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Abstract: An investigation of the deformations of large buildings (bridges,
dams, etc.) needs replicated measurements in special types of geodetical
networks. They are characterized by two groups of points creating the net-
work; one group is formed by points with stable positions and the other one
is formed by points located on the building and characterizing its deforma-
tions. A statistical analysis of measurement results is done after each epoch of
measurement and also after several epochs. It is of a practical importance to
develop an algorithm of estimation which enables us to use the partial results
obtained after each epoch for results after several epochs.

Zusammenfassung: Die Erforschung von Deformationen von grofSen Bauten
(Briicken, Ddmme etc.) benétigt wiederholte Messungen eines speziellen
Typs von geoditischen Netzwerken. Diese werden durch zwei Gruppen von
Punkten charakterisiert, die das Netzwerk definieren; eine Gruppe besteht aus
Punkten auf stabilen Lagen und die andere aus Punkten, die an den Gebduden
plaziert sind und ihre Deformationen charakterisieren. Eine statistische Ana-
lyse von MeBergebnissen wird dargestellt nach jeder Epoche von Messungen
und auch nach mehreren Epochen. Es ist von groler praktischer Bedeutung,
einen Algorithmus der Schitzung zu entwickeln, welcher uns in die Lage ver-
setzt, Teilresultate nach jeder Epoche fiir Ergebnisse nach mehreren Epochen
zu verwenden.

Keywords: Multiepoch Regression Model, Variance Components.

1 Introduction

Deformations of large buildings (bridges, dams, gas holders, etc.) can be studied by
the help of special geodetic networks constructed for this purpose. Let us consider a
network which consists of two groups of points: the first one consists of points with
stable positions which are located in a neighbourhood of the investigated object and the
other one which consists of points located on the object. The movement of the points of
the object characterize the investigated deformations.

The first measurement (the first epoch) of the positions of all mentioned points is made
before the first loading, the second measurement (the second epoch) is made after the first
loading, the third measurement (the third epoch) after the second loading, etc.

After each measurement set (epoch) we obtain approximately the same positions of
stable points and new positions of the points located on the investigated object. Positions
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of the last points create trajectories of each single point and they enable us to study the
deformation and rotation tensor on the investigated object.

The aim of the paper is to study algorithms for estimating the point positions and their
accuracy in the framework of a single epoch and the same when the first m (> 1) epochs
are realized.

The results after m epochs should be expressed, if possible, as a function of results of
separate epochs.

2 Notation and Auxiliary Statements

Let Y ; be the n-dimensional observation vector normally distributed, i.e. Y; ~ N, [X;3,+
Xy, ;, %] in the j-thepoch, j = 1,..., m. Here (Xy, Xy) is an n x (k; + ky) design ma-
trix which is considered to be the same in all epochs 5 = 1,...,m. The k;-dimensional
vector (3, characterizes the actual positions of the stable points, the k»-dimensional vec-
tor 3, ; characterizes the actual positions of the points located on the investigated ob-
ject in the jth epoch. The n X n matrix X is assumed to be positive definite and the
rank of the matrix (X, Xy) is assumed to be r(X,Xy) = k; + k2 < n. Further

Baoy = (Bo1,B59, -, B5m),1=(1,...,1) € R", Py, = (1/m)11', M,;, =1 - P,,.
Definition 2.1 The m-epoch regression model with the fixed design matrix is
Y,
=Y = N (e XL TeXy) (gl ) ,1@2} ,
Ym 27(')
B, € R™, By € R*. (D

Lemma 2.2 Letn ~ N,(A®,X), A be an n x k matrix with therank r(A) =k < n
and X be a positive definite matrix.
(1) If 32 is given, then the BLUE (best linear unbiased estimator) of © is

O = (AT A) AT I~ N, (O,(A'E A ).

(i) If ¥ = 02V, where 02 € (0, o0) is an unknown parameter and V is a known n x n
positive definite matrix, the UBLUE (uniformly best linear unbiased estimator) of © is

O =(A'V'A)TTA'V In ~ N, (0,6*(A'VTIA) Y ;
the uniformly best estimator of o2 is

o n(MAVM) ™y ,xG 4(0)
g = ~N Qg ——.
n—=k n—k

Here My =1 - P4, P4 = A(A’A)"'A’ and * denotes the Moore-Penrose generalized
inverse (see, e.g., Rao and Mitra, 1971).

