Theorem 16. Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribu-
tion mentioned in Equation (1), the likelihood and the prior functions are given in Equations
(4) and (7) respectively, we have the following results using ELF:

(i) Now, considering prior hy(a,b) mentioned in Equation (13), the E-Bayesian estimator of

A 18:
~ _2 U Q k
oo = (o) [ (14 )

(iii) The E-MSE and E-Posterior risk are given by

E— MSE(Agpp) = % <uiv +m> {l" <1+g> - Ql+k‘]

and

“ k rl
E — PR(/\EBE) = / / PRBEh4(a, b)dadb
0 JO

5. E-Bayesian, E-PR and E-MSE estimations of the RF

Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribution mentioned
in Equation (1), the likelihood and the prior functions are given in Equations (4) and (7)
respectively. Then the Bayesian estimates of the Reliability functions under assumed loss
functions are as follows:

(i) The Bayes estimator, MSE, and PR of R(x) under QLF is

- Q+b—222 mra
Rpq = Q+b— 22

s Qb N Q4@ +b—2)\"T (Q+b—222)\"
MSEU@Q%—<Q+m+ﬂﬂ> ‘2< (Q 1+ b)2 222 ) T

(@+)"*(@+b— 227"
(Q +b— $2)2(m+a)

PR(Rpg) =1—



Austrian Journal of Statistics 95

(ii) The Bayes estimator, MSE, and PR of R(z) under DLF is

R B Q+b+2$2 m—+a
PP\ Q+b+a?

mra m-+a mta
MSE(RBD):( Q+b >+2<(Q+b)(Q+b+2x2)> +<Q+b+2x2>

Q + b+ 222 (Q+ b+ 2?)? Q+b+a?
i (Q+b)"(Q 4 b+ 2z%)™te
P =1-
R(Rpp) (Q+0b+ wQ)Q(m—&-a)

(iii) The Bayes estimator, MSE, and PR of R(x) under WSELF is

R + b_ .%'2 m-ta

Q+b
VSBR[ Qb N Qb —a? Qb — a2\
o) =(gt3rm)  *arire o rT
. B Q—l—b m+a Q+b—l’2 m+ta
PR(RBW)_(Q+b+m2) _< Q+b >

(ii) The Bayes estimator, MSE, and PR of R(z) under ELF is

R + b . 1'2 m—+a
Rpg = (Q )

Q+0b
M) — (L) o (Lh )T (@bt
P Qb +a? Q+b+a @+0
. B ﬂ 2 m+a
PR(RBE)—(m+a)l09<Q+b—x2> ! <Q+b>

Now, using the Bayes estimates of the Reliability function, we are going to compute E-Bayes,
E-MSE, and E-PR of the assumed loss functions under the 4 priors we have taken for the
hyper-parameters i.e. hi(a,b), ha(a,b), hs(a,b), and hs(a,b) with the help of Equations (9),
(10), and (11).

Theorem 17. Using the Bayes estimate of the Reliability function under different loss func-
tions and priors in Equations (12) and (13), the E-Bayes estimator,E- MSE, and E-PR of
R(x)

. korl
REB = / / RBayeshi(a, b)dadb, 7= 2, 3, 4, 5
0 JO
A k 1 A
E — MSE(Rpp) = / / MSE(Rpayes)hi(a,b)dadb, i=2,3,4,5
0 JO

E — PR(Rpp) — / / PR(Rpayes)hi(a, b)dadb, i=2,3,4,5
0 0

The E-Bayesian estimate of the Reliability function under different loss functions can not be
obtained in a closed form, hence we are going to use Monte Carlo simulation for integration
to compute these values.

6. E-Bayesian, E-PR and E-MSE estimations of the HRF

Suppose X = z;, (i = 1,2,...,n) be the sample values from Rayleigh distribution mentioned
in Equation (1), the likelihood and the prior functions are given in Equations (4) and (7)
respectively. Then the Bayesian estimates of the Hazard rate functions under assumed loss
functions are as follows:
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(i) The Bayes estimator, MSE, and PR of H(z) under QLF is

~ 2z(m +a — 2)
Hoo = =55
42%(m+ a +4)
(@+1b)?
b
m-+a—1

MSE(Hpq) =

PR(Hpq) =

(ii) The Bayes estimator, MSE, and PR of H(x) under DLF is

i 2e(m+a+1)
BD= —(
Q+0b

422(m+a+1)
(@+0)?

N 1
PRI =y

MSE(Hpp) =

(iii) The Bayes estimator, MSE, and PR of H(z) under WSELF is

2z(m+a—1)

Hew =
BwW Q+b

422 (m +a+1)
(@+10)?

N 2x
PR(Hpw) = O+b

(ii) The Bayes estimator, MSE, and PR of H(x) under ELF is

MSE(Hpw) =

- 2z(m+a—1)
H =
BE Q+b
2
MSE(Hpg) = dr*(m +a+1)

(Q+b)?
PR(ﬁBE) =(a+ m)Q+bPolygamma(0 a+m)+ log (W)
’ a+m-—1

Now, using the Bayes estimates of the Hazard rate function, we are going to compute E-Bayes,
E-MSE, and E-PR of the assumed loss functions under the 4 priors we have taken for the
hyper-parameters i.e. hi(a,b), ha(a,b), hs(a,b), and hs(a,b) with the help of Equations (9),
(10), and (11).

