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Abstract

In this paper, we attempt to see further by relating theory with practice: First, we
review the principles on which three interrelated well developed methods for the analysis
and visualization of contingency tables and compositional data are erected: Correspon-
dence analysis based on Benzécri’s principle of distributional equivalence, Goodman’s RC
association model based on Yule’s principle of scale invariance, and compositional data
analysis based on Aitchison’s principle of subcompositional coherence. Second, we intro-
duce a novel index named intrinsic measure of the quality of the signs of the residuals for
the choice of the method. The criterion is based on taxicab singular value decomposition,
on which the package TaxicabCA in R is developed. We present a minimal R script that
can be executed to obtain the numerical results and the maps in this paper. Third, we
introduce a flexible method based on the novel index for the choice of the constant to be
added to contingency tables with zero counts so that logratio methods can be applied.

Keywords: Taxicab singular value decomposition, correspondence analysis, logratio analysis,
association models, prespecified weights, quality of the signs of the residuals, zero counts.

1. Introduction

We start by citing Tukey (1977), p.400 : the general mazim—it is a rare thing that a specific
body of data tells us clearly enough how it itself should be analyzed—applies to choice of re-
expression for two-way analysis.

We consider correspondence analysis (CA) and logratio analysis (LRA) as two different pop-
ular well-developed choices of re-expression for the analysis and visualization of a contingency
table (two-way frequency counts data having I rows and J columns) or a compositional data
set (I individuals, also named samples, of J compositional parts).
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LRA includes two independently well developed methods: RC association models for the
analysis of contingency tables by Goodman (1979, 1981a,b, 1991, 1996) and, compositional
data analysis (CoDA) by Aitchison (1986); see also among others, the recently published
books by Filzmoser, Hron, and Templ (2018) and Greenacre (2018); and the review articles
by Egozcue and Pawlowsky-Glahn (2019) , Greenacre (2020) and Greenacre, Grunsky, Bacon-
Shone, Erb, and Quinn (2022). The reference book on CA is Benzécri (1973a); Beh and
Lombardo (2014) present a panoramic review of CA and its variants.

CA and LRA are based on three different principles: CA on Benzécri’s distribututional equiv-
alence principle, RC association models on Yule’s scale invariance principle, and CoDA on
Aitchison’s subcompositional coherence principle. We shall review these three principles when
columns and rows of a table are attributed with prespecified weights. Two popular weights
are the marginals of a table or uniform.

The following decomposition scheme describes the general approach of analyzing a two-way
table X by CA or LRA re-expressed as

Xre—expressed = (main effects) + (bilinear terms) + noise,

where main effects represent the scale factor of the rows and the columns of X, the bilinear
terms represent the shape factors or the latent variables of X, and the last term the noise in
the observations. The most important part in the above decomposition that interests us is
the bilinear terms, which is often computed by singular value decomposition (SVD) of the
pre-processed residual data set

X1 = Xre—expressed — main effects.

So the choice of the method is crucial: Should we choose CA or LRA? And what are the
effects of the weights (marginal or uniform) in LRA? These questions will be tackled within
the framework of Taxicab SVD (TSVD), see Choulakian (2006, 2016).

1.1. Motivating example

Consider the contrived data sets of size 3 by 3, X; and Xs reproduced below from Table
9, set 1 of Goodman (1996), where he compared different methods, including CA and LRA.
From a mathematical point of view, the most important aspect is that the rank of each data
set is 2 or 3 depending on the method used: by the parsimony principle of Occam’s razor, of
course one should prefer the method that reduces the rank of the data set. For,

400 100 100
X; =100 50 100
100 100 400

we have, rank X; =2 by LRA and rank X;=3 by CA. And for,

400 100 100
Xgo =100 40 100
100 100 400

we have, rank X9 =3 by LRA and rank Xs=2 by CA.

It is important to note that the structure of real observed data differs fundamentally from
the structure of artificial data. So we need a criterion for the choice between CA or LRA.

