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Abstract

The paper studies distribution of sum of random processes from Orlicz spaces of ex-
ponential type weighted by continuous functions, in particular, processes from spaces
SUB,(12), SSUB,(£2) and class V (¢, 1) are considered. Such spaces and classes of random
variables and corresponding stochastic processes provide generalizations of Gaussian and
sub-Gaussian random variables and processes and are important for various applications,
for example, in queuing theory and financial mathematics.

We derive the estimates for the distribution of supremum of weighted sum of such
processes deviated by a continuous monotone function using the entropy method. As
examples, weighted sum of Wiener and weighted sum of fractional Brownian motion pro-
cesses with different Hurst indices from classes V(p, ) are considered. Corresponding
estimates of the probability of exceeding by trajectories of such weighted sums a positive
level determined by a linear function are obtained. In the insurance risk theory, such a
problem arises during estimating a ruin probability of the corresponding risk process with
a constant premium income, and in the communications theory, it appears for the buffer
overflow probability for a single server with a constant service rate.

Keywords: sub-Gaussian processes, supremum distribution, sum of weighted processes, gen-
eralized fractional Brownian motion, Wiener process, entropy method.

1. Introduction

This paper is devoted to the investigation of important classes of exponential type Orlicz
spaces of random variables, namely, ¢-sub-Gaussian random variables and more general
classes V(p,1). Recall that a random variable £ is sub-Gaussian if its moment generating
function is majorized by that of a Gaussian centered random variable 7, that is,

E exp{\¢} < Eexp{\n} = exp{c?)\?/2},

where o2 is the variance of 7. Sub-Gaussian random variables were introduced by Kahane
(1960) and were further widely studied together with other general classes of random variables
and processes from Orlich spaces. For a comprehensive review, refer to the classic monograph
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by Buldygin and Kozachenko (2000). Kozachenko and Ostrovskii (1985) presented Banach
spaces of the sub-Gaussian type, namely spaces of -sub-Gaussian random variables and
processes that naturally generalize spaces of sub-Gaussian random variables. SUB,(£2) spaces
(spaces of p-sub-Gaussian random variables) are spaces of centered random variables with
certain exponential moments. For a more in-depth understanding of these spaces, refer to the
book of Vasylyk, Kozachenko, and Yamnenko (2008). Additionally, Kozachenko and Vasylyk
(2001) introduced more general classes V' (¢, 1) of random processes.

Applying entropy methods for stochastic processes from these classes allows one to investi-
gate the behavior of their extrema, to derive estimates for various functionals of such pro-
cesses and random fields, to treat their sample paths properties, see, for example, Dozzi,
Kozachenko, Mishura, and Ralchenko (2018); Yamnenko (2017); Hopkalo and Sakhno (2021);
Sakhno (2022).

Here we generalize results obtained by Kozachenko and Yamnenko (2014) for weighted sum
of independent processes from such classes. Our main interest is focused on studying the
distribution of the following functionals

n n
sup wit)Xi(t) = f(t) |, inf > wi(t)Xi(t) = f(t) ],
teT \i=1 e \iz1
where f(t) is a continuous function which, for example, can describe intensity of queue serving
or premium income for an insurance company.

The results obtained are applied to weighted sum of fractional Brownian motion (FBM) pro-
cesses. It is well-known that long-range dependence and self-similarity properties make the
FBM process a popular model in various problems of queuing theory and financial mathe-
matics.

The paper is organized as follows. Section 2 is devoted to the general theory of random vari-
ables and processes from Orlicz spaces of exponential type and based on the works Buldygin
and Kozachenko (2000); Kozachenko and Vasylyk (2001); Vasylyk et al. (2008); Vasylyk and
Yamnenko (2007); Yamnenko, Kozachenko, and Bushmitch (2014). Section 3 contains a gen-
eralization of results from the papers Kozachenko and Yamnenko (2014) and the last section
contains applications to generalized Wiener and FBM processes from classes V (g, ).

2. Preliminaries

Let (Q, F,P) be a standard probability space and (T, p) a pseudometric space equipped with
pseudometric p. Note that a pseudometric possesses all the properties of a metric except the
following one: if p(t,s) = 0, then t = s. This means that the set {(¢,s): p(t,s) = 0} can be
wider than the diagonal {(t, s):t = s} (see Buldygin and Kozachenko (2000) for more details).
Recall that the metric entropy with regard to pseudometric p, or just metric entropy is a
function

log N(u), if N(u) < +oo

+00, if N(u) =400 ’

H(u) = Hr(u) = {

where N(u) = Nr(u) denotes the least number of closed p-balls with radius w covering space
(T, p).