Theorem 18. Using the Bayes estimate of the Hazard rate function under different loss
functions and priors in Equations (12) and (13), the E-Bayes estimator,E- MSE, and E-PR
of H(x)

Hpp = / / Hpayeshi(a,b)dadb, i=2,3,4,5
0 0
E - MSE(fIpp) :/ / MSE(Hpayes)hi(a,b)dadb, i=2,3,4,5
0 0
E — PR(Hgp) = / / PR(Hpayes)hi(a, b)dadb, i =2,3,4,5
0 0

Using Theorem 18, we have the following results for prior-I mentioned in Equation (12).
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(i) The Bayes estimator, MSE, and PR of H(z) under QLF is
A 2z 3 k
Hppo = 2 (m -2 14+~
o= (m=3)1n (1+5)

N 422 1 9
E_MSE(HBQ):%W (m+2)

E — PR(Hpq) = m( m )

m—1

(ii) The Bayes estimator, MSE, and PR of H(z) under DLF is

i ~ 2z(a+m+1)
EBD — Q+b
E— MSE(Hgp) A ( + 3>
_ e S (P
BDI =K Q(Q + k) 2
N 2r k
E — PR(Hpp) = ?ln (1 + Q)

(iii) The Bayes estimator, MSE, and PR of H(x) under WSELF is

. 2 1 k

(iv) The Bayes estimator, MSE, and PR of H(x) under ELF is

R 2x(m+a—1

HEBE_WZ? . )

. 422 1 3
E— MSE(Hgp) = — Eg‘i;‘); )(m+2>

E — PR(Hpg) = / / a4+ m)? Polygamma(0, a +m) + log ( f—i_ 1) dadb

to solve this Equation, we are going to use Monte Carlo simulation for integration.
Using Theorem 18, we have the following results for prior-II mentioned in Equation (13).

(i) The Bayes estimator, MSE, and PR of H(z) under QLF is
A 2x U k
H = — —2)In|1+—=
EBQ K<u+v+m )n( —i—Q)

E— MSE(Hpg) =

42 ( U
QQ+k) \utw

. k 1 1 1
E — PR(Hgp) = v=1(1 — a)""Ydadb
(Hq) /0 /0 atm—1kB(uv)" (1= a)™ da

+m+4>
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(ii) The Bayes estimator, MSE, and PR of H(x) under DLF is

) 9 k
HEBD:[?<uiU+m+1)zn<1+Q>

Q(Zl;jrk) (uiﬁm“)

. k 1 1 1
E — PR(Hgp) = v=1(1 — a)""tdadb
(App) /o/oa+m+1k:5(uw)a (1 - )" 'da

(iii) The Bayes estimator, MSE, and PR of H(x) under WSELF is

N 2 k
HEBW:[?<uj_U+m—1>ln<l—l—Q>

E— MSE(Hpp) =

422

QQ+k) (uj—v+m+1>

N 2x k
E — PR(Hpw) = —-ln <1 + Q)

(iv) The Bayes estimator, MSE, and PR of H(x) under ELF is

N 2 k
HEBE=;<uiv+m—1)ln<1+Q)

E — MSE(Hpy) =

N 42 U
E— MSE(Hpg) = QO+ 1) <u+v+m+1)

a _ kot 1 u—1 v—1 Q+b
E—PR(HBE)_/O/OWOL (1= a)*(a+m)@

b
Polygamma(0,a + m) + log (a @+

) dadb
+m—-1

to solve this Equation, we are going to use Monte Carlo simulation for integration.
Using Theorem 18, we have the following results for prior-IIT mentioned in Equation (13).

(i) The Bayes estimator, MSE, and PR of H(z) under QLF is

w2 g+ 2) - 2 (1+5)

E—MSE(]EIBQ)ZS;Q<2—M(1+2>) (uiv+m+4)

R k 1 1 1
E — PR(Hgp) = v=1(1 — a)""tdadb
(Hq) /0 /0 atm—1kB(uv)" (1=a)™ da

(ii) The Bayes estimator, MSE, and PR of H(x) under DLF is

N 4 k
HEBD:[(:Z(uiU-FM—Fl) (1—2171(1—1—@))

EMSE(fIBD)zif@m(Hg)) <uu+v+m+1)

. k 1 1 1
E — PR(Hgp) = v=1(1 — a)""tdadb
(App) /O/OHmHWWa (1-a)" 'da
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(iii) The Bayes estimator, MSE, and PR of H(x) under WSELF is

A 4x U Q k
H = — —1)(1=—=In(1+—=
o = gz (i +m=1) (1= 5 (14 )
- 8z% [k k U
E—-MSE(H =—|=—-In(1+—= — 1
)= (g~ (1+g)) G rm)
4x Q k
E ~ PR(Hpw) = 5 (1 —~<in (1 + Q))
(iv) The Bayes estimator, MSE, and PR of H(x) under ELF is

fIEBE:?é(uiv+m—1) (1—§ln<1+g>>

E—MSE(FIBE)ZSI;ZQ(g—ln(l—{—g)) (uj_v+m+1)

E — PR(Hgg) //k%ab a* 11— a)""Ha+m)?T
Q+_1>dadb

Polygamma(0,a + m) + log (
to solve this Equation, we are going to use Monte Carlo simulation for integration
Using Theorem 18, we have the following results for prior-IV mentioned in Equation (13)

(i) The Bayes estimator, MSE, and PR of H(z) under QLF is

o= (55573 (-8 )

E—MSE(FIBQ)ZS;QZ<M<1+2> —Q(Q1+k)> (uiv+m+4)

A 1
E — PR(Hpo) = =11 — )" dadb
R(Hpq) /0 /0 a+m— lkﬁ(u,v)a (I —a)" dad

(ii) The Bayes estimator, MSE, and PR of H(x) under DLF is

ﬁEBDZi?(uiv—i—m—Fl) (1—2171(14—2))

EMSE(fIBD)Zixj<ln<1+g> Q(Q1+k)> (uiv+m+1)

. 1
FE — PR(Hpp) = =11 — a)""tdadb
R(Hzp) /0 /0 a+m+1kﬁ(u,v)a (1-a) “

(iii) The Bayes estimator, MSE, and PR of H(x) under WSELF is

ﬁEBW—f(uierm—Q (1—§zn(1+g>)

E—MSE(ﬁBw)ZiJf<ln<l+g> —Q(Q1+k)> (uiv+m+1>

N 4x k
E — PR(Hpw) = 15ln (1 + Q)
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(iv) The Bayes estimator, MSE, and PR of H(x) under ELF is

ﬁEBE=g<uj‘rv+m—1> (1—gzn<1+g>)

E—MSE(IEIBE)ZEZ;On(l—i—g) —Q(Q1+k)> (uiv+m+1)

. k rl 20
E — PR(Hpg) :/o /0 Wfluﬂ(l —a)’ Y a+m)r

Polygamma(0,a + m) + log ( Qt0
a

> dadb
+m-—1

to solve this Equation, we are going to use Monte Carlo simulation for integration.