(iii) Let () = Y2 9, V;, 9 = (04,...,0,)" € 0 (open set in RP), where 9 is an
unknown vector parameter and V; = V., ¢ = 1,...,p, be known matrices and let the
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the implication “9 € ¥ = X(¥) is positive definite” be valid. Let further the matrix
S(maxema)+ (3) be regular. Then
(a) the ¥¢-LBLUE (locally best linear unbiased estimator) of ® is

O = (A'S 1 (99)A)TA'S H(P)n ~ Ni [0, (A1) A) |9 = 9]

(the notation N [©, (A’S7"(9,)A) !¢ = ] means the normal distribution with the
mean value equal to ® and with the covariance matrix

(A'Z7H(B0)A)

under the assumption that the true value of the vector parameter ¥ is v};) and
(b) the ¥-LBQUIE (locally best quadratic unbiased invariant estimator) of ¥ is

u n,(MAEOMA)+V1(MAEOMA)+77

) _
O = S : @
7' (MaZoMa) "V, (MaZMy) 1
and (1)
var (’19 ‘190) == QS(AZAEOMA)J’"
Here )
X = ZﬂO,in’; Yo = (Vo,1,...,00p) €0
i=1
and
{S(MAEOMA)+}i,j - ©)

= Tr [(MaZoM4) TV, (MAZoMA)TV,], 4,j=1,...,p.

Proof. The statements (i) and (ii) are well known facts. The statement (iii) (b) is proved
for instance in Kubacek et al. (1995) or Rao and Kleffe (1988). ]

3 Estimation in a Separate Epoch

Theorem 3.1 Let X be given. Then

<B1(Yj) > _ ([XQ(MXZEMXZVXJ1X3(MX2ZEMX2)+Yj>
Ba,;(Y;) (X531 Xo) I XEE Y — X3y (Y)]

~ Nk; k; /81 Wll; W1,2
p /82,j ’ W?,l; W2,2 ’

W, = [X[(My,EMy,) X, ],
Wi, = —[X|(My,EMy,) "X, 1 X 271X, (X271 X)L
Wy = Wi,
Wy, = (XOE1X) ™ + (X2 1X,) ' X2 1X %

x[X4 (Mx, EMyx,) T X1 X E 71X, (X2 1X,)

where



206

Proof. Let in Lemma 2.2 (i) the matrix A be (X, X2). The matrix of the normal equa-
tions for the model

Yj ~ Nn[(XbXZ) (/é‘llj> 72]7

is of the form
X/ 21X, X2 1X,
XLETIX, XESTIX, )

With respect to the Rohde formula (Rao, 1965, p. 29) in the form

A B) '
B, C) ~

B (A-BC'B), ~(A-BC'B)'BC!
~\-C'B(A-BC'B)"!,C'+C'B(A-BC 'B) 'BC!

we obtain the inverse of the matrix of the normal equations in the form
Wi, Wi
Wy, Was )7

where

W=
= X/ 27X, - X2 X(XE X)X R X T =
1

= {X| [T - ZTIXXETIX) T IXL T X )=
= [XII(MXZZMXQ)+X1} 71;
here the equality
(Mx,ZMy,) =2 - 21X, (X0 1X,) ' X!

is used. (The notation A™ means the Moore-Penrose inverse of the matrix A; the equal-
ities AATA = A, ATAAY = AT, ATA = (ATA) and AA* = (AA*) must be
satisfied.) The first equality in our case is

My, EMy, [B7! - T X, (X, 271 X,) I X, 2 My, S My, = Mx XMy,
since
[E - 2 IX (X X)X My, =2 - T (X S X)X, S

and X'M x = 0. The further three equalities can be proved similarly.
The expressions for W, , = W3, and Wy, given in the statement, can be obtained
in an analogous way. L

Remark 3.2 An obvious analogy can be written in the case ¥ = 0?V and ¥ =
>F ,¥;V,; for the UBLUE of 3, and B, ; and ¥o-LBLUE of 3, and 3, ;, respectively.
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Lemma 3.3 The expression
N (MaXoM4)*V,(MsXMy4)
from Lemma 2.2 in (2) can be rewritten in the form
vESIViES Y,

where o
v=n—A0O, O = (A’EalA)_lA’Ealn.
Proof. Since

(M4Xg'My) =

= [3' - 2 AA'SA)TTA'S =

=3, [I-AA'S'A) TA'S  p =30y,
the statement is obvious.