A continuous even convex function ¢ is said to be an Orlicz N-function if it is strictly increasing
for x > 0, ¢(0) = 0 and

@—M)asm%O and @—M)oasx%oo.
T T

Condition Q. We say that an N-function ¢ satisfies condition Q if liin j(r)lf % =a>0.

Note that o can be infinite as well.

95



96 Weighted Sum of Processes from Class V (p, 1) with Deviation

Definition 2.1. Let ¢ be an Orlicz N-function satisfying condition Q. The random variable £
belongs to the space SUB,(12) (a space of p-sub-Gaussian random variables), if it is centered,
i.e. E€ =0, the moment generating function Eexp{A{} exists for all A € R and there exists
a constant a > 0 such that the following inequality

E exp (A) < exp (p(aX)) (1)
holds for all A € R.

Theorem 2.1. The space SUB,(S) is a Banach space with respect to the norm
7,(&) = inf{a > 0: Eexp (A§) < exp(p(al)), A € R}

and the inequality

E exp(A£) < exp(p(A1,(§))) (2)
holds for all A € R. Moreover, for all v > 0 there exists constant ¢, > 0 such that
(BT < e ©). (3)

When ¢(z) = 22 /2 the space SUB, () is actually the space of sub-Gaussian random variables
and is denoted by SUB((2).

Theorem 2.2. Let & € SUB,(Q2). Then for all e > 0 the following inequality holds true

P{l¢|> ¢} < 2€Xp{—cp (%)}

A random process X = {X(t),t € T} is called a @-sub-Gaussian process if X (t) € SUB,(2)
forallt e T.

Definition 2.2. A family of random variables A from the space SUB,((2) is called strictly
SUB,(€2), if there exists a constant Ca > 0 such that for arbitrary finite set 1 : § € Ajie I,
and for any A; € R the following inequality takes place

TW(ZA,@) < Ca (E(ZA@)j 1/2. (4)

i€l i€l

If A is a family of strictly SUB,(2) random variables, then linear closure A of the family
A in the space L(2) is also strictly SUB,(£2) family of random variables. Linearly closed
families of strictly SUB,(§2) random variables form a space of strictly ¢-sub-Gaussian random
variables. This space is denoted by SSUB,(£2).

When ¢(z) = 2%/2 the space SSUB,() is called the space of strictly sub-Gaussian random
variables and is denoted as SSUB({2). The space of jointly Gaussian random variables belongs
to the space SSUB(Q) and 72(¢) = E€2, ie. Ca = 1.

A random process X = {X(t),t € T} is a strictly p-sub-Gaussian process if the corresponding
family of random variables belongs to the space SSUB(2).

Example 2.1. We call the process B = (BY(t),t € T) strictly ©-sub-Gaussian generalized
fractional Brownian motion (GFBM) with Hurst index H € (0,1), if B is a strictly @-sub-
Gaussian process with stationary increments and the following covariance function

Ri(t,s) = (27 + s — |s — t2) /2, (5)

Consider a sequence of independent strictly p-sub-Gaussian random variables {n,,n =1,2,...}
for which En, =0, En2 = 1, and ¢ is such an N-function, that function ¢(~/-) is convexr and
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o0
To(nn) < 7 < +oo. Then the process BH(t) = Zl A ¥n(t) is a centered strictly p-sub-
=

Gaussian random process with covariance functz’on_RH from (5), if Ay, are eigenvalues and
Yy are corresponding eigenfunctions of the following integral equation

T
w@>=A*?A Ru(t, ) (t) dt.

N-function ¢ is subordinated by an Orlicz N-function ¢ (¢ < ) if there exist such numbers
xo > 0 and k > 0 that p(z) < ¢ (kx) for z > xo.

Definition 2.3. Let ¢ < 1 be two Orlicz N-functions. Random process X = {X(t),t € T}
belongs to class V (¢, ) if for all t € T' the random variable X () is from SUB(€2) and for all
s,t € T increments (X () — X (s)) belong to the family SUB,(12).

Example 2.2. Sub-Gaussian random processes belong to the class V (@, p) with o(z) = 2% /2.