7. Monte Carlo simulation

In this section, a Monte Carlo simulation study was conducted to compare the evaluation
standards of the Bayesian and E-bayesian estimates. We use the following steps for performing
the study.

Step 1: Fix A = {0.75,1.5, 3}.

Step 2: Consider the following censoring schemes

Scheme-1: R{ =Ry =---=R,,—.1=0and R,,, =n—m.
Scheme-2: R{ =Ry =---=R,,—.1=1and R,, =n—2m + 1.
Scheme-3: R1:R2:~~:Rm_1:Rm:nim.

m

Step 3: Set different values of (n,m) = {(30,5), (30, 10), (60, 5), (60, 10)}.

Step 4: Generate progressively Type-II censored data set of size m from random num-
bers of the Rayleigh distribution of size n.

Step 5: Set values for hyper-parameters i.e. a = 7,b = 2, and constants i.e. k = 5.
Step 6: Evaluate all the values that are derived in Section 3.

Step 7: Repeat, steps 4 to 6, 1000 times for different values of (n,m).
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Table 2: Bayesian, MSE, Posterior Risk (PR) estimates using QLF

(nm)  Scheme X =0.75 X=15 X=3
X MSE PR X MSE PR X MSE PR
T 0.600381 0.10849 0.166667 0.209758 0.014138 0.166667 0.059822 0.001208 0.166667
(30,5) IT 0.577668 0.09992 0.166667 0.292126 0.036227 0.166667 0.091754 0.004147 0.166667
I 0.589278 0.104378 0.166667 0.227509 0.018708 0.166667 0.066563 0.001764 0.166667
I 0.635847 0.050800 0.090909 0.185803 0.004454 0.090909 0.049726 0.00032 0.090909
(30,10) IT 0.576358 0.041625 0.090909 0.237529 0.009227 0.090909 0.061859 0.000661 0.090909
11 0.680138 0.061119 0.090909 0.206038 0.005831 0.090909 0.053952 0.000406 0.090909
I 0.608705 0.111709 0.166667 0.215182 0.015029 0.166667 0.063709 0.001443 0.166667
(60,5) 11 0.759184 0.196964 0.166667 0.330915 0.049228 0.166667 0.110106 0.007097 0.166667
I 0.645461 0.132548 0.166667 0.246869 0.021971 0.166667 0.073227 0.002141 0.166667
I 0.69307 0.060883 0.090909 0.207209 0.005599 0.090909 0.054802 0.000391 0.090909
(60,10) 11 0.931097 0.136913 0.090909 0.314954 0.018393 0.090909 0.090632 0.001685 0.090909
11 0.742862 0.073587 0.090909 0.232661 0.007730 0.090909 0.061662 0.000546 0.090909
Table 3: E-Bayesian, E-MSE, E-Posterior Risk (E-PR) estimates using QLF for Prior-I
(mm)  Scheme X =0.75 X=15 X=3
X MSE PR X MSE PR X MSE PR
I 0.471537 0.117407 0.223143 0.151379 0.012043 0.223143 0.042203 0.000968 0.223143
(30,5) 1T 0.450119 0.105366 0.223143 0.22029 0.037329 0.223143 0.065524 0.003497 0.223143
11 0.461118 0.111562 0.223143 0.165856 0.016727 0.223143 0.047099 0.00144 0.223143
I 0.565099 0.049457 0.10536 0.159675 0.003996 0.10536 0.042384 0.000282 0.10536
(30,10) 11 0.50948 0.039954 0.10536 0.205828 0.008517 0.10536 0.052828 0.000586 0.10536
III 0.609598 0.061534 0.10536 0.177472 0.005273 0.10536 0.046008 0.000358 0.10536
1 0.479797 0.123087 0.223143 0.155539 0.012903 0.223143 0.044996 0.001165 0.223143
(60,5) IT 0.681299 0.389024 0.223143 0.256821 0.059596 0.223143 0.079597 0.006402 0.223143
I 0.524612 0.167305 0.223143 0.180765 0.019929 0.223143 0.051871 0.001746 0.223143
I 0.619659 0.063187 0.10536 0.178348 0.005044 0.10536 0.046725 0.000344 0.10536
(60,10) 1T 0.888825 0.176237 0.10536 0.276482 0.017844 0.10536 0.077698 0.001514 0.10536
111 0.671112 0.076207 0.10536 0.200958 0.007064 0.10536 0.052614 0.000482 0.10536
Table 4: E-Bayesian, E-MSE, E-Posterior Risk (E-PR) estimates using QLF for Prior-II
X =0.75 X=15 X=3
(n,m)  Scheme
X MSE PR X MSE PR X MSE PR
T 0.4645 0.1140 0.1485 0.1510 0.0122 0.1087 0.0425 0.0009 0.0003
(30,5) II 0.6140 0.2789 0.1484 0.2279 0.0384 0.1083 0.0625 0.0034 0.0003
1T 0.4850 0.1366 0.1484 0.1657 0.0154 0.1083 0.0457 0.0013 0.0003
I 0.5680 0.0500 0.0986 0.1657 0.0042 0.0095 0.0423 0.0002 0.0002
(30,10) I 0.6723 0.0878 0.0985 0.2060 0.0087 0.0094 0.0544 0.0006 0.0002
11 0.6147 0.0634 0.0985 0.1800 0.0055 0.0094 0.0462 0.0003 0.0002
I 0.4889 0.1283 0.1481 0.1609 0.0137 0.1024 0.0446 0.0011 0.0003
(60,5) 11 0.6555 0.3579 0.1480 0.2286 0.1376 0.1022 0.0782 0.0068 0.0003
1T 0.5320 0.1721 0.1480 0.1852 0.0223 0.1022 0.0514 0.0017 0.0003
I 0.6268 0.0617 0.0833 0.1765 0.0049 0.0089 0.0471 0.0003 0.0002
(60,10) 11 0.8535 0.1582 0.0832 0.2819 0.0185 0.0108 0.0789 0.0015 0.0002
11T 0.6714 0.0763 0.0832 0.1980 0.0069 0.0088 0.0528 0.0005 0.0002
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Table 7: Bayesian, MSE, Posterior Risk (PR) estimates using WSELF

