
AJS

Austrian Journal of Statistics
July 2023, Volume 52, 1–14.

http://www.ajs.or.at/

doi:10.17713/ajs.v52i4.1446

Multivariate Asymmetric Distributions of Copula

Related Random Variables

Ayyub Sheikhi, Freshteh Arad
Shahid Bahonar University of Kerman,

Kerman, Iran

Radko Mesiar
STU Bratislava, Slovakia,

IRAFM, Ostrava, Czech Republic

Abstract

It is known that normal distribution plays an important role in analysing symmet-
ric data. However, this symmetric assumption may not hold in many real word and in
such cases, asymmetric distribution, including skew normal distribution, are known as
the best alternative. Constructing asymmetric distributions is carried out using the con-
ditional/selection approach of several independent variable conditioning on other set of
variables and this approach does not work well when the independence between variables
violated. In this work we construct an asymmetric distribution when variables are depen-
dent using a copula. Specifically, we consider the random vectors X and Y are connected

using a copula function CX,Y and we study the selection distribution Z
d
= (X|Y ∈ T ).

We present some special cases of our proposed distribution, among them, multivariate
skew-normal distribution. Some properties such as moments and moment generating
function are investigated. Also, numerical analysis including simulation study as well as
a real data set analysis are presented for illustration.

Keywords: copula, selection distribution, skew-normal, Gaussian copula.

1. Introduction and preliminaries

Although many of symmetric distribution such as normal, t, logistic, etc., are common dis-
tributions to analyze research data, still data from many applied fields exhibit asymmetric
behavior and thus there has been a sustained interest in the literature in constructing asym-
metric distributions to analyze data which are far from being symmetric. Most of the existing
asymmetric distributions for modeling non-symmetric data, consists of modifying a symmetric
probability density function by introducing skewness, among them skew-normal distribution,
which has been introduced independently by Roberts (1966), Aigner, Lovell, and Schmidt
(1977), Anděl, Netuka, and Zvára (1984) and Azzalini (1985).

It has been said that the variable Z follows a skew normal distribution with parameter λ, is
denoted by Zsn ∼ SN(λ), if its density can be written as

f(z) = 2ϕ(z)Φ(λz), z ∈ R, (1)

where ϕ(.) is the standard normal density function, Φ(.) denotes the standard normal dis-
tribution function and λ is the skewness parameter. A general univariate form of these
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distributions, which is called skew-symmetric family, can be represented as a product of a
cumulative distribution function and a density distribution function.

Including the location and scale parameters µ and σ respectively, it is said that the univari-
ate random variable Zsn has a skew-normal distribution with mean µ, variance σ2 and the
skewness parameter λ, if its density can be written as

fλ(z) = 2ϕ(z;µ, σ2)Φ(λ
z − µ
σ

), z ∈ R (2)

where ϕ(.;µ, σ2) is the normal density function with mean µ and variance σ2, Φ(.) and λ
are as in (1). We adopt the notation Zsn ∼ SN(µ, σ2;λ) and it reduces to Zsn ∼ SN(λ)
if µ = 0, σ = 1. Also it yields normal distribution N(µ, σ2) if λ = 0. One approach for
constructing skew distribution functions is based on conditioning random variables. Arnold
(2002) Arnold, Beaver, Azzalini, Balakrishnan, Bhaumik, Dey, Cuadras, and Sarabia (2002)
has used this approach to obtain a skew normal distribution. Suppose that (X,Y ) has a bivari-
ate normal distribution with standardized marginals and correlation ρ, where ρ ∈ (−1, 1). The
conditional density ofX given Y > 0 follows a skew-normal SN(λ) with λ = ρ/

√
(1− ρ2). See

Arnold et al. (2002) and references therein for more details and the other scenarios. Moreover
substituiting Y ∈ T instead of Y > 0 in the Arnold’s proposal, where T is a Borel measur-
able subset of R, the selection distributions has been introduced Arellano-Valle, Branco, and
Genton (2006). More specific, for two random variables X,Y ∈ R the selection distribution
is defined as the conditional distribution of X given Y ∈ T , i.e., it is said that a random

variable Z ∈ R has a selection distribution if Z
d
= (X|Y ∈ T ), denoted by Z ∼ SLCT (θ)

with parameter(s) θ depending on the characteristics of X,Y , and T . Evidently, a well known
special case of these distributions is the skew-normal distribution.