Example 2.3. Let

X(t) =&+ i i fr(t),

k=1
where ¢ is such an Orlicz N-function that ¢(+/-) is a convex function. Let & be a 1)-sub-
Gaussian random variable and {&k,k = 1,2,...} be a sequence of -sub-Gaussian random

variables such that Y- 7,(&k)|fu(t)| < co. Then the process X (t) belongs to the class V (p, ).
k=1

Condition F'. A continuous function f = {f(t),t € T’} satisfies condition F' if

[f(u) = f(0)] < 6(p(u, v)),

where 6 = {J(s),s > 0} is some monotonically increasing nonnegative function.
Let B C T be a compact set.

Condition ¥. We say that independent separable random processes X; = {X;(t),t € B},
i =1,n, from classes V' (;, ;) satisfy condition ¥ if norms ~;(u) = 74(X;(u)) < oo and there
exist such continuous monotone increasing functions {o;(h),h > 0} that o;(h) — 0 when
h—0, sup 7,,(Xi(t) — Xi(s)) <o4(h), and o(h) = sup o;(h) < co.
p(t,s)<h 1<i<n
For example, if X;(t) are continuous processes in corresponding norms 7, () then o;(h) =
sup Ty, (X (t) — X(s)) satisfies condition X.

p(t,s)<h

Condition R. Let r = {r(u),u > 1} be a continuous function such that r(u) > 0 when
u > 1 and function s(t) = r(exp{t}),t > 0, is convex. We say that independent separable
random processes X; = {X;(t),t € B} from classes V (;, ;) satisfy condition R if they satisfy
condition 3 and the following entropy integral is finite for all p € (0, 1)

Bp
(8.9 = 5> [ (Na(e D (w)) du <, ()

0

where 8 > 0 is such a number that § < o (inf sup p(t, s))
seB teB

The next result is a slightly reformulated version of Theorem 6 in Kozachenko and Yamnenko
(2014).
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Theorem 2.3. Let independent separable random processes X; = {X;(t),t € B} from classes
V (i, ¢i) satisfy Condition R and a continuous function f = {f(t),t € T} satisfy Condition
F. Then for all p € (0;1) and x > 0 the following inequalities hold true

)l

{sup ZX } <2Z.(p,B,x),
teB

where (N, p) = sup ((1 —p) i Wi (A% ) A (u )) and Z.(p,B,z) = r=1 (I,(B,p)) x

ueB

X )i\r;%exp {9@()\,1)) +pi§ 0 (f‘fﬁ) +A <§ 5 (g(*l)wpkﬂ)) _ x>} _

3

The following example can be easily obtained as a partial case of Theorem 10 in Yamnenko
et al. (2014)

Example 2.4. Let X; = (X;(t),t € [a,b]), i = 1,n, be independent strictly ¢;-sub-Gaussian

generalized FBM processes with Hurst parameter H € (0,1), C > 0 be some constant. Then
H

for all numbers a,b (0 <a<b< ), pe(0,1), 8 € (0, (IFTG) ] and XA > 0 the following

inequality holds true

) n e 1/H
- . _ < (ph — _
P {asgligb (CA ;Xl(t) Ct) > 5} <(b—a) <ﬁp> X
AC(BpMH & AB
X exp {—)\5 + # +p;¢i <l—p) + (1= )8\ C,p) ¢,

where O,(\, C,p) = sup <Z Vi ( H) — ’1\0;;) and Ca is mazimum defining constant of all
a<u<b \1i

the spaces SSUB, (£2).

It should be noted that GFBM processes were firstly introduced in Kozachenko, Vasylyk, and
Sottinen (2002) as weakly self-similar stationary increment SSub,(€2)-processes.

3. Main results

Our next results are based on generalization of Theorem 2.3 from Kozachenko and Yamnenko
(2014).

Condition WX. We say that independent separable random processes X; = {X;(t),t €
B}, i = 1,n, from classes V(y;, ;) weighted by continuous functions {w;(t),t € B} satisfy
condition WX if norms ~;(u) = 74(X;(u)) < oo and there exist such continuous monotone
increasing functions {o;(h), h > 0} that o;(h) — 0 when h — 0,

sup Ty, (w; (1) Xi(t) — wi(s)Xi(s)) < oi(h),
p(t,s)<h

and o(h) = sup o;(h) < cc.