A=0.75 X=15 A=3
(n,m)  Scheme
) MSE PR ) MSE PR X MSE PR
I 0.699432 0.0508 0.063584 0.25171 0.014138 0.041951 0.071787 0.001208 0.011964
(30,5) 11 0.633994 0.041625 0.057635 0.350551 0.036227 0.058425 0.110105 0.004147 0.01835
111 0.748152 0.061119 0.068013 0.27301 0.018708 0.045501 0.079876 0.001764 0.013312
I 0.720457 0.10849 0.120076 0.204383 0.004454 0.01858 0.054699 0.00032 0.004972
(30,10) 11 0.693201 0.09992 0.120076 0.261282 0.009227 0.023752 0.068045 0.000661 0.006185
111 0.707134 0.104378 0.117855 0.226642 0.005831 0.020603 0.059347 0.000406 0.005395
I 0.730446 0.111709 0.121741 0.258218 0.015029 0.043036 0.076451 0.001443 0.012741
(60,5) 11 0.911021 0.196964 0.151836 0.397099 0.049228 0.066183 0.132127 0.007097 0.022021
111 0.774553 0.132548 0.129092 0.296243 0.021971 0.049373 0.087872 0.002141 0.014645
I 0.762377 0.060883 0.069307 0.227929 0.005599 0.02072 0.060282 0.000391 0.00548
(60,10) 11 1.024207 0.136913 0.093109 0.346449 0.018393 0.031495 0.099695 0.001685 0.009063
111 0.817148 0.073587 0.074286 0.255928 0.00773 0.023266 0.067829 0.000546 0.006166
Table 8: E-Bayesian, E-MSE, E-Posterior Risk (E-PR) estimates using WSELF for Prior-I
(mm)  Scheme A=0.75 A=15 A=3
’ A MSE PR A MSE PR X MSE PR
T 0.606262 0.128080 0.134725 0.194630 0.013138 0.043251 0.054261 0.001056 0.012058
(30,5) 11 0.578725 0.114945 0.128605 0.283230 0.040722 0.062940 0.084245 0.003815 0.018721
111 0.592866 0.121704 0.131748 0.213244 0.018247 0.047387 0.060556 0.001571 0.013456
I 0.631581 0.051812 0.066482 0.178460 0.004186 0.018785 0.047370 0.000295 0.004986
(30,10) 11 0.569419 0.041857 0.059938 0.230043 0.008922 0.024215 0.059043 0.000614 0.006215
111 0.681316 0.064464 0.071717 0.198351 0.005524 0.020879 0.051421 0.000375 0.005412
I 0.616882 0.134277 0.137084 0.199978 0.014076 0.044439 0.057852 0.001271 0.012856
(60,5) Il 0.875955 0.424390 0.194656 0.330199 0.065014 0.073377 0.102339 0.006984 0.022742
111 0.674501 0.182514 0.149889 0.232413 0.021740 0.051647 0.066692 0.001904 0.014820
I 0.692560 0.063187 0.072901 0.199330 0.005284 0.020982 0.052222 0.000361 0.005497
(60,10) 11 0.993392 0.184629 0.104567 0.309010 0.018693 0.032527 0.086839 0.001586 0.00914
111 0.750067 0.079836 0.078954 0.224600 0.007400 0.023642 0.058804 0.000505 0.006189

Table 9: E-Bayesian, E-MSE, E-Posterior Risk

(E-PR) estimates using WSELF for Prior-1I

A=0.75 A=15 A=
(n,m)  Scheme
A MSE PR A MSE PR A MSE PR
I 0.5973 0.1140 0.1327 0.1942 0.0122 0.0431 0.0547 0.0009 0.0121
(30,5) II 0.7895 0.2789 0.1754 0.0293 0.0384 0.0651 0.0807 0.0034 0.0179
III 0.6236 0.1366 0.1358 0.2807 0.0154 0.0479 0.0588 0.0013 0.0130
I 0.6349 0.0500 0.0668 0.1852 0.0042 0.0194 0.0473 0.0002 0.0049
(30,10) II 0.7514 0.0878 0.0790 0.2302 0.0087 0.0242 0.0609 0.0006 0.0064
III 0.6871 0.0634 0.0723 0.2011 0.0055 0.0211 0.0517 0.0003 0.0054
I 0.6286 0.1283 0.1396 0.2069 0.0137 0.0459 0.0573 0.0011 0.0127
(60,5) II 0.8429 0.3479 0.1873 0.2940 0.1376 0.013 0.01006 0.0068 0.0223
IIT 0.684 0.1721 0.1502 0.2380 0.0223 0.0528 0.0661 0.0017 0.0147
I 0.7006 0.0617 0.0737 0.1975 0.0049 0.0207 0.0527 0.0003 0.0055
(60,10) II 0.9504 0.1582 0.1004 0.3151 0.0185 0.0331 0.0882 0.0015 0.0092
111 0.7504 0.0763 0.0789 0.2213 0.0069 0.0232 0.059 0.0005 0.0062
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Table 12: Bayesian, MSE, Posterior Risk (PR) estimates using DLF