Lemma 3.4 (i) Letin (1) ¥ = ¢%V. Then the best unbiased estimator of o is

+
— Y; (M(leXZ)VM(X1,X2)) Yj ~ 02 Xi—(k1+k2)(0)
n — (ky + k) n— (ki +ka)

52
j

where
(NI(XlaXz)Vl\/I(leXz))+ =
= (MX2VMX2)+ - (MX2VMX2)+X1[Xll(MX2VMX2)+X1]71(MX2VMX2)+'

Proof. 1t is a direct consequence of Lemma 2.2 (ii) and the relationship
+
(M(XlaXZ)VM(XhXﬂ) =
X/ V-IX,, XIVIX, \ 7 (X
R S o | 1 1, A 2 1 —1.
=V oV X (X’QV—le, X;V—1X2> (X’2> v

when the Rohde formula is used, we obtain the statement.

Lemma 3.5 Letin (1) ¥ = )" | ¥;V,. Then

~

Y1
,19_ — Sfl .
J (M(Xlst)ZOM(Xlst))Jr A'
Yp
ViETVIES Y,
j<o 1<p Vj
_ a1 .
o (M(Xlst)ZoM(Xlst))Jr Pl ) 1 ’

where
Ys = qY;(M(leXZ)EM(XlaXz))+V5(M(X17X2)EM(X1,X2))+YJ'7 s=1,...,p,
V; = Yj - Xl/Bl(Yj) - X.QIBQJ(Y]'), j = 1, ..y 1T

Proof. It is a direct consequence of Lemma 2.2 (iii) and Lemma 3.3.
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4 Estimation after m Epochs

Theorem 4.1 Let X be given. Then

m

N 1 ~
BUY™) = =3 Bi(Y))
j=1
and
{327(-)(Y(m))}j B
7z v —1 —1~/ -1 A 1 -
= /32,j(Yj) + (X2E XQ) Xzz X1 [ﬁl(Yj) - E ZB1(Yz)] ;
i=1
further
By )
B, (Y™)
~ Nk ( B ) VaAr(Bﬁi COV(BL’BQ,(.))
S Boiy )’ COV(IBQ,(.);B1)7 V&I‘(,BQ,(_)) 7
where

var(By) = X} (My, BMLx, ) X)),
o (B, Bay) =~ © XM SMy,) X7 x
x X/ 21X, (X2 1)
COV(BQ,(-); 61) = COV(B17BQ,(-))I7
var(fi'z,(,)) =1I® (X{2 'X,) ' +
+P,, ®@ (X521 X,) ' X2 TIX) x
X[ X} (M, EMx, )X 71 X 2 1 X (X2 1K)

Proof. The expression (cf. Lemma 2.2 (i))

1'® X} -1 T(rex; —1yy(m)
KI@X'2>(I®2 (1 X,I®X,) 1oX, Iex )Y

can be rewritten using the Rohde formula as ( U > , where

W

1/
U= {E ® [XQ(MXQEMX2)+X1]1x’1(MX22MX2)+} ym)

W =1®[(X,Z1X,) X, 2y —
—P,, @ (X,Z71X,) 1 XLETIX x
X[X1 (Mx,ZMy,) X7 X} (My, EMy, ) TY ™,
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Since (cf. Theorem 3.1)

~

B1(Y;) = [X{(Mx,EMy,) X' X (My, EMy,) 1Y,

and
By, (Y;) = (X427 Xy) ' XY, — X418, (Y;)],
we have
1 1 <X .
(o X (M M) X)X (M M) Y = LY ()
m me
and