1<i<n
Condition RWX1. Let r = {r(u),u > 1} be a continuous function such that r(u) > 0 when
u > 1 and function s(t) = r(exp{t}),t > 0, is convex. We say that independent separable
random processes X; = {X;(t),t € B} from classes V(p;,1);) satisfy condition RWYX if they
satisfy condition WX and the entropy integral (6) is finite.
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Theorem 3.1. Let independent separable random processes X; = {X;(t),t € B} from classes
V (i, ¥i) weighted by continuous functions {w;(t),t € B} satisfy Condition RWX1 and a
continuous function f = {f(t),t € B} satisfy Condition F. Then for all p € (0;1) and x >0
the following inequalities take places

{sup (sz z f(t)> >x} SZT(]),B,.T),

teB

P { in (Z wi (1) Xi(t) f(t)> < —z} < Z,(p, B, 2),
=1

P {sup iwi(t)Xi(t) — f)| > x} <2Z.(p, B, x),
teB |i
where 0y (A, p) Zigg( ZZZ i (Aefet)) - A p(u )> and Z,(p, B, ) = vV (15(8,p)) %
x inf eXP{%O\ p)+p Z @i ( 2 ) +A Li ( V(Bp*- 1)) :c]}

Proof. Let V,, denote a set of the centers of closed balls with radii e, which forms minimal
covering of the space (B, p). Number of elements in the set V;, is equal to Ng(gi). It follows
from theorem 2.2 and condition WX that for any € > 0

P {|wi(t) Xi( Xi(s)| > €}
<26Xp{ < ° >}<2exp{—<p- (5)}
Toi (wi(8) Xi(t) —wi(s)Xi(s)) ) | — Nailp(t,s)) /) )
Therefore wl( X;(t) is continuous in probability and the weighted sum of processes with a
drift X (t) = Y w;(t)X;(t) — f(t) is continuous in probability as well. Hence the set V =
i:l

o
U V%, is a set of separability of the process X and with probability one
k=1

sup X (t) = sup X (¢). (7)
teB tev

Consider a mapping oy, = {an(t),m =0,1...} of the set V =JV;, into the set V_, , where
ay(t) is such a point from the set V., that p(t, amn(t)) < em. If ¢t € V. then ay,(t) =t If
there exist several such points from the set V;, that p(t, am(t)) < e, then we choose one of
them and denote it ,,(t). The family of mappings {a,,, m > 0} is called the a-procedure for
choosing points in V}, (see Buldygin and Kozachenko (2000), p. 94).

It follows from theorem 2.1 and condition XW that there exists such a constant cs > 0 that

P {wi(£)Xi(t) — wiloum (1) Xi(am(£))| > p¥ |
E[w;(t) Xi(t) — wi(am(t) Xi(am(t))]? < 372 (wi(t) Xi(t) — wiam (1) Xi(aum(t)))

<

pm - pm
< C%U?(Em) < 0302(€m) — 2%
ST T

This inequality implies that Z P {\w,( )X (1) — wi(am (1)) Xi(am ()| > p%} < oo. There-

fore it follows from the Borel Kantelh lemma that w;(t)X;(t) — w;(m(t))X;(am(t)) — 0 as
m — oo with probability one. Since f is a continuous function then X (t) — X (am(t)) — 0 as
m — oo with probability one as well. Since the set V' is countable, then X (t) — X (v, (t)) — 0
as m — oo for all ¢ simultaneously.
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Let ¢t be an arbitrary point from the set V. Denote by t,, = am(t), tm-1 = @m-1(tm),-- -,
t1 = aq(te) for any m > 1. Since for all m > 2

X(t)=X(t1) + i(X(tk) — X(tg—1)) + X(t) — X(am(t))
k=2
we have
sup X (t) < max X (u) + 3 max (X(u) — X(ag—1(u)) + X(t) — X (am(t)). (8)
teV u€ Ve 2 ueVe,

It follows from (7) and (8) that with probability one

m
jleng (t) < lim_inf (5232 X(u) + 2 ax (X(u) - X (%1(@6)))) : (9)
Let {qr,k = 1,2,...} be such a sequence that ¢, > 1 and Z qk1 < 1. It follows from the
Holder’s inequality, the Fatou’s lemma and (9) that for all )\ > 0

E exp {)\supX(t)}

teT
1

< <Eexp{qa3€@i X(u)})“ II (Eexp{qu max (X(w) —X(akmu)))})q'“. (10)

k=2 ueVer

Some details are omitted here since the same derivation can be found also in Kozachenko and
Yamnenko (2014).