1.2. Aims and organization

The essay entitled “On Practice” by Mao (1938) complements Tukey’s above maxim, because
its subtitle is “On the Relation Between Knowledge and Practice, Between Knowing and Do-
ing”. For a modern interpretation of Mao’s cited work, see Zizek (2008).
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Our aim is to relate theory with practice. Given that knowledge-knowing-theory-method start
with principles, first we discuss the three basic principles, which are the starting points for
each of the three methods: CA, RC association models and CoDA. Then, for data analysis
we introduce and apply a simple intuitive criterion for the choice of the preprocessing, and
consequently of the method. The novel criterion is the intrinsic variability measure of a
principal dimension by the quality of the signs of the residuals (QSR), recently introduced
by Choulakian (2021). For each principal dimension QSR is calculated via taxicab singular
value decomposition (TSVD) on which the package TaxicabCA in R is developed by Allard
and Choulakian (2019). Furthermore, we use the QSR for the choice of the constant to be
added to zero cells in contingency tables so that LRA can be applied.

This paper is organized as follows: Section 2 discusses the fundamental differences between
contingency tables and compositional data via the role of simplices; section 3 presents an
overview of taxicab singular value decomposition (TSVD); section 4 presents the compu-
tational steps of the methods TCA (taxicab correspondence analysis) and TLRA (taxicab
logratio analysis) for contingency tables, then for compositional data; section 5 reviews the
three principles; section 6 introduces the QSR index; section 7 presents examples. Finally we
conclude in section 8. The appendix presents a minimal R script to execute the computations
in this paper.

2. Simplices in contingency tables and in compositional data sets

From a statistical point of view there is a fundamental difference between the structures of a
two-way contingency table N = (n;;) and a compositional data set X = (z;;) for i =1,...,1
and j = 1, ..., J; while from a mathematical point of view the form of the resulting equations
arising from different departure assumptions may be identical.

2.1. One simplex in a compositional data set

In a compositional data set, I represents the sample size, that is, the number of individuals
observed; where each individual is described by J nonnegative variables (discrete or con-
tinuous), named parts measured in the same unit, such as ounce or gram, $ or e; and the
proportion of each part, y;; = x;;/ Zj xi; is important. For example, suppose we note the
expenses of one day stay in Paris and New York, and measure our expenses on three items:
one-night stay in Holiday Inn, the price of one cup of coffee at Starbucks and the price of
a Big Mac at McDonald’s in each of the cities. So we have 2 vectors with 3 parts, where
the measurement unit in Paris is in euros and in New York in dollars; z;; in $ or € are not
comparable, but the proportions are comparable via logratios. So geometrically, the ¢-th row

is found in the unit simplex S7 = {y,;j]() < y;; and Zj Yij = 1}.

2.2. Three simplices in a contingency table

In a contingency table N = (n;;), n = Zz ; Nij represents the sample size, that is, the number
of individuals observed; where each individual is described by two categorical variables: a row
categorical variable having I levels and a column categorical variable having J levels. There
are three unit simplices in a contingency table:

S17 = { ny;/nj0 < nyj/n and an/n =1
ihj

representing the joint probability measure on RL/:

S7 = nij/zmﬂo < n;; and anﬂ/zmﬂ =1
J J J
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representing the conditional probability measure defined on the level ¢ of the row variable;

s' = {"ij/znijlo <nand 3 i/} ny = 1}

representing the conditional probability measure defined on the level j of the column variable.
CA acts simultaneously on the two simplices S’ and S’ via Benzécri’s chi-squared metrics.
While TCA acts simultaneously on the three simplices S/, §7 and S’ via TSVD.

A contingency table N can also be represented (coded) as an indicator matrix Z = [ZI v ] =
[(2ai) (2aj)] of size n by (I + J), where z,; = 0 if individual « does not have level i of the
row variable, z,; = 1 if individual « has level i of the row variable; z,; = 0 if individual «
does not have level j of the column variable, z,; = 1 if individual o has level j of the column
variable. Note that N = (Z!)Z’. CA of Z is mathematically equivalent to CA of N; but
the geometric structure of Z is not clear, see Greenacre and Hastie (1987) . TCA of Z is not
mathematically equivalent to TCA of N, see Choulakian (2008a).