In this context, a multivariate form of these distribution has been investigated in the literature.
Due to Arellano-Valle and Azzalini (2006), we say that a d-dimensional random vector Y has
a unified multivariate skew-normal distribution, (Y ∼ SUNd,m (ξ, δ, Ω, Γ, Λ)), if it has a
density function of the form

fY (y) = φd (y, ξ; Ω)
Φm

(
δ + ΛTΩ−1 (y − ξ) ; Γ−ΛTΩ−1Λ

)
Φm (δ; Γ)

y ∈ Rd, (3)

where ϕd(., ξ, Ω) is the density function of a multivariate normal and Φm(.; Σ) is the mul-
tivariate normal cumulative function with the covariance matrix Σ. Based on the definition
(1) of Arellano -Valle et al. (2006), let V ∈ Rp and U ∈ Rq be two random vectors, and
denote by T a measurable subset of Rq. The selection distribution is defined as the conditional
distribution of V given U ∈ T , i.e., it is said that a random variable Z ∈ Rp has a selection

distribution if Z
d
= (V |U ∈ T ), denoted by Z ∼ SLCTp,q(θ) with parameter(s) θ depending

on the characteristics of U ,V and T with its joint distribution as

FZ(z) =

∫
T fU ,V (u,v)du∫
T fU (u)du

, z ∈ Rp. (4)

For more information about univariate and multivariate skew-normal distributions and their
updates, we refer to Azzalini and Valle (1996), Teimouri (2021), and Wei, Conlon, and Wang
(2021) as well as the books edited by Genton (2004) and Azzalini (2013).

The aim of this work is the study of selection distribution of copula related random vectors.
Based on Sklar’s theorem Sklar (1959), for a random vector X = (X1, X2, ..., Xd), the related
multivariate cumulative distribution function FX(x) : Rd → [0, 1] can be expressed in terms
of its marginals FXi(xi), i = 1, 2, ..., d, and some d-dimensional copula function C (shortly,
d−copula) such that

FX(x) = C(FX1(x1), FX2(x2), ..., FXd
(xd)), (5)

where C : [0, 1]d → [0, 1] satisfies the following three properties:
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1. grounded: C(u1, u2, ..., ud) = 0 if, for some k ≤ d, uk = 0.

2. uniformly marginal: C(1, ..., 1, uk, 1, ..., 1) = uk for any k ≤ d and all uk ∈ [0, 1].

3. d−increasing: For all 0 ≤ ui1 ≤ ui2 ≤ 1 and i = 1, . . . , d

VK ≡
2∑

i1=1

. . .
2∑

id=1

(−1)i1+...+idC (u1i1 , . . . , udid) ≥ 0.

We assume that all components of X are continuous random variables which guaranties that
copula C is unique and hence its density, if exists, is just function c(.) such that

fX(x) = c(FX1(x1), FX2(x2), ..., FXd
(xd))Π

d
i=1fXi(xi), (6)

where fX(.) : Rd → R+ is the joint density function of X and fXi : R → R+, i = 1, 2, ..., d
are respectively density functions of Xi, i = 1, 2, ..., d. For more details, refer to Durante and
Sempi (2015); Joe (1997); Nelsen (2006); Mesiar, Sheikhi, and Komorńıková (2019).

Denoting the copula coupling random vectors X and Y as CX,Y , we study the distribution

of Z
d
= (X|Y ∈ T ). We consider the Gaussian copula. Denoting Φ the standard normal

cumulative distribution and Φd(.,R) the bivariate standard multivariate normal distribu-
tion function with correlation matrix R, it is said that random vector X is associated to a
Gaussian copula with correlation matrix R if

CGa(u1, u2, ..., ud) = Φd
(
Φ−1(u1),Φ−1(u2), ...,Φ−1(ud), R

)
(7)

where Φ−1(.) is the inverse function of the standard normal distribution function and R ∈
[−1, 1]d×d is a correlation matrix R In the sequel, we assume that the correlation matrix R
is invertible and all random variables are continues, so, the derivatives of their distribution
functions are exist. We assume this copula as a connection function of our variables in this
work. The rest of this paper is organized as follows. The main results are given in the next
section. In Section 3, we apply our results to do a simulation analysis. Also an application
of our theoretical results in a real dataset is given. Finally, some concluding remarks are
presented in section 4.

