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Abstract: An investigation of the deformations of large buildings (bridges,

dams, etc.) needs replicated measurements in special types of geodetical

networks. They are characterized by two groups of points creating the net-

work; one group is formed by points with stable positions and the other one

is formed by points located on the building and characterizing its deforma-

tions. A statistical analysis of measurement results is done after each epoch of

measurement and also after several epochs. It is of a practical importance to

develop an algorithm of estimation which enables us to use the partial results

obtained after each epoch for results after several epochs.

Zusammenfassung: Die Erforschung von Deformationen von großen Bauten

(Brücken, Dämme etc.) benötigt wiederholte Messungen eines speziellen

Typs von geodätischen Netzwerken. Diese werden durch zwei Gruppen von

Punkten charakterisiert, die das Netzwerk definieren; eine Gruppe besteht aus

Punkten auf stabilen Lagen und die andere aus Punkten, die an den Gebäuden

plaziert sind und ihre Deformationen charakterisieren. Eine statistische Ana-

lyse von Meßergebnissen wird dargestellt nach jeder Epoche von Messungen

und auch nach mehreren Epochen. Es ist von großer praktischer Bedeutung,

einen Algorithmus der Schätzung zu entwickeln, welcher uns in die Lage ver-

setzt, Teilresultate nach jeder Epoche für Ergebnisse nach mehreren Epochen

zu verwenden.

Keywords: Multiepoch Regression Model, Variance Components.

1 Introduction

Deformations of large buildings (bridges, dams, gas holders, etc.) can be studied by

the help of special geodetic networks constructed for this purpose. Let us consider a

network which consists of two groups of points: the first one consists of points with

stable positions which are located in a neighbourhood of the investigated object and the

other one which consists of points located on the object. The movement of the points of

the object characterize the investigated deformations.

The first measurement (the first epoch) of the positions of all mentioned points is made

before the first loading, the second measurement (the second epoch) is made after the first

loading, the third measurement (the third epoch) after the second loading, etc.

After each measurement set (epoch) we obtain approximately the same positions of

stable points and new positions of the points located on the investigated object. Positions
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of the last points create trajectories of each single point and they enable us to study the

deformation and rotation tensor on the investigated object.

The aim of the paper is to study algorithms for estimating the point positions and their

accuracy in the framework of a single epoch and the same when the first m (> 1) epochs

are realized.

The results after m epochs should be expressed, if possible, as a function of results of

separate epochs.

2 Notation and Auxiliary Statements
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j
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0 and + denotes the Moore–Penrose generalized

inverse (see, e.g., Rao and Mitra, 1971).
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the implication “# 2 # ) �(#) is positive definite” be valid. Let further the matrix
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Proof. The statements (i) and (ii) are well known facts. The statement (iii) (b) is proved

for instance in Kubáček et al. (1995) or Rao and Kleffe (1988).

3 Estimation in a Separate Epoch
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Proof. Let in Lemma 2.2 (i) the matrix A be (X
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Lemma 3.3 The expression
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Proof. It is a direct consequence of Lemma 2.2 (iii) and Lemma 3.3.
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4 Estimation afterm Epochs

Theorem 4.1 Let � be given. Then
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1

(M
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)

+

Y
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Since (cf. Theorem 3.1)

^

�

1

(Y

j

) = [X

0

1

(M

X

2

�M

X

2

)

+

X

1

]

�1

X

0

1

(M

X

2

�M

X

2

)

+

Y

j

and
^

�

2;j

(Y

j

) = (X

0

2

�

�1

X

2

)

�1

X

0

2

�

�1

[Y

j

�X

1

^

�

1

(Y

j

)];

we have

�

1

0

m
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0

1

(M

X

2

�M

X

2

)

+

X

1

]

�1

X

0

1

(M

X

2

�M

X

2

)

+

�

Y

(m)

=

1

m

m

X

i=1

^

�

1

(Y

i

)

and

I
 [(X

0

2

�

�1

X

2

)

�1

X

0

2

�

�1

]Y

(m)

�P

m
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X

2
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0
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�
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X

1

�
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0

1

(M

X

2
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X

2

)
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X

1

]

�1

X

0

1

(M

X

2

�M

X

2

)

+

Y

(m)
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0

B

@

(X

0

2

�

�1

X

2

)

�1

X

0

2

�

�1

Y

1
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(X

0

2
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�1

X

2

)
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X

0

2

�
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Y

m

1

C

A
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2
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X

0

2
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X

1

1

m

m

X
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�
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(Y

i
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)

n
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�

2;(�)

(Y

(m)

)

o

j

= (X

0

2
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�1

X

2

)

�1

X

0

2

�

�1

"