Consider each of the factors in the right-hand side of inequality (10) separately. It follows
from (2) that Eexp{q Aw;(u)X;(u)} < exp{e;(q1 A\w;(uw)7y;(u))} and

E exp{qrA[wi(u) Xi(u) — wi(og—1(u)) Xi(ok—1(w))]} < exp{epi(gpAoi(er-1))}-

Therefore,
1/Q1
(E exp {q1>\ ax X(u )})

( > Eexp {‘h)\zwz Xi( }exp{ _Q1)\f(u)}>l/ql

u€Vey

Z HEexp{qlx\wz u) X, (u )}exp{—qlz\f(u)})l/q1

u€Ve, =1

< (Ws(e0)) " exp {1 sup (Z ila A (u)yi(w)) - qlwu)) } SNV

q1 weB \;

7 N\

Since |f(u) — f(v)| < d(p(u,v)) due to Condition F, we obtain that

uEVe,

1/qx
(Eexp {qk)\ max (X (u) — X(Oék—l(u)))}>

<NB(ek) max Eexp {qkAZ wi(u) X () — wi(e—1 () Xi(ag—1(w))] |
=1

X exp{ — @A (f(u) — f(%—l(@))}) v
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1/qx
< (NB(ak))l/qk (max exp { Z 0i(qeAo(ek—1)) + qpA(p(u, akl(u)))}>

uEVey, =1

< (Np(z0)) "™ exp {qk‘l >~ ilar 8t ) + 26 (o(”(ﬁp’“))} . (12)

i=1

From (10) after substitution of g5 = p'=%/(1 — p), k > 1, we have
Eexp {)\supX(t)}
teB
<eXP{Z ’“Z%( = )“25( )>}
k=2

X exp {9¢(/\,p) + Z(l —p)p* ' Hp (o(‘l)(ﬁpk))} : (13)

k=1

And finally in the same way as in theorem 3.5 in Vasylyk, Kozachenko, and Yamnenko (2005)
we obtain

exp {Zu ~ Pt Hp (oY W))} <1V (1, (8,9)) (14)
k=1
So, from the Chebyshev’s inequality and (10)—(14) we obtain the assertion of the theorem. [J

Condition RWX2. Let r = {r(u),u > 1} be a continuous function such that r(u) > 0 when
u > 1 and function s(t) = r(exp{t}),t > 0, is convex. We say that independent separable

random processes X; = {X;(t),t € B} from classes V(g;, ;) satisfy condition RWX if they
satisfy condition WE and the following entropy integral is finite for all p € (0,1)
)
o u
d
o) = /¢1>1n/v D)

where ¢(u) = sup @;(u).
1<i<n

Theorem 3.2. Let independent separable random processes X; = {X;(t),t € B} from classes
V (i, i) weighted by continuous functions {w;(t),t € B} satisfy Condition RWX2 and a
continuous function f = {f(t),t € B} satisfy Condition F. Then for all p € (0;1) and x > 0
the following inequalities take places

{Sup (sz z f(t)> >LU} SZr(p,,B,SU),

teB

{tlélg <Z wz z (t)> < _-'L'} < Zr(PaB#”%
{bup
teB
where
Z,(p,8,w) = inf (r™) (AT, (8,p)))

><exp{W<Apﬁ>+npso(A )H(Zé( )(51?“))—”3)}’

Wp,B) = inf (1 (oD (8p)) + sup (Zi_l Yi(Aw;(u)7i(u)v) Af(u))) '

v>(1-p)~1 ueB v

n

Z w; () X;(t) — f(t)

> '1"} S 2ZT’(p7B7x)’

n+1
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Proof. The proof of theorem 3.1 is repeated until the selection of the sequence g in (13).
After substituting (11) and (12) in (13) we obtain