2. The main results

Let X = (X1, X2, ..., Xd) and Y = (Y1, Y2, ..., Ys) and the random vector (X,Y ) is associated
with a (d + s)− copula function CX,Y , then from the classical probability, we have the

distribution of Z
d
= X|Y > µy as

FZ(z) =

∮ z
−∞

∮
Ay fX,Y (x,y)dydx∮

Ay fY (y)dy

= my

∮ z

−∞

∮
Ay

c(FX1(x1), ..., FXd
(xd), FY1(y1), ..., FYs(ys))Π

d
i=1fXi(xi)Π

s
i=1fYi(yi)dydx

where Ay = {y ∈ Rs|y > µy} and µy is the mean vector of Y ,
∮

denotes a corresponding
multi-integral and my =

∮
Ay fY (y)dy. Differentiating with respect to z we readily obtain

the density of Z as

fZ(z) = my

∮
Ay

c(FX1(z1), ..., FXp(zp), FY1(y1), ..., FYq(yq))Π
p
i=1fXi(zi)Π

q
i=1fYi(yi)dy (8)

where c(.) is the density copula of (X,Y ). The following theorem states a more specific
version of (8) in which s = 1 and the selection is made on positive values of Y − µy.
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Theorem 1. Assume that CX,Y is the copula function of random vector X and the random
variable Y with marginal distribution functions FX1, FX2 , ..., FXd

and FY , then the distribution

of Z
d
= X|Y > µy is given by

fZ(z) = my[fX(z)−Πd
i=1fXi(zi)D12...dCX,Y ], z ∈ Rd. (9)

where D12...dCX,Y =
∂dCX,Y

∂FX1
(z1)∂FX2

(z2),...,FXd
(zd) if exist, otherwise 0.

Proof. We have

FZ(z) = myP (X1 ≤ z1, X2 ≤ z2, ..., Xd ≤ zd, Y > µy)

= my[P (X1 ≤ z1, X2 ≤ z2, ..., Xd ≤ zd)− P (X1 ≤ z1, X2 ≤ z2, ..., Xd ≤ zd, Y ≤ µy)]
= my[FX(z)− CX,Y

(
FX1(z1), FX2(z2), ..., FXd

(zd), FY (µy)
)
]

using some chain rules we readily obtain

fZ(z) = my

[
fX(z)−

∂dCX,Y

∂FX1(z1)∂FX2(z2)...∂FXd
(zd)

∂FX1(z1)

∂z1

∂FX2(z2)

∂z2

∂FXd
(zd)

∂zd

]
= my[fX(z)−Πd

i=1fXi(zi)D12...dCX,Y ]

which proves the assertion.

Corollary 1. Let X be a vector of random variables that have multivariate standard nor-
mal and Y has a standard normal so that they are connected via the Gaussian copula with

correlation matrix R, then the distribution of Z
d
= X|Y > µy is

fZ(z) = 2ϕ(z,Ω)Φ(
αTz√
|Ω||R|

), z ∈ Rd, (10)

where Ω is the correlation matrix of X and αT = (−|R|a12 .... − |R|a1d) where a1i, i =
2, 3, ..., d, are the elements of the first row of matrix R−1.

Proof. Since my = 2, similar to the proof of Theorem 1 we have

FZ(z) = 2[Φ(z)− CX,Y (Φ(z1), ...,Φ(zd),Φ(0))].

and again using some chain rules we have

fZ(z) = 2
[
ϕ(z,Ω)−Πd

i=1ϕXi(zi)D12...dC
Ga
X,y]

= 2
[
ϕ(z,Ω)−Πd

i=1ϕXi(zi)
ϕ(z,Ω)

Πd
i=1ϕXi(zi)

Φ(− αTz√
|Ω||R|

)]

= 2ϕ(z,Ω)Φ(
αTz√
|Ω||R|

), z ∈ Rd,

which is 10.