Y

j

�X

1

1

m

m

X

i=1
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�

1

(Y

i

)

#

=

= (X

0

2

�
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X

2

)

�1

X

0

2

�

�1

�

Y

j

�X

1
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�

1

(Y

j

)+

+

"

X

1
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�

1

(Y

j

)�X

1

1

m

m

X

i=1

^

�

1

(Y

i

)

#

�

=

=

^

�
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(Y

j

) + (X

0

2

�

�1

X

2

)

�1

X

0

2

�

�1

X

1

"

^

�

1

(Y

j

)�

1

m

m

X
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^

�

1

(Y

i

)

#

:

Corollary 4.2 The model assumption on the stableness of the points with the param-

eters �
1

can be verified by testing the hypothesis

H

0;1

: E[

^

�

1

(Y

j

)] = E[

^

�

1

(Y

(m)

)]; m = 2; 3; : : :

Regarding Theorem 3.1 and 4.1, the test statistic can be chosen as

^

�

1

(Y

j

)�

^

�

1

(Y

(m)

) � N

k

1

�

0;

m� 1

m

var[

^

�

1

(Y

j

)]

�

:

It is a consequence of the following facts. With respect to the mentioned theorems it is

valid

^

�

1

(Y

j

) = [X

0

1

(M

X

2

�M

X

2

)

+

X

1

]

�1

X

0

1

(M

X

2

�M

X

2

)

+

Y

j

;
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^

�

1

(Y

(m)

) =

1

m

m

X

j�1

^

�

1

(Y

j

);

cov

�

^

�

1

(Y

j

);

^

�

1

(Y

(m)

)

�

=

1

m

var

�

^

�

1

(Y

j

)

�

;

var

�

^

�

1

(Y

j

)�

^

�

1

(Y

(m)

)

�

= var

�

^

�

1

(Y

j

)

�

�

2

m

var

�

^

�

1

(Y

j

)

�

+

+

1

m

var

�

^

�

1

(Y

j

)

�

=

m� 1

m

var[

^

�

1

(Y

j

)]:

If the dimension of the vector �
2;j

and the number of the epochs m are large, then the

rounding errors can destroy the agreement between ^

�

2;j

(Y

j

) and ^

�

2;j

(Y

(m)

). It can be

checked by testing the hypothesis

H

0;2

: E[

^

�

2;j

(Y

j

)] = E[

^

�

2;j

(Y

(m)

)]:

On the basis of Theorem 3.1 and Theorem 4.1, the test statistic can be chosen in the form

^

�

2;j

(Y

j

)�

^

�

2;j

(Y

(m)

) � N

k

2

�

0; var[

^

�

2;j

(Y

j

)]� (X

0

2

�

�1

X

2

)

�1

�

:

Remark 4.3 The estimators of the position parameters after m epochs can be ex-

pressed by estimators in separate epochs. When estimating the parameter �2 in the case

� = �

2

V, the situation is not so simple.

Theorem 4.4 Let� = �

2

V in the model (1). Then the uniformly best estimator of �2

after m epochs is

�̂

2

�

=

(

Tr

"

M

X

2

VM

X

2

m

X

i=1

(Y

i

�Y)(Y

i

�Y)

0
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+mY

0

(M

(X

1

;X

2

)

VM

(X

1

;X

2

)

)

+

Y

o.

(mn� k

1

�mk

2

)

�

�

2

�

2

mn�k

1

�mk

2

(0)

mn� k

1

�mk

2

;

here Y = (1=m)

P

m

j=1

Y

j

.

Proof. Regarding Lemma 2.2 (ii), we can write

�̂

2

= (Y

(m)

)

0

[M

(1
X

1

;I
X

2

)

(I
V)M

(1
X

1

;I
X

2

)

]

+

Y

(m)

=(mn� k

1

�mk

2

):

Further

[M

(1
X

1

;I
X

2

)

(I
V)M

(1
X

1

;I
X

2

)

]

+

=

= (I
V

�1

)� (I
V

�1

)(1
X

1

; I
X

2

)�

�

��

1

0


X

0

1

I
X

0

2

�

(I
V

�1

)(1
X

1

; I
X

2

)

�

�1

�

1

0


X

0

1

I
X

0

2

�

(I
V

�1

) =

= P

m
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(X

1

;X

2

)

VM

(X

1

;X

2

)

]

+

+M

m


 (M

X

2

VM

X

2

)

+

;
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(Y

(m)

)

0

[M
 (M

X

2

VM

X

2

)

+

Y

(m)

= Tr

"

(M

X

2

VM

X

2

)

+

m

X

i=1

(Y

i

�Y)(Y

i

�Y)

0

#
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(Y

(m)