I® [(X,2271X2)_1X,2271]Y(m) — Pm ® (X’2271X2)—1X/2271X1X
X[ X (Mx,ZMy, )" X, 1 X (My,EMy, ) Y™ =
(X,Z1X,) 1 XL EY,

(X,271X,) 1 X2y,

o e T &K
1@ (XLEIX,) T IXLE 1X1E;B1(Yi) -

= {Bop (Y} = (X427X,) X3

1 <X .
Y- X 251(Yi)] =
=1
_ <X;E—IX2>1X'22—1{YJ- X8, (Y)+

+

X131(Yj) - Xl% ZB1(Yz)] } -

= BQ,j(Yj) + (X,2271X2)_1X’2271X1 [B1(Yj) - %ZBI(YZ)] :

Corollary 4.2 The model assumption on the stableness of the points with the param-
eters 3, can be verified by testing the hypothesis

HO,l E[Bl(YJ)] :E[Bl(Y(m))]v m=23,...

Regarding Theorem 3.1 and 4.1, the test statistic can be chosen as

~

BY;) — B (Y™) ~ Ny, (0, =

warlf ()] )

It is a consequence of the following facts. With respect to the mentioned theorems it is
valid

~

B1(Y;) = [X{(Mx,EMy,) "X, 7' X (M, EMy,) 1Y),
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If the dimension of the vector 3, ; and the number of the epochs m are large, then the

rounding errors can destroy the agreement between BQJ (Y,) and [327]- (Y (™). It can be
checked by testing the hypothesis

Hyy : E[Bz,j(Yj)] = E[BZJ(Y(”‘))].

On the basis of Theorem 3.1 and Theorem 4.1, the test statistic can be chosen in the form
Boy(Y;) = Boy(Y) ~ Ny, (0, var[By,(Y5)] — (X4=71X5) ).

Remark 4.3 The estimators of the position parameters after m epochs can be ex-
pressed by estimators in separate epochs. When estimating the parameter o2 in the case
Y = 02V, the situation is not so simple.

Theorem 4.4 Let 3 = 0%V in the model (1). Then the uniformly best estimator of o2
after m epochs is

62 = {Tr

—|—m?,(M(X1,XZ)VM(XMXZ))JF?} /(mn — ki — mkz)

~ 0—2X72nn7k:17mk2 (0) R

mn — ky — mky '’

here Y = (1/m) > Y

My, VMy, > (Y= Y)(Y; - Y)

=1

_|_

Proof. Regarding Lemma 2.2 (ii), we can write
0% = (Y") [Mpgx; 1ex) (T8 V)Maax, roxy)] Y™ /(mn — ki — mks).
Further

Maox,,i0x)(IT® V)Mugx, 1ex)] =
=IeVH -1V H1eX,,I®X,) x
' X -1 T (reX, —1y _
><K1®X,2>(I®V 1(1® X, I®X,) 19X, IV =
=P, ® [Mix, x5) VM(x, x)| 7 + My, @ (Mx, VMy,) ™,
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(Y™)Y[M @ (Myx, VMy,)" Y™ = Tr | (My, VMy, ) Z(Yz Y)Y - Y)
i=1

and
(Y(m))l{Pm ® M(X1,X2)VM(X17X2)]+}Y(m) = m?l[M()ﬁ,Xz)VM(X17X2)]+?'
Further

& = (Y)Y [M,, ® (My, VM) Y =
= [(M,, ® MXZ)Y(m)]'[Mm ® (MXZVMX2)+][(Mm ® MXZ)Y(m)]

(here the relationships M2, = M,,, and (M x, VM, )" = My, (Mx, VM, )"
= (Myx,VMy, )My, were used).

Since (M,, ® Mx,) Y™ ~ N,,,,(0,M,, ® 0*Mx,VMy,) the random variable £, is
O X{im—1)(n—ky) (0) distributed (it is to be remarked that M, = M,,). Analogously it can
be proved

& = (Y(m)),[Pm ® (M(X1,Xz)VM(Xl,Xz))+]Y(m) ~ UQX%-(lirkZ)

Since &1 + & = 0% Xmn—k, —mk,» the statement is proved. d

Remark 4.5 It can be seen that estimators

L1
J

- mY;[M(leXz)VM(Xl,Xg)]+Yj, j=1,...,m,

from separate epochs cannot be used for the final estimator. Also the arithmetic mean
L >, 6% is significantly worse (cf. further lemma) than the estimator from Theorem
m 1=

4.4.