(nm)  Scheme A=0.75 X=15 A=3
) PR A MSE PR X MSE PR/
I 0.826601 0.055033 0.125000 0.335614 0.016158 0.125000 0.095716 0.001381 0.125000
(30,5) 11 0.749266 0.045094 0.125000 0.467402 0.041403 0.125000 0.146807 0.00474 0.125000
11 0.884179 0.066212 0.125000 0.364014 0.021380 0.125000 0.106502 0.002016 0.125000
I 0.960610 0.123989 0.076923 0.241544 0.004826 0.076923 0.064644 0.000347 0.076923
(30,10) I 0.924268 0.114194 0.076923 0.308788 0.009996 0.076923 0.080417 0.000717 0.076923
111 0.942846 0.119282 0.076923 0.267850 0.006317 0.076923 0.070138 0.00044 0.076923
I 0.900991 0.065956 0.125000 0.344291 0.017176 0.125000 0.101935 0.001649 0.125000
(60,5) I 1.210426 0.148323 0.125000 0.529465 0.056261 0.125000 0.176169 0.008111 0.125000
111 0.965720 0.079719 0.125000 0.394991 0.025110 0.125000 0.117163 0.002447 0.125000
I 0.973928 0.127667 0.076923 0.269371 0.006066 0.076923 0.071243 0.000424 0.076923
(60,10) 11 1.214695 0.225102 0.076923 0.409440 0.019926 0.076923 0.117822 0.001826 0.076923
111 1.032738 0.151484 0.076923 0.302460 0.008375 0.076923 0.080161 0.000591 0.076923
Table 13: E-Bayesian, E-MSE, E-Posterior Risk (E-PR) estimates using DLF for Prior-I
(nm)  Scheme A=0.75 X=15 =3
’ A PR A MSE PR X MSE PR
T 0.764546 0.051467 0.154151 0.281133 0.014233 0.154151 0.078377 0.001144 0.154151
(30,5) 11 0.689297 0.043759 0.15415 0.40911 0.044116 0.15415 0.121688 0.004133 0.15415
111 0.824751 0.067394 0.15415 0.308019 0.019768 0.15415 0.08747 0.001702 0.15415
I 0.875712 0.138754 0.087011 0.216031 0.004377 0.087011 0.057343 0.000309 0.087011
(30,10) 11 0.835936 0.124523 0.087011 0.278474 0.009328 0.087011 0.071474 0.000642 0.087011
111 0.856362 0.131846 0.087011 0.240109 0.005775 0.087011 0.062246 0.000392 0.087011
I 0.838362 0.066059 0.15415 0.288858 0.015249 0.15415 0.083565 0.001377 0.15415
(60,5) Il 1.202528 0.193022 0.15415 0.476954 0.070432 0.15415 0.147824 0.007566 0.15415
111 0.907975 0.083464 0.15415 0.335708 0.023552 0.15415 0.096333 0.002063 0.15415
I 0.891052 0.145466 0.087011 0.241294 0.005524 0.087011 0.063216 0.000377 0.087011
(60,10) 11 1.26527 0.459756 0.087011 0.374064 0.019543 0.087011 0.105121 0.001658 0.087011
111 0.974279 0.197724 0.087011 0.271884 0.007737 0.087011 0.071184 0.000528 0.087011

Table 14: E-Bayesian, E-MSE, E-Posterior Risk (E-PR) estimates using DLF for Prior-11

A=0.75 A=1.5 A=3
(n,m)  Scheme
A MSE PR A MSE PR A MSE PR
1 0.8628 0.1348 0.1027 0.2805 0.0145 0.1026 0.7900 0.0011 0.1025
(30,5) II 1.1404 0.3296 0.1026 0.4232 0.0454 0.1025 0.1165 0.0041 0.1024
III 0.9007 0.1614 0.1026 0.3067 0.0189 0.1025 0.0849 0.0015 0.1024
I 0.7685 0.0548 0.0689 0.2242 0.0047 0.0423 0.0573 0.0003 0.0666
(30,10) I 0.9096 0.0962 0.0688 0.2787 0.0095 0.0422 0.0737 0.0007 0.0665
III 0.8317 0.0650 0.0688 0.2431 0.0060 0.0422 0.0626 0.0030 0.0665
I 0.9080 0.1516 0.1008 0.2988 0.0162 0.0897 0.0829 0.0013 0.1001
(60,5) II 1.2175 0.4112 0.1007 0.1626 0.0975 0.0896 0.1454 0.0081 0.1000
III 0.9880 0.2034 0.1007 0.3437 0.0263 0.0896 0.0955 0.0020 0.1000
1 0.8481 0.0676 0.0562 0.2391 0.0054 0.0396 0.0638 0.0003 0.0452
(60,10) II 1.1548 0.1733 0.0561 0.3814 0.0202 0.0395 0.1067 0.0017 0.0451
111 0.9084 0.0835 0.0561 0.2679 0.0076 0.0395 0.0715 0.0005 0.0451
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Table 17: Bayesian, MSE, Posterior Risk (PR) estimates using ELF