Eexp {AsupX(t)}
teB
oo 1 n B (o.9) _ _
< exp {Z —~ [H(%) +3 i (s 1)] } exp {A > 6 (oD (B h) }
k=2 Ik i=1 k=2
1
X exp { [H(sl) + sup (Z ¥i (L \w;(u)vi(u)) — qu(u))] } ) (15)
Let ¢1 = v, where v is such a number that v > ﬁ and
1 _ )\ﬁ
=—— ¢ H =2,3... 1
where ¢(u) = sup ¢;(u). Since
1<i<n
1 Aﬁpkil k—1
— < =p (1-p)
oD (o(35))
as k=2,3..., then Z %O:pk_l(l—p)zl.
k=1 7 k=1
For the sequence g defined in (16) consider
~ =1 - k—1
Z = Y — |Hex)+ ) i (Qk)\ﬁp )
k=2 i=1
oo 00 n (=1) H
Hey) | & 1 o070 (0 (£5) + Hew)
= + ), — i | ABp
,gg QK ;qk;w ( )\,Bpk 1
< SO ) g (2 L <y T g (22,
= W Dk —p/) =k i Uk 1 -

Consider

exp {(n +1) i ! H (a(l)(b’pk))}

—o 9k

e E gt ron)))”

{
(o (o))

) 1) k n+1
< B (AZB e 1(1r(1/v( (61?(/;;)’“)»)) | "

k=2

Using convexity of the function s(¢) = r(exp{t}) from Condition RW2 it can be shown (see,
for example, Kozachenko and Vasylyk (2001)) that

o~ ko1 TNV () 1 o r(N(o 1 (u)))
IEQBP ¢(—1)(ln N(U(—l)(ﬁpk)» < p(1=p) 0/ ¢(_1)(1n N(U(_l)(u))) du. (18)

Therefore the assertion of the theorem follows from (15) — (18) and the Chebyshev’s inequality.
O
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4. Applications to Wiener and FBM processes

As an example let’s consider a weighted sum of generalized Wiener processes and then frac-
tional Brownian motions from classes V(g;,¢;). Recall that BY = (BH(t),t € T) is a
generalized fractional Brownian motion process from the class V(p,%) if B is strictly -
sub-Gaussian process with stationary strictly ¢-sub-Gaussian increments and the covariance
function as in (5), where ¢ < v are two subordinated Orlicz N-functions.

Theorem 4.1. Let B; = (B;(t),t € [a,b]), i =1,n,0 < a < b < oo be independent generalized
Wiener processes from the class V(pi, ;) and let ¢ > 0 be a constant. Let w; = {w;(t),t €
la,b]} be continuous weighting functions such that |w;(t)t'/? — w;(s)s'/?| < v;(t — s) where
vi(u) is some continuous monotone increasing function, v;(0) = 0, vi(h) < nih'/2, n; > 0 be
some constants. Then for all x > 0 the following inequality holds true

{as<1;1<)b <sz B;(t) — ct) > x} {a1<rt1£b <sz B;(t) — ct) < —x}

< inf (b—a) <6D>

p€(0,1); A>0; 0<5§D(1>—Ta)1/2 Bp

n

c 2
X eXp{Dé(iﬁf)pz) +pY @i (1/\_5]) + (1 =p)0yp(A,p) — M‘}y

=1
Aw; (u)ufl _Acu
9“@—;3%(2%( T p ) 1—p)’

Ca is the mazimal constant from definition 2.2 of the space SSuby, (§), Wi = supyciqp) wi(t)
and D = C’A max (m + big WZ)

where

Proof. Recall that Wiener process is also known as Brownian motion (or FBM with Hurst
index H = 0.5) and EB;(t)B;(s) = min{t,s}. Using Euclidean metrics p(t,s) = |t — s]
consider for s <t

Tou(wilt) Bi(t) — wi() Bi(s)) < Ca (E(wi(t) Bi(t) — wi(s) Bi(s))?)

Nl

— Ca (B@HOZ2(0) — 2 (s)wi (0 2 Zi(s) + () Z2(s)))
= Ca (w} (1)t — 2swi(s)wi(t) + wi(s )5)%

=Chx ((wi(t)tl/2 — sl/2wi(3))2 -+ 281/2wi(3)wi(t)(t1/2 — 31/2))

N

1
< O (P2t~ 5) + 2 PW2(t — ) /(1 1 517 )?