Remark 1. Putting d = 2 in (10), after some algebras, the density function (Z1, Z2)T
d
=

(X1, X2)T |Y > 0 will be

fZ1,Z2(z1, z2) = 2ϕ(z1, z2,Ω)Φ(α1z1 + α2z2), z1, z2 ∈ R, (11)

where

α1 =
ρ1 − ρ12ρ2√

(1− ρ2
12)(1− ρ2

12 − ρ2
1 − ρ2

2 + 2ρ12ρ1ρ2)
,

α2 =
ρ2 − ρ12ρ1√

(1− ρ2
12)(1− ρ2

12 − ρ2
1 − ρ2

2 + 2ρ12ρ1ρ2)
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with ρ12 = ρX1,X2 and ρ1 = ρX1,Y , ρ2 = ρX2,Y and Ω =

(
1 ρ12

ρ12 1

)
, which has been presented

by Azzalini and Valle (1996).

We can generalize or simplify this distribution by considering any related copula or marginals.
For example, if the marginal distributions of the random variable X are standard normal,
while Y follows an arbitrary distribution, say FY (y), with mean µy, then we may present the
following results.

Corollary 2. let X be a vector of random variables that have multivariate standard normal.
If Y has a distribution function FY (y) and X and Y are associated with a Gaussian copula

with correlation matrix R, then the distribution of Z
d
= X|Y > µy is

fZ(z) = myϕ(z,Ω)Φ(
αTz√
|Ω||R|

−
Φ−1(FY (µy))

√
|Ω|√

|R|
), z ∈ Rd (12)

Proof. The proof is similar to the proof of Corollary 1 and is omitted.

Corollary 3. let X1 and X2 have a normal bivariate distribution with mean

(
0
0

)
and cor-

relation matrix Ω =

(
1 ρ12

ρ12 1

)
. If Y has a distribution function FY (y) and X and Y

are associated with a Gaussian copula with correlation matrix R, then the distribution of

Z
d
= X|Y > µy is

fZ(z) = myϕ(z,Ω)Φ(
(ρ1 − ρ12ρ2)z1 + (ρ2 − ρ12ρ1)z2√

(1− ρ2
12)(1− ρ2

12 − ρ2
1 − ρ2

2 + 2ρ12ρ1ρ2)
− Φ−1(FY (µy))

√
1− ρ2

12√
1− ρ2

12 − ρ2
1 − ρ2

2 + 2ρ12ρ1ρ2

)

(13)

Proof. The proof is similar to the proof of Corollary 1 and is omitted.

Corollary 4. Under the assumptions of corollary 2 the moment generating function (mgf)
of the random variable Z is

MZ(t) = my exp(
tTΩt

2
) Φ
(αTΩt− Φ−1(FY (µy))|Ω|√

|Ω||R|+ αTΩα

)
. (14)

Proof. From the definition of the mgf function we have

MZ(t) =

∫
Rk

et
T zfZ(z)dz

=
my

(2π)
k
2 |Ω|

1
2

∫
Rk

exp
(−1

2
(zT |Ω|−1z − 2tTz

)
Φ(

αTz√
|Ω||R|

−
Φ−1(FY (µy))

√
|Ω|√

|R|
)dz

= my exp(
tTΩt

2
) Φ
(αTΩt− Φ−1(FY (µy))|Ω|√

|Ω||R|+ αTΩα

)
.

= my exp(
tTΩt

2
) Φ
(
ρ1t1 + ρ2t2 + · · ·+ ρdtd −

Φ−1(FY (µy))|Ω|√
|Ω||R|+ αTΩα

)
.

where ρi = ρXi,Y , i = 1, 2, ..., d, which is 14.

As a quick result of the previous corollary, derivation of mgf and getting the torques, we have
can obtain mean, variance and covariances of these random variables, respectively as

µi = myρi φ(−hµy), i = 1, 2, ..., d

σ2
i = myΦ

(
− hµy

)
+myρ

2
ihµyφ(−hµy)− (myρi φ(−hµy))2, i = 1, 2, ..., d
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σij = myρijΦ(−hµy) +myρiρjhµyφ(−hµy)−m2
y ρiρj φ(−hµy)2, i 6= j = 1, 2, ..., d

where ρXi,Y = ρi, ρXj ,Y = ρj , ..., ρXi,Xj = ρij i, j = 1, 2, ..., d.

The following remark brings a special case of the above results when the components of
random vector X are independent and generalizes the results of Arnold et al. (2002) and
those obtained by Azzalini and Valle (1996).