3. An overview of taxicab singular value decomposition

Consider a matrix X of size I x J and rank(X) = k. Taxicab singular value decomposition
(TSVD) of X is a decomposition similar to SVD of X, see Choulakian (2006, 2016).

For a vector u = (u;), its taxicab or Ly norm is [|u||; = ), |ui|, the Euclidean or Ly norm is
[ully, = (3, [uil*)/? and the Loo norm is ||ul|,, = max; |u;].

In TSVD the calculation of the dispersion measures (d, ), principal axes (uq, v, ) and principal
scores (a4, by) for a = 1,..., k is done in a stepwise manner. We put X; = X = (z;;) and X,
be the residual matrix at the a-th iteration for a =1, ..., k.

The variational definitions of the TSVD at the a-th iteration are

X X! X
0o = max 7” o]y = max 7H avlh = max _ VAall , (1)
wer’ |[ull,  ver! [Vl werver! [[ull (V][

= max |[X,u||, subject tou e {~1,+1}",
— max ||X,v||, subject tov e {-1,+1}",
= maxv'X,u subject to ue {-1,+1} ,ve {-1,+1} .

The a-th principal axes are

u, =arg max |[Xull; and v, =arg max |[|X,v||;, (2)
ue{—1,+1}’7 ve{—1,4+1}!

and the a-th principal projections of the rows and the columns are
a, = Xou, and by =X v,. (3)
Furthermore, the following relations are also useful
u, = sign(b,) and v, = sign(a,), (4)

where sign(.) is the coordinatewise sign function, sign(z) =1 if = >0, and sign(z) = —1
if z<0.
The a-th taxicab dispersion measure §, can be represented in many different ways
do = [ Xatall; = [[aall; = agva, (5)
= || XGvall; = Iball; = bua
= v Xou, = sign(a,)'Xasign(by).

ally
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The (a + 1)-th residual matrix is

Xot1 = Xq —agbl, /b (6)
An interpretation of the term a,b! /d, in (6) is that, it represents the best rank-1 approxi-
mation of the residual matrix X,, in the sense of the taxicab matrix norm (1).

Thus TSVD of X corresponds to the bilinear decomposition

k
Lij = Z aa(1)ba(j)/0a; (7)
a=1

a decomposition similar to SVD, but where the vectors (a,, by) for a = 1, ..., k are conjugate,
that is

ayvg = a,sign(ag) (8)
= bl,ug = bl,sign(bp)
=0fora>p+1.

In the package TaxicabCA in R, the calculation of the principal component weights, u, and
Vg, are accomplished by three algorithms. The first one, based on complete enumeration
equation (2), is named erhaustive. The second one, based on iterating the transition formulae
(3,4), is named criss-cross. The third one, based on the genetic algorithm, is named genetic.
The exhaustive algorithm is only feasible when I or J is small (by default, TaxicabCA does
not use this algorithm if I and J are > 20 ). The speed of the other algorithms as a function of
table’s dimensions I by J has not been studied yet. In the criss-cross approach, the starting
values are based on the shorter representation of the singular value decomposition (SVD)
values. For the interested reader, here are few published references on the sizes of "relatively”
large data sets: A health data set of size 3530 by 88 in Choulakian, Allard, and Simonetti
(2013); an ecological abundance data of size 285 by 220 in Choulakian (2017); an indicator
data set of size 441 by 105 in Choulakian and de Tibeiro (2013); a survey data set of size
88000 by 120 in Das, Minjares-Kyle, Wu, and Henk (2019) and Das (2021).

4. Analysis of contingency tables and compositional data

First we consider contingency tables, then relate the mathematics to compositional data sets.

Let P = N/n = (p;j) of size I x J be the associated correspondence matrix (probability table)
of a contingency table N. We define as usual p;y = Zle Dij » D+j = Zi[:1 pij, the vector
r = (pi+) € RI, the vector ¢ = (p4;) € R?, and D; = Diag(r) the diagonal matrix having
diagonal elements p;, and similarly D ; = Diag(c). We suppose that Dy and D are positive
definite metric matrices of size I x I and J x J, respectively; this means that the diagonal
elements of D; and D are strictly positive.