(n,m) Scheme A=075 A=15
A MSE PR A MSE PR A PR
I 0.699432 0.0508 2.062357 0.25171 0.014138 0.424679 0.071787 0.001208 -0.851048
(30,5) II 0.633994 0.041625 1.965614 0.350551 0.036227 0.571243 0.110105 0.004147 -0.653946
II1 0.748152 0.061119 2.104382 0.27301 0.018708 0.441144 0.079876 0.001764 -0.815633
I 0.720457 0.10849 1.507652 0.204383 0.004454 0.819732 0.054699 0.000321 -0.500625
(30,10) II 0.693201 0.09992 0.120076 0.261282 0.009227 0.914548 0.068045 0.000661 -0.452626
111 0.707134 0.104378 1.489935 0.226642 0.005831 0.892679 0.059347 0.000406 -0.454173
I 0.730446 0.111709 1.520894 0.258218 0.015029 0.448574 0.076451 0.001443 -0.800764
(60,5) 11 0.911021 0.196964 1.650539 0.397099 0.049228 0.660805 0.132127 0.007097 -0.572091
II1 0.774553 0.132548 1.546587 0.296243 0.021971 0.524001 0.087872 0.002141 -0.732853
I 0.762377 0.060883 2.144037 0.227929 0.005599 0.923717 0.060282 0.000391 -0.406026
(60,10) II 1.024207 0.136913 2.291028 0.346449 0.018393 1.113494 0.099695 0.001685 -0.194547
II1 0.817148 0.073587 2.187958 0.255928 0.00773 0.99931 0.067829 0.000546 -0.334499
Table 18: E-Bayesian, E-MSE, E-Posterior Risk (E-PR) estimates using ELF for Prior-I
(n,m) Scheme A =0.75 A=15
’ A MSE PR A MSE PR A PR
I 0.606262 0.12808 0.107425 0.19463 0.013138 0.107425 0.054261 0.001056 0.107425
(30,5) 11 0.569419 0.041857 0.051755 0.28323 0.040722 0.107425 0.084245 0.003815 0.107425
IIT 0.592866 0.121704 0.107425 0.213244 0.018247 0.107425 0.060556 0.001571 0.107425
I 0.631581 0.051812 0.051755 0.17846 0.004186 0.051755 0.04737 0.000295 0.051755
(30,10) II 0.578725 0.114945 0.107425 0.230043 0.008922 0.051755 0.059043 0.000614 0.051755
111 0.681316 0.064464 0.051755 0.198351 0.005524 0.051755 0.051421 0.000375 0.051755
1 0.616882 0.134277 0.107425 0.199978 0.014076 0.107425 0.057852 0.001271 0.107425
(60,5) II 0.875955 0.42439 0.107425 0.330199 0.065014 0.107425 0.102339 0.006984 0.107425
II1 0.674501 0.182514 0.107425 0.232413 0.02174 0.107425 0.066692 0.001904 0.107425
I 0.69256 0.063187 0.051755 0.19933 0.005284 0.051755 0.052222 0.000361 0.051755
(60,10) 11 0.993392 0.184629 0.051755 0.30901 0.018693 0.051755 0.086839 0.001586 0.051755
IIT 0.750067 0.079836 0.051755 0.2246 0.007401 0.051755 0.058804 0.000505 0.051755
Table 19: E-Bayesian, E-MSE, E-Posterior Risk (E-PR) estimates using ELF for Prior-11
A=0.75 A=15 A=
(n,m)  Scheme
A MSE PR A MSE PR A MSE PR
I 0.5973 0.1140 0.0045 0.1942 0.0122 0.0032 0.0547 0.0009 0.0003
(30,5) II 0.7895 0.2789 0.0045 0.2930 0.0385 0.0032 0.0807 0.0034 0.0003
111 0.6236 0.1366 0.0045 0.2130 0.0159 0.0032 0.0588 0.0013 0.0003
I 0.6349 0.0500 0.0023 0.1852 0.0042 0.0019 0.0473 0.0002 0.0002
(30,10) II 0.7514 0.0878 0.0023 0.2302 0.0087 0.0019 0.0609 0.0006 0.0002
111 0.6871 0.0634 0.0023 0.2011 0.0055 0.0019 0.0517 0.0003 0.0002
I 0.6286 0.1283 0.0039 0.2069 0.0137 0.0029 0.0573 0.0011 0.0003
(60,5) 11 0.8429 0.3479 0.0039 0.1376 0.0975 0.0029 0.01006 0.0068 0.0003
II1 0.6840 0.1721 0.0039 0.2380 0.0223 0.0029 0.0661 0.0017 0.0003
I 0.7006 0.0617 0.0020 0.1975 0.0049 0.0016 0.0527 0.0003 0.0002
(60,10) 11 0.954 0.1582 0.0020 0.3151 0.0185 0.0016 0.0882 0.0015 0.0002
II1 0.7084 0.0763 0.0020 0.2213 0.0069 0.0016 0.0590 0.0005 0.0002
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Table 22: E-MSEs and E-posterior risks (E-PR) of E-Bayesian estimates of the parameter for different values of m and n

0 m QLF WSELF DLF ELF

A EMSE EPR A EMSE EPR A EMSE EPR A EMSE EPR
A=0.75
5 0.5959 0.103 0.2231 0.6833 0.1124 0.1274 0.8281 0.1218 0.1541 0.6833 0.1124 0.1274
10 0.5726 0.0514 0.1053 0.64 0.0538 0.0673 0.7748 0.0563 0.087 0.64 0.0538 0.0673
30 15 0.5422 0.0261 0.0689 0.5823 0.0269 0.0401 0.6627 0.0278 0.0606 0.5823 0.0269 0.0401
20 0.5219 0.0109 0.0606 0.5685 0.0125 0.0079 0.6199 0.0189 0.054 0.5685 0.0125 0.0079
5 0.4752 0.1209 0.2231 0.611 0.1319 0.1357 0.8826 0.1429 0.1541 0.611 0.1319 0.1357
10 0.6135 0.0594 0.1053 0.6857 0.0622 0.0721 0.83 0.065 0.087 0.6857 0.0622 0.0721
50 15 0.6312 0.0355 0.0689 0.678 0.0366 0.0467 0.7715 0.0378 0.0606 0.678 0.0366 0.0467
20 0.6114 0.0231 0.0512 0.6444 0.0237 0.033 0.7105 0.0242 0.0465 0.6444 0.0237 0.033
) 0.4854 0.1262 0.2231 0.6241 0.1377 0.1386 0.9014 0.1491 0.1541 0.6241 0.1377 0.1386
10 0.626 0.0614 0.1053 0.6997 0.0643 0.0736 0.847 0.0673 0.087 0.6997 0.0643 0.0736
70 15 0.6683 0.0398 0.0689 0.7178 0.0411 0.0495 0.8168 0.0424 0.0606 0.7178 0.0411 0.0495
20 0.6695 0.0278 0.0512 0.7057 0.0285 0.0361 0.7781 0.0291 0.0465 0.7057 0.0285 0.0361
A=15