Remark 2. Let X be a standard normal random vector and let Y has a distribution func-
tion FY (y) and they are associated with the Gaussian copula with correlation matrix R with

ρXi,Xj = 0, i 6= j = 1, 2, ..., d, then the distribution of Z
d
= X|Y > µy is

fZ(z) = myΠ
d
i=1ϕ(zi)Φ

(Σd
i=1ρizi− Φ−1(FY (µy))√

1− Σd
i=1ρ

2
i

)
, z ∈ Rd. (15)

Also, denoting with λi =
ρi√

1− Σd
i=1ρ

2
i

, i = 1, ..., d, the distribution (15) simplifies to

fZ(z) = myΠ
d
i=1ϕ(zi)Φ

(
Σd
i=1λiΦ

−1(FXi(xi))−
√

1 + Σd
i=1λ

2
iΦ
−1(FY (µy))

)
, z ∈ Rd,

if Y follows the normal distribution as well.

It is known that, besides of the aforementioned “conditional method”, there is another “trans-
formation method” that can be employed to construct an asymmetric distribution, see e.g.,
Azzalini and Capitanio (2003). In this regards, under the assumptions of corollary 2 and if
ρi = ρXi,Y ∈ (−1, 1), i = 1, 2, ..., d we may define

Zi = ρiH(Y ) +
√

(1− ρ2
i )Xi, i = 1, 2, 3, ..., d, (16)

where H(.) is a measurable function, then the distribution function Z = (Z1, Z2, ..., Zd)
T will

be

FZ(z) =

∫
Dd+1C

Ga(u1, u2, ..., ud, v) dFy(y), (17)

where Dd+1C
Ga(u1, u2, ..., uk, v) =

∂

∂v
CGa(u1, u2, ..., ud, v), and ui = Φ(

zi − ρih(y)√
(1− ρ2

i )
), i =

1, 2, ..., d and hence, the density function fZ(z) will be obtained accordingly.

As a special case, If Y has a standard normal distribution and H(.) = |.|, we will reach to the
results of Azzalini and Dalla Valle Azzalini and Valle (1996). In this case, the joint PDF of
Z = (Z1, Z2, ..., Zd) is as

fZ(z) = 2ϕd(z,Ω)Φ(αTz), z ∈ Rd, (18)

where

αT =
λTΨ−1∆−1

(1 + λTΨ−1λ)
1
2

,

∆ = diag((1− ρ2
1)

1
2 , ..., (1− ρ2

d)
1
2 ),

λ = ( ρ1√
(1−ρ21)

, ..., ρd√
(1−ρ2d)

)T ,

Ω = ∆(Ψ + λλT )∆,

where ϕd(z,Ω) denotes the density function of the d-dimensional multivariate normal distri-
bution with standardized marginals and correlation matrix Ω.
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3. Parameter estimation

In order to estimate the parameters of the proposed distribution, we apply the maximum
likelihood (ML) method. First, focusing on the distribution (15) we find ML estimation of
its parameters. Taking in mind that the Φ−1(FY (µy)) part in this distribution may include
parameter(s), in order to find a closed form of estimators we assume that the distribution
of Y dose not contain any parameters and so, Φ−1(FY (µy)) will be constant. Let zj =
(z1j , z2j , · · · , zdj)T , j = 1, 2, ..., n, and z1, z2, ...,zn be a sample of size n from distribution
(15) in which Φ−1(FY (µy)) is free of parameter, then likelihood function is

Ln(λ1, λ2, · · · , λd) = fn(z1, ...,zn;λ1, λ2, · · · , λd)

= mn
yΠn

j=1Πd
i=1ϕ(zij)Π

n
j=1Φ(Σd

i=1λizij −
√

1 + Σd
i=1λ

2
iΦ
−1(FY (µy)))

and its log-likelihood will be

`(λ1, λ2; z1, z2) = nlnmy + Σn
j=1Σd

i=1lnϕ(zij) + Σn
j=1lnΦ(Σd

i=1λizij −
√

1 + Σd
i=1λ

2
iΦ
−1(FY (µy)))

Then, derivatives with respect to λ1 and λ2, · · · , λd yield the following simultaneous equations:

z1j =
λ1Φ−1(Fy(µy))√

1+Σd
i=1λ

2
i

or φ(Σd
i=1λizij −

√
1 + Σd

i=1λ
2
iΦ
−1(FY (µy))) = 0, j = 1, ..., n

z2j =
λ2Φ−1(Fy(µy))√

1+Σd
i=1λ

2
i

or φ(Σd
i=1λizij −

√
1 + Σd

i=1λ
2
iΦ
−1(FY (µy))) = 0, j = 1, ..., n

...

zdj =
λdΦ−1(Fy(µy))√

1+Σd
i=1λ

2
i

or φ(Σd
i=1λizij −

√
1 + Σd

i=1λ
2
iΦ
−1(FY (µy))) = 0, j = 1, ..., n

.