)

0

fP

m


M

(X

1

;X

2

)

VM

(X

1

;X

2

)

]

+

gY

(m)

= mY

0

[M

(X

1

;X

2

)

VM

(X

1

;X

2

)

]

+

Y:

Further

�

1

= (Y

(m)

)

0

[M

m


 (M

X

2

VM

X

2

)

+

]Y

(m)

=

= [(M

m


M

X

2

)Y

(m)

]

0

[M

m


 (M

X

2

VM

X

2

)

+

][(M

m


M

X

2

)Y

(m)

]

(here the relationshipsM2

m

=M

m

and (M

X

2

VM

X

2

)

+

=M

X

2

(M

X

2

VM

X

2

)

+

= (M

X

2

VM

X

2

)

+

M

X

2

were used).

Since (M

m


M

X

2

)Y

(m)

� N

mn

(0;M

m


 �

2

M

X

2

VM

X

2

) the random variable �
1

is

�

2

�

2

(m�1)(n�k

2

)

(0) distributed (it is to be remarked that M+

m

=M

m

). Analogously it can

be proved

�

2

= (Y

(m)

)

0

[P

m


 (M

(X

1

;X

2

)

VM

(X

1

;X

2

)

)

+

]Y

(m)

� �

2

�

2

n�(k

1

+k

2

)

Since �
1

+ �

2

= �

2

�

mn�k

1

�mk

2

, the statement is proved.

Remark 4.5 It can be seen that estimators

�̂

2

j

=

1

n� k

1

� k

2

Y

0

j

[M

(X

1

;X

2

)

VM

(X

1

;X

2

)

]

+

Y

j

; j = 1; : : : ; m;

from separate epochs cannot be used for the final estimator. Also the arithmetic mean
1

m

P

m

i=1

�̂

2 is significantly worse (cf. further lemma) than the estimator from Theorem

4.4.

Lemma 4.6 Under our assumptions
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1

m

m

X
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j
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�

2
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2�
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)

�

;
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2

)

+
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(m)
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=

=
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2
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)
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i
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and

(iii)
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Proof. It is a consequence of the relationships

�̂

2

� �

2

�

2

f

f

;

E(�

2

f

) = f and var(�

2

f

) = 2f .

For comparison let us calculate the ratio of dispersions of the following estimators:

var[(1=m)

P

m

j=1

�̂

2

j

]

var(�̂

2

�

)

=

2�

4

[m(n� k

2

)� k

1

]

2�

4

m(n� k

1

� k

2

)

;

which for m tending to infinity tends to

n� k

2

n� k

1

� k

2

:

For example if n = 40; k

2

= 10 and k
1

= 10, then

lim

m!1

var[(1=m)

P

m

j=1

�̂

2

j

]

var(�̂

2

�

)

=

3

2

:

Remark 4.7 From Lemma 4.6 it can be seen that the estimator from (iii) is the best

estimator and the worst is the estimator from (i). If m tends to infinity, then the difference

between estimators (ii) and (iii) can be neglected. Thus (ii) is an essential part of the

estimator �̂2

�

, however it cannot be established by the help of the estimators of separate

epochs.

Let us try to use another approach in order to use in a better way the epoch results for

the final estimator.

Since also

�̂
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= [v
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(m)

); : : : ;v
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)
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1
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; j = 1; : : : ; m;
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and thus the estimate �̂2

�

can be calculated on the basis of the corrected residuals v
j

(Y

(m)

); j =

1; : : : ; m.

This approach seems to be suitable also for calculating the final estimator ^

#(Y

(m)

) in

the case � =

P

m

i=1

#

i

V

i

.

Theorem 4.8 Let in model (1) � =

P

m

i=1

#

i

V

i

. Then the #
0

-LBQUIE (locally best

quadratic unbiased invariant estimator) of # is
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Proof. It suffices to prove the last equality only. With respect to the definition of the

matrix S
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+ it can be written (cf. the proof of Theorem 4.4)
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5 Conclusions

From Section 4 it can be seen how the partial results, obtained after each epoch, can be

used in a calculation of results after several epochs.

This possibility has two practical advantages; it is simple to calculate estimators after

several epochs and in addition to it the partial results create a sample which can be sta-

tistically analyzed from several points of view. For example hypotheses as E(

^

�

1

(Y

1

)) =

: : : = E(

^

�

1

(Y

m

)), E(

^

�

2;j

(Y

j

)) = E(

^

�

2;j
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(m)

)), E(�̂

2

(Y

j

)) = E(�̂

2

(Y

(m)

)), j =

1; : : : ; m (a check whether an accuracy of measurement is homogeneous), etc. can be

tested.
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