Lemma 4.6 Under our assumptions

(1)
1 e "2 02 204
TP ( ’m(n—fa—@))’
(ii)
(Y)Y [M,, ® (Mx, VM) Y™
(m —1)(n — k») B B
_ I [(Mx, VML) 352, (Y — Y)(Yi — Y)'] ~ <02 20" )
(m_l)(n—kg) ’(m_l)(n_kQ) y
and
(111)
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Proof. 1t is a consequence of the relationships

E(x3) = f and var(x}) = 2f. O
For comparison let us calculate the ratio of dispersions of the following estimators:

var[(1/m) 352, 7] 20*[m(n — ks) — k]
var(62) 204m(n — ky — ko)’

which for m tending to infinity tends to

TL—kQ

n — kl - kQ ’
For example if n = 40, k3 = 10 and k; = 10, then

var[(1/m) 3750, 67]

Vim0 var(62) N
*

3
-

Remark 4.7 From Lemma 4.6 it can be seen that the estimator from (iii) is the best
estimator and the worst is the estimator from (i). If m tends to infinity, then the difference
between estimators (ii) and (iii) can be neglected. Thus (ii) is an essential part of the
estimator 62, however it cannot be established by the help of the estimators of separate
epochs.

Let us try to use another approach in order to use in a better way the epoch results for
the final estimator.

Since also

and

we can write

vi(Y™) = v;(Y;) + X,

BA(Y,) - %Zm)] -

1=1

—X,(Xo VX)X, VX, [B1(Yj) - L Z&(Yz)] =

- V](YJ) +M¥(;1X1 [Bl(Y]) - %ZBl(YZ)] ) j = 17 cee, M,



213

and thus the estimate 62 can be calculated on the basis of the corrected residuals v;(Y (™), j =
1,...,m.

This approach seems to be suitable also for calculating the final estimator (Y (™) in
the case ¥ = )" ¥, V,.

Theorem 4.8 Let in model (1) X = ZZL 9¥;V;. Then the 9¥(-LBQUIE (locally best
quadratic unbiased invariant estimator) of 4 is

~

I(Y™) =8, .

Mg x,,10x9) I®Z0)(Mgx, 10x,)]TY>

’AY: (&17"'7&19),

Ji = (Vi(Y™), v, (YM)(Ie s 'V,2 ) : =

m

=Tr |Z,'ViZg D) v (Y)W (Y™ | i=1,...,p,
s=1

where

S[M(1®X1,1®X2>([®20)(M(1®X1,1®X2>]+ -

= (m = 1)S(ax, mon, )t + S, xy) SoMix, )1

Proof. 1t suffices to prove the last equality only. With respect to the definition of the

matrix S[M(l@X1 1ex) (I®30) (Magx, rex]t it can be written (cf. the proof of Theorem 4.4)

{S[M(1®X1,I®X2)(I®EO)(M(1®X2,I®X2)]+}ivj =

= Tr{[M,, ® (MXZEOMX2)+Pm ® (M(X1,X2)20M(X1,X2))+](I ®V;) X
XM, ® (Mx,EoMy,) Py @ (M(x,,x) Z0M(x, ,x,)) IR V;)} =

= Tr{M,, ® [(MXZEOMXZ)+Vi(MX220MX2)+Vj]} +
+Tr{Pr, @ [(M(x,,x5)Z0M(x,,x5)) T VilM(x,, x) ZoM(x,,x5)) + V] =

- (m - 1){S(MX220MX2)+}i;j + {S[M(Xl,XZ)ZOM(Xl,Xz)}"'}i7j7

j:17"'7p' l:‘

5 Conclusions

From Section 4 it can be seen how the partial results, obtained after each epoch, can be
used in a calculation of results after several epochs.

This possibility has two practical advantages; it is simple to calculate estimators after
several epochs and in addition to it the partial results create a sample which can be sta-
tistically analyzed from several points of view. For example hypotheses as E(B,(Y))) =
= B(By(Yn)). BBy (X)) = E(B,,(Y™)), E(6*(Y;) = E(@*(Y™)). ) =
1,...,m (a check whether an accuracy of measurement is homogeneous), etc. can be
tested.
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