So, from the first equation we have

λ̂1 =
z1j√

Φ−1(Fy(µy))2 − Σd
i=1z

2
ij

, j = 1, 2, ..., n, or λ̂1 = ±∞.

In order to assess the local concavity of `(λ1, λ2, · · · , λd; z1, z2, · · · , zn) we observe that it’s
Hessian matrix is negative semi-definite at λ̂1 and λ̂2, · · · , λ̂d. Hence, we have

ρ̂1 =
z1j

Φ−1(Fy(µy))
, j = 1, 2, ..., n or ρ̂1 = ±1

but, ρ̂1 = ±1 is unacceptable because ρ1 ∈ (−1, 1). So

ρ̂1 =
z1j

Φ−1(Fy(µy))
, j = 1, 2, ..., n.

Using a similar manner it can be obtained:

ρ̂2 =
z2j

Φ−1(Fy(µy))
, · · · , ρ̂d =

zdj

Φ−1(Fy(µy))
, j = 1, 2, ..., n.

As another and a general case, consider zj = (z1j , z2j , · · · , zdj)T , j = 1, 2, ..., n, let z1, z2, ...,zn
be a sample of size n from distribution (12) in which Φ−1(FY (µy)) is free of parameter, then
likelihood function is

Ln(ρi, ρkl) = fn(z1, ...,zn; ρi, ρkl)

= mn
yΠn

j=1ϕ(zj,Ω)Πj = 1nΦ(
αTzj√
|Ω||R|

−
Φ−1(FY (µy))

√
|Ω|√

|R|
)
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So that i = 1, 2, · · · , d and k = 1, 2, · · · , d− 1, l = 2, · · · , d and its log-likelihood will be

`(ρi, ρkl) = nlnmy + Σn
j=1lnϕ(zj,Ω) + Σj = 1nlnΦ(

αTzj√
|Ω||R|

−
Φ−1(FY (µy))

√
|Ω|√

|R|
).

By deriving with respect to ρi, i = 1, 2, ..., d we have

∂

∂ρi
`(ρi, ρkl) =

α′izj
√
|R||Ω|−Mi′αT zj + ri′|Ω|

3
2 Φ−1(FY (µy))

|R||Ω|

×
φ( αT zj√

|Ω||R|
− Φ−1(FY (µy))

√
|Ω|√

|R|
)

Φ( αT zj√
|Ω||R|

− Φ−1(FY (µy))
√
|Ω|√

|R|
)
,

where α′i = ∂
∂ρi
αT , M ′i = ∂

∂ρi

√
|R||Ω| and r′i = ∂

∂ρi

√
|R|.

and the derivation with respect to ρkl, k = 1, 2, · · · , d− 1, l = 2, · · · , d yields:

∂

∂ρkl
`(ρi, ρkl) =

ϕ′(zj,Ω)

ϕ(zj,Ω)

+
α′klzj

√
|R||Ω|−Mkl′αT zj − (

√
|Ω|)′

√
|R||Ω|Φ−1(FY (µy)) + r′kl|Ω|

3
2 Φ−1(FY (µy))

|R||Ω|

×
φ( αT zj√

|Ω||R|
− Φ−1(FY (µy))

√
|Ω|√

|R|
)

Φ( αT zj√
|Ω||R|

− Φ−1(FY (µy))
√
|Ω|√

|R|
)
,

where ϕ′(zj,Ω) = ∂
∂ρklϕ(zj,Ω) and αkl′ = ∂

∂ρkl
αT and M ′kl = ∂

∂ρkl

√
|R||Ω| and r′kl =

∂
∂ρkl

√
|R|. Hence, the numerical solution of the simultaneous equations

∂

∂ρi
`(ρi, ρkl) = 0 and

∂

∂ρkl
`(ρi, ρkl) = 0 will give the estimated values of the parameters, see the next section for

illustration.

4. Numerical analysis

In order to assess the performance of our proposed distribution and compare its goodness of
fit with the traditional skew-normal distribution, we used a simulation study.