=

b2, b2 )
SC’A( (t—s)—i-ﬁW( s)) SCA<772~+a1/2Wi>(t—s)2,

Let’s apply theorem 3.1. Put v;(u) = Caul/? and o;(h) = Ca (m + bll//z W2) (t — s)1/2, thus

1/2
o(h) = Dh'/2, where D = Ca Jax (m + bigWQ) then 0 < 8 < o (I’_T“) = D( ) / )
Also we have that Condition F becomes valid for §(h) = ch since |f(u) — f(v)]| = |cu — cv| =

clu — v|. Then
w H cu
04(\,p) = sup (Zm(ACA ’(p) )— A ) (19)

a<u<b 1- p

00 E—1\ 2 C 2
25( (G 1>)=ZC(5PD> = B 20)

k=2
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Let’s choose r(u) = u®,u > 1,0 < o < 1/2 , as the respective function in Condition
RW?3. Since the following bounds take place for metric entropy In (max { b— }) < H(u) <

2u
In ( boa y ) , then for u < B the following estimate is fulfilled

r (N(U(_l)(u))) <r (M + 1) = (222_/16;2 + 1)&

1/2
Since fp< < D (b_T“) / then

Bp 1
1 [fb-—a)* “ (b—a)D? -1

(b= a)°

IN

[

Infimum of the right side in (21) is attained as o — 0 and lim (1 - Qa)_g = e?

a—0
(19)-(21) we obtain the assertion of the theorem.

(u/ D)2

Theorem 4.2. Let B; = (Bj(t),t € [a,b]), i = I,n, 0 < a < b < oo be independent
generalized fractional Brownian motion processes from classes V (@, 1;) with Hurst indices
0<H <...<H,<1andlet c>0 be a constant. Let w; = {w;(t),t € [a,b]} be continuous

weighting functions such that

w; (t)t2Hi — wi(s)s2Hi‘ lwi(t) — wi(s)| < vi(t — s) where v;(u)

is some continuous monotone increasing function, v;(0) = 0, v;(h) < n;:h?Hi, and n; > 0 be

some constants. Then for all x > 0 the following inequality holds true

{as<1;1<)b (Z w;(t)Bi(t) — ct) > a:} {a1<1%£b (Z w;(t)B;(t) — ct) < —:1;}

1/H,
< inf (b—a) <6D)
PE(0,1); A>0; o<ﬁ§mm{D(b%‘l)l/Hl,1} Bp

A 1/Hy n \

=1

6u00p) = sup (sz ()\Csz( w)ut ) B 1)\fup>’

a<u<b p

where

Ca is the mazimal constant from definition 2.2 of the space SSuby, (§), Wi = supycpqp) wi(t)

o ) 2 1/2
and D = Ca max (i + W2) 7'~

Proof. Let’s again apply theorem 3.1 using Euclidean metrics p(t,s) = [t — s|.

Taking into

account (5) and (4) put ;(u) = Caufli and consider the norm of weighted increments of a

process B;(t)

o0 Bi(t) — wi(5) Bi(s)) < Cas (B(uwi(0)Bilt) — wi(s) Bu(s))?)

1

= Ca (W} (EBA(t) — 2wi(s)wi(EB;(t) Bi(s) + w}(s)EB(s))?

(t) - ’U)Z(S)‘ + wi(t)wi(s)\s — t‘2Hi)%

< Ca (‘wi(t)tQHi — w;(s)s*

< Ca (Vi(’t —s|) + W2t — S\ZHi)% < Ca (m + WE)% £ — |
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Put o;(h) = Ca (ni +W2)% hHi and o(h) = sup o4(h) = DA where H,(h) = H; if

1<i<n
H,
h<land H,(h) =Hynifh>1. Then0< g <D (b*Ta> . Also we have that | f(u) — f(v)| =

|cu—cv| = clu—v|, i.e. 6(h) = ch. As function r(u) let’s choose r(u) = u*,u > 1,0 < a < Hj.
If Bp <1 then

w. H u
0 ()\ D) ailigb (Zwl (CA)\ z(p) ) — f?p) , (22)
[e'e) [ee) ) c 1/]—[1
(o) = e (wtyn) = S

Since In (max {I’Q_—ua, 1 ) < Hu) <In (Z’Q_—Ua + 1> , then for v < min{g, 1} the following esti-
mate is fulfilled

3 b—a b—a “_ (b—a)®
P (8o w) < (50w 1) = (rppm ) S WD E

H,

Put g < min{(Db_2a>

Bp
L[ (b—a) _ =DV a\Te
( (67 )) (Bp/(u/D)o‘/Hl du) - (/Bp)l/f‘h (1 H1> . (24)

Infimum of the right side of estimate (24) equals to

,1} then Sp <1 and

Q=

. (b—a)DV/H a\a eD\ iy
t Sy () =0 ()" )
Therefore from (22)-(25) we obtain the assertion of the theorem. O
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