5 0.1671 0.0113 0.2231 0.1891 0.0124 0.042 0.2732 0.0134 0.1541 0.1891 0.0124 0.042
10 0.1655 0.0042 0.1053 0.185 0.0044 0.0194 0.224 0.0046 0.087 0.185 0.0044 0.0194
30 15 0.1461 0.0018 0.0689 0.1569 0.0019 0.0108 0.1786 0.002 0.0606 0.1569 0.0019 0.0108
20 0.1428 0.0016 0.0606 0.1511 0.0017 0.0079 0.1658 0.0017 0.054 0.1511 0.0017 0.0079
5 0.1584 0.0135 0.2231 0.2036 0.0147 0.0452 0.2941 0.016 0.1541 0.2036 0.0147 0.0452
10 0.6857 0.0622 0.0517 0.1768 0.0049 0.1053 0.1976 0.0051 0.0208 0.1768 0.0049 0.1053
50 15 0.1758 0.0027 0.0689 0.1888 0.0028 0.013 0.2148 0.0029 0.0606 0.1888 0.0028 0.013
20 0.1645 0.0016 0.0512 0.1734 0.0017 0.0088 0.1912 0.0017 0.0465 0.1734 0.0017 0.0088
5 0.1626 0.0147 0.2231 0.209 0.0161 0.0464 0.3019 0.0174 0.1541 0.209 0.0161 0.0464
10 0.1822 0.0052 0.1053 0.2037 0.0055 0.0214 0.2466 0.0057 0.087 0.2037 0.0055 0.0214
70 15 0.185 0.003 0.0689 0.1988 0.0031 0.0137 0.2262 0.0032 0.0606 0.1988 0.0031 0.0137
20 0.1779 0.0019 0.0512 0.1875 0.002 0.0096 0.2067 0.002 0.0465 0.1875 0.002 0.0096
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Figure 2: E-MSEs and E-posterior risks (E-PR) of E-Bayesian estimates of the parameter
(A =0.75) for different values of m and n

The values of E-MSE and E-PR of E-Bayesian estimates are summarized in Table 22 for
different combinations of (n, m) for different loss functions. The values of E-MSE and E-PR
for all four loss functions for lambda = 0.75 and 1.5 are displayed in Figure 2 and Figure
3 respectively. It can be instantly observed from Table 22, and Figures 2 — 3 that the E-
MSE and E-PR values of E-Bayesian estimates become more precise as the values of (n, m)
increase. It is ascertained that both E-MSEs and E-Posterior Risks decrease as the values
of (n, m) increase. It can easily observed that DLF has the minimum E-posterior Risk and
incurs precise estimate than other assumed loss functions.

8. Real data analysis

(Lawless 2011, page 228) arose in tests on the endurance of deep groove ball bearings. the
data, in units of 107 revolutions before failure for each of the 23 ball bearings in the life test,
are 1.788, 2.892, 3.300, 4.152, 4.212, 4.560, 4.880, 5.184, 5.196, 5.412, 5.556, 6.780, 6.864,
6.864, 6.888, 8.412, 9.312, 9.864, 10.512, 10.584, 12.792, 12.804, and 17.340.

The one parametric Rayleigh and Exponential distributions are fitted by the maximum like-
lihood method. We consider the following criteria to check the goodness of fit.

(1) Akaike’s Information Criterion (AIC)

(2) Bayesian Information Criterion (AIC).
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Figure 3: E-MSEs and E-posterior risks (E-PR) of E-Bayesian estimates of the parameter
(A = 1.5) for different values of m and n
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Table 23: Goodness of Fit for Real Data

Distribution = MLE AIC BIC KS p-value AD p-value
Rayleigh 0.000256  308.9675 308.9664 0.1374 0.7776  0.3203  0.9214
Exponential  0.000394 390.8308 391.9218 0.3067 0.0264 2.8143 0.9895

Suppose m and n are the numbers of parameters and observations respectively, then AIC and
BIC are stated as
AIC = =2 x log(Likelihood) + 2 x m

BIC = -2 x log(Likelihood) +m x log(n).

Table 23 shows that the Rayleigh distribution provides a better fit to the data compared to
the Exponential distribution, as indicated by its higher (less negative) log-likelihood value.
Additionally, the AIC and BIC values for the Rayleigh distribution are lower than those for
the Exponential distribution, further reinforcing the conclusion that the Rayleigh distribution
offers a better fit for this dataset. Initially, we utilize the ball bearings dataset and fit
a Rayleigh distribution with the parameter \. The MLE of the unknown A is given by
A = 0.000394. Using the Kolmogorov-Smirnov (K-S) test with a significance level of 0.05,
the test statistic is found to be 0.1374, with a corresponding p-value of 0.1374. Similarly, the
Anderson-Darling (AD) test yields a statistic value of 0.3203, with a p-value of 0.9241. Given
the outcomes of the K-S and AD tests, it can be depicted that the Rayleigh distribution is a
statistically adequate fit for the data.



Table 24: Bayesian and E-Bayesian Estimates for Real Data and Hazard Rate Function

(n, m)

L.F.

Bayesian Estimate

A MSE

PR

A

E-Bayesian estimate

E-MSE E-PR )

E-MSE E-PR

A

E-MSE

E-PR )

E-MSE E-PR

Scale Parameter

(23,8)

QLF
WSELF
DLF
ELF

0.0097 8.4e-6
0.0104 8.4e-6
0.0119 9.8e-6
0.0104 8.4e-6

0.0714
0.0007
0.0625
0.0426

0.0048
0.0056
0.0071
0.0056

4.7e-6
4.7e-6
5.3e-6
4.7e-6

0.1335 0.0048
0.0007 0.0056
0.1053 0.0071
0.0652 0.0056

4.7e-6
4.7e-6
5.3e-6
4.7e-6

0.1335
0.0007
0.1053
0.0652

0.0048
0.0056
0.0071
0.0056

4.7e-6
4.7e-6
5.3e-6
4.7e-6

0.1335 0.0048
0.0007 0.0056
0.1053 0.0071
0.0652 0.0056

4.7e-6
4.7e-6
5.3e-6
4.7e-6

0.1335
0.0007
0.1053
0.0652

(23,13)