4.1. Simulation study

Applying a Monte Carlo simulation study, we consider the following three cases.

Case 1. We generated n = 1000 sample from a four dimensional distribution of random
variables X1, X2, X3 and Y which are connected using a Gaussian copula with ρX1,Y = 0.5,
ρX2,Y = 0.6, ρX3,Y = 0.7 and ρXi,Xj = 0, 1 ≤ i ≤ j ≤ 3. Also, we assumed that X1, X2, X3

come from trivariate standard normal distribution with mean

0
0
0

 and correlation matrix

Ω =

1 0 0
0 1 0
0 0 1

 and Y follows an exponential distribution with λ = 10. Table 1 summarizes

AIC and BIC and HQC values for the goodness of fit for our proposed copula-normal distri-
bution and skew-normal one. As seen from this table, the copula-skew distribution behave
superior to skew-normal.



Austrian Journal of Statistics 9

Table 1: AIC, BIC and HQC of copula-skew and skew-normal for Case 1. of simulation

Estimation skew-normal copula-skew

AIC 1148 1101
BIC 1192 1145
HQC 1162 1116

Case 2. We generated n = 1000 sample from a three dimensional distribution of random
variables X1, X2 and Y which are connected using a Gaussian copula with ρX1,Y = 0.8,
ρX2,Y = 0.5, ρX1,X2 = 0.6. Also, we assumed that X1, X2, a normal bivariate distribution with

mean

(
0
0

)
and correlation matrix Ω =

(
1 0.6

0.6 1

)
and Y follows an chi-squared distribution

with 5 degrees of freedom. Table 2 summarizes AIC, BIC and HQC values for the goodness
of fit for our proposed copula-normal distribution and skew-normal one. As seen from this
table, the copula-skew distribution behave superior to the skew-normal.

Table 2: AIC, BIC and HQC of copula-skew and skew-normal for Case 2. of simulation

Estimation skew-normal copula-skew

AIC 1920 1917
BIC 1947 1945
HQC 1931 1928

Case 3. We generated 1000 random samples for X1, X2 similar to the case 1 and using
Y = 0.1X1 + 0.3X2 + γ where γ ∼ Beta(2, 3), we generated 1000 cases for Y . We found that

they are related with the correlation matrix R =

 1 0.6 0.84
0.6 1 0.5
0.84 0.5 1

 through the Gaussian

copula. Table 3 summarizes AIC, BIC and HQC values for the goodness of fit for our proposed
copula-normal distribution and skew-normal one. As seen from this table, the copula-skew
distribution behaves superior to skew-normal.

Table 3: AIC, BIC and HQC of copula-skew and skew-normal for Case 3 of simulation

Estimation skew-normal copula-skew

AIC 2287 2285
BIC 2315 2313
HQC 2398 2397

4.2. Real data

Regarding to apply our previous material in a real data set analysis, we considered the well
known data set collected by Australian Institute of sports (AIC)Cook and Weisberg (2009).
This date set is compressing of biological characteristics of 202 Australian athletes in both
sexes (102 males and 100 females) and was studied as an example of skew-normal data in
the literature Azzalini and Valle (1996); Azzalini and Capitanio (1999). We examined the
variables height (Ht) and body weight (Wt) and hematocrit (HCT) and observed that Ht and
Wt followed normal distribution with mean 180 and variance 95 and mean 75 and variance
194, respectively. HCT followed exponential distribution with mean 43.
Moreover we found that these three variables were connected via a Gaussian-copula with
values of correlations ρ1y = 0.37 and ρ2y = 0.42 and ρ12 = 0.78. By conditioning the
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distribution of

(
Ht
Wt

)
given HCT greater than 43, from (15), the distribution of

Z =

(
Z1

Z2

)
d
=

(
Ht
Wt

)
|HCT > 43

was fitted as

fZ(z) =
exp(1)

P (y > 43)
ϕ(z1, z2,Ω)Φ

(0.042z1 + 0.131z2√
0.12

− Φ−1(FY (43))
√

0.39√
0.32

)
, z ∈ R.

where Ω =

(
1 0.78

0.78 1

)
.

In order to compare the goodness of fit of this distribution, we compare its AIC, BIC and
Hannan-Quinn criterion (HQC) with those of skew-normal’s one. A graphical representation
of these criterions for these two distributions is presented in figure 1 and their AIC, BIC
and HQC are calculated in table 4. Comparing the AIC, BIC and HQC values of this table
and seeing figure 1, we conclude that implementing the dependence between variables Ht and
Wt and HCT and constructing the copula-skew distribution yields an improvement to the

fitting the distribution of Z =

(
Z1

Z2

)
d
=

(
Ht
Wt

)
|HCT > 43, in contrast to the traditional

skew-normal distribution.

Table 4: AIC, BIC and HQC of copula-skew and skew-normal for (Ht,Wt)|HCT > 43

Estimation skew-normal copula-skew

AIC 490 489
BIC 509 508
HQC 498 497
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Figure 1: Performance of skew-normal and copula-skew (Ht,Wt)|HCT > 43

Moreover, we examined the variables height (Ht) and white blood cell (WBC) and Protocol-
buffer Binary Format (PBF) observed that they are associated to a Gaussian-copula with
values of correlations ρ1y = 0.11 and ρ2y = −0.19 and ρ12 = 0. Ht followed normal distri-
bution with mean 180 and variance 95 and WBC followed a normal distribution with mean
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7.1 and variance 3.2, respectively. Also, PBF followed generalized Pareto distributions with
location parameter 5.38 and scale parameter 11.01 and shape parameter -0.35. By calculat-

ing the mean of PBF and conditioning the distribution of

(
Ht

WBC

)
given PBF greater than

µPBF = 14, from (15), the distribution of

Z =

(
Z1

Z2

)
d
=

(
Ht

WBC

)
|PBF > 14

was fitted as

fZ(z) =
1

P (y > 14)
ϕ(z1)ϕ(z2)Φ

(0.11z1 − 0.19z2 − Φ−1(FY (14))√
0.951

)
, z ∈ R.

A graphical representation of these two distributions is presented in figure 1 and their AIC
and BIC and HQC are calculated in table 5. Comparing the AIC and BIC and HQC val-
ues of the table 5, we conclude that implementing the correlation between two variables Ht

and WBC and PBF yields an improvement to the fitting the distribution of Z =

(
Z1

Z2

)
d
=(

Ht
WBC

)
|PBF > 14, in contrast to the traditional skew-normal distribution. See also figures

1 and 2 for more details.

Table 5: AIC, BIC and HQC of copula-skew and skew-normal for (Ht,WBC)|PBF > 14

Estimation skew-normal copula-skew

AIC 439 439
BIC 458 457
HQC 447 446

z1

z2

s

copula−skew copula−skew

 0.05  0
.0

5 

 0.1  0.1 

 0.15 

 0.2 

 0.25 

 0.3 

 0.35 

 0.4 

−2 −1 0 1 2

−
2

−
1

0
1

2

z1

z2

c

skew−normal skew−normal

 0.05 

 0
.0

5  0.1  0
.1

 

 0.15 

 0.2 

 0.25 

 0.3 

 0.35 

 0.4 

−2 −1 0 1 2

−
2

−
1

0
1

2

Figure 2: Performance of skew-normal and copula-skew for (Ht,WBC)|PBF > 14

5. Conclusion

Assuming that random vectors are connected using a Gaussian copula, we used a selection
method to construct a copula based asymmetric distribution. Our proposed distribution in-
cludes some well-known multivariate and bivariate skew normal distributions which have been
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introduced in the literature. We carried out a simulation analysis and observed that taking
into account the relationship between variables will improve goodness of fit of constructed
distribution. Also, we have applied this distribution to analyze a real data sets of athletic
sport data.

The subject of this work may be extended in many scenarios. Although we have considered
the Gaussian copula as coupling function, one may assume some other type of copulas. As a
generalization of this work, we address the family of elliptical copulas in our next work. Since
the copula functions have flexibility to reflect the non-linear relationships between variables,
so constructing an asymmetric distribution from nonlinear dependent variable would be of
interest. Moreover, the approach of this work can be extended for modeling high-dimensional
asymmetric dependence patterns, see, e.g., Wei, Kim, Choi, and Kim (2019); Kurowicka and
Cooke (2006). Finally, it is well known that the asymetric distributions are frequently used as
an approach to model the behavior of order statistics, see e.g., Loperfido (2008) and Sheikhi
and Tata (2013). Our copula skew distribution will be used in this subject as well as in
concomitants of order statistics.
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