QLF
WSELF
DLF
ELF

0.0074 3.4e-6
0.0078 3.4e-6
0.0086 3.5e-6
0.0078 3.4e-6

0.0526
0.0004
0.0476
0.0529

0.0047
0.0051
0.0059
0.0051

2.3e-6
2.3e-6
2.4e-6
2.3e-6

0.0800 0.0047
0.0004 0.0051
0.0690 0.0059
0.0394 0.0051

2.3e-6
2.3e-6
2.4e-6
2.3e-6

0.0800
0.0004
0.0690
0.0394

0.0047
0.0051
0.0059
0.0051

2.3e-6
2.3e-6
2.4e-6
2.3e-6

0.0800 0.0047
0.0004 0.0051
0.0690 0.0059
0.0394 0.0051

2.3e-6
2.3e-6
2.4e-6
2.3e-6

0.0800
0.0004
0.0690
0.0394

Reliability Function

(23,8)

QLF
WSELF
DLF
ELF

0.4146 0.0264
0.4353 0.0086
0.7983 0.0099
0.4353 0.0086

0.0476
0.0194
0.0385
0.0226

0.4277
0.4426
0.8085
0.4776

0.0112
0.0110
0.0126
0.0121

0.0297 0.4277
0.0082 0.4426
0.8099 0.8085
0.0136 0.4776

0.0112
0.0110
0.0126
0.0121

0.0297
0.0082
0.8099
0.0136

0.4277
0.4426
0.8085
0.4776

0.0112
0.0110
0.0126
0.0121

0.0297 0.4277
0.0082 0.4426
0.8099 0.8085
0.0136 0.4776

0.0112
0.0110
0.0126
0.0121

0.0297
0.0082
0.8099
0.0136

(23,13)

QLF
WSELF
DLF
ELF

0.4977 0.0177
0.5095 0.0057
0.8085 0.0099
0.5095 0.0057

0.0223
0.0113
0.0233
0.0112

0.4533
0.4810
0.7984
0.4523

0.0121
0.0092
0.0092
0.0092

0.0142 0.4533
0.0089 0.4810
0.4629 0.7984
0.0085 0.4523

0.0121
0.0092
0.0092
0.0092

0.0142
0.0089
0.4629
0.0085

0.4533
0.4810
0.7984
0.4523

0.0121
0.0092
0.0092
0.0092

0.0142 0.4533
0.0089 0.4810
0.4629 0.7984
0.0085 0.4523

0.0121
0.0092
0.0092
0.0092

0.0142
0.0089
0.4629
0.0085
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(n, m)

L.F.

Bayesian Estimate
A MSE PR

A

E-MSE E-PR

E-Bayesian estimate
E-MSE E-PR

A

A

E-MSE

E-PR

A

E-MSE E-PR

Hazard Rate Function

(23,8)

QLF
WSELF
DLF
ELF

0.1331 0.0013 0.0526
0.1405 0.0005 0.0194
0.1553 0.0007 0.0476
0.1405 0.0003 0.0524

0.4076
0.4251
0.4659
0.5118

0.0009
0.0010
0.0011
0.0109

0.5237
0.5016
0.4929
0.3904

0.4076
0.4251
0.4659
0.5118

0.0009
0.0010
0.0011
0.0109

0.5237
0.5016
0.4929
0.3904

0.4076
0.4251
0.4659
0.5118

0.0009
0.0010
0.0011
0.0109

0.5237
0.5016
0.4929
0.3904

0.4076
0.4251
0.4659
0.5118

0.0009
0.0010
0.0011
0.0109

0.5237
0.5016
0.4929
0.3904

(23,13)

QLF
WSELF
DLF
ELF

0.1780 0.0025 0.0534
0.2035 0.0025 0.0625
0.2203 0.0003 0.0552
0.1780 0.0013 0.0476

0.3140
0.3564
0.4070
0.4657

0.0021
0.0020
0.0025
0.0010

0.4982
0.4999
0.4790
0.4339

0.3140
0.3564
0.4070
0.4657

0.0021
0.0020
0.0025
0.0010

0.4982
0.4999
0.4790
0.4339

0.3140
0.3564
0.4070
0.4657

0.0021
0.0020
0.0025
0.0010

0.4982
0.4999
0.4790
0.4339

0.3140
0.3564
0.4070
0.4657

0.0021
0.0020
0.0025
0.0010

0.4982
0.4999
0.4790
0.4339
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Table 24 provides the estimated results of the real data application. It has been concluded
after examining the results, that the performance of the loss functions can not determined with
the help of MSE and posterior risk as the values are very close in the Bayesian estimations. By
taking E-MSE and E-posterior risk (E-PR) of the E-Bayesian estimations as the evaluation
standards, we have determined that the Degroot loss function performed best among all four
loss functions we have mentioned in this article. Since A > 0, therefore it has been shown that
WSELF is inappropriate because it inflicts an equal penalty on under-estimation as well as
over-estimation. Moreover, the efficiency of the estimates and evaluation standards increases
with the increase in failure items.

9. Conclusion

The Rayleigh time-to-failure (TTF) distribution is a suitable statistical model for systems
undergoing significant aging, where failures do not adhere to the conditions of a stationary
process. The present study focuses on deriving the E-Bayesian estimation for the unknown
scale parameter of this critical lifetime distribution. Additionally, we evaluate the performance
of various loss functions by examining key criteria such as expected mean squared error
(E-MSE) and expected posterior risk. Our results demonstrate that both the E-MSE and
expected posterior risk of the E-Bayesian estimators decrease as the values of the sample
sizes n and m increase. Simulation studies reveal that the DLF minimizes both E-MSE and
expected posterior risk compared to the other loss functions. Moreover, the differences in
these values among the remaining loss functions are negligible. These findings are further
corroborated by statistical analysis of a real dataset, which supports the conclusions drawn
from the simulation studies.
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