4.1. Independence of the row and column categories
a) The I row categories are independent of the J column categories, when

0ij = Pij — Pi+P+j = 0, )
where o;; is the residual matrix of p;; with respect to the independence model p;;p4 ;.

Remark 1. Note that, o;; can be interpreted as the cross-covariance between the i-th row and
the j-th column categories using the indicator matriz Z discussed in section 2.
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b) The independence assumption o;; = 0 can also be interpreted in another way as A = (A;;)

Dij
A — 1) =0 10
i (mpﬂ, ) (10)
= ( ”, —pi+)
Pi+ P+j
L pij
= — DP+j5);
p+j(pi+ ﬂ)

this is the column and row homogeneity models. (Benzécri (1973a), p.31) named the condi-

tional probability vector (@ for i =1,...,I and j fixed) the profile of the j-th column; and

P+j
the element Py the density function of the probability measure (p;;) with respect to the
Pit-DP+j
product measure p;yp4;. The element Pii__ s named Pearson ratio in Goodman (1996)
Di+P+j

and (Beh and Lombardo 2014, p.123).

¢) A third way to represent the independence assumption (9) and the row and column ho-

mogeneity models (10) is via the (wl?, ch) weighted loglinear formulation, equation (11),
assuming p;; > 0 and defining G;; = log(pi;),

Aij =Gij = Gip —G1j+ G =0 (11)

where
_ J C I R _ J I c,,R. ,,C
Giy = Zj:l Gijwj , G+]’ Zi:l Gijuw and G4y = Zj:l Zi:l Gijwj w;T wj > 0 and

wlit > 0, satisfying Z;-Izl ch = Zle wl =1, are a priori fixed or data dependent prob-
ability weights. Two popular weights are marginal (ch = pyj, wE = p;y) and uniform
(ch = 1/J,wf = 1/I). This is implicit in equation 7 in Goodman (1996) or equation 2.2.6 in
Goodman (1991); and explicit in Egozcue, Pawlowsky-Glahn, Templ, and Hron (2015).

Equation (11) is equivalent to the logratios
log(m) =0 fori#i; and j # j1,
Dij1Ping
which (Goodman 1979, equation 2.2) names it “null association” model.

Equation (11) is also equivalent to

_ exp(Giy) exp(Gyj)
b exp(Gi+)

)

from which we deduce that : under the independence assumption the marginal row probability
vector (pi+) is proportional to the vector of weighted geometric means (exp(Gi4+)), and a
similar property is true also for the columns; see for instance Egozcue et al. (2015).

4.2. Interaction factorization

Suppose that the independence-homogeneity-null association models are not true; then each of

the three equivalent model formulations (9,10,11) can be generalized to explain the nonindependence-
nonhomogeneity-association, named interaction, among the I rows and the J columns by
adding k bilinear terms, where k = rank(N)—1. We designate any one of the interaction
indices (9,10,11) by 7.

(Benzécri 1973a, Vol.1, p. 31-32) emphasized the importance of row and column weights or
metrics in multidimensional data analysis; this is the reason in the French data analysis circles

any study starts with a triplet (Y, M, M), where Y represents the data set, M = Diag(m])

is the diagonal matrix metric defined on the rows and M,; = Diag(m§) the diagonal matrix
metric defined on the columns. We follow the same procedure where:
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a) In cross-covariance analysis (Cov), Y = (73;) = (0y;) and (M7, M) = (Diag(1/I), Diag(1/J));
b) In CA, Y = (7i;) = (Ay) and (M, M) = (Diag(pi+ ), Diag(p+;));

c) In LRA, Y = (75) = (N\ij) and (M, M) = (Diag(wZR),Diag(ij)) with Z;-Izl ch =
Zz’lzl wft=1.

TCov, TCA and TLRA are factorizations of the interactions in (9,10,11) in three steps:

Step 1: We double-center Y = (7;5)
X(i,7) = Tigm;m§ (12)

That is

T
M-

X(i,7)
1

<.
I

I
M~

X (i, 4)-

[
Il
—

This double-centering step is necessary to have the important basic equations (17,18) on which
the QSR index is based.

Step 2: Calculate TSVD of X = (7;;m;m$) as described in section 3

k
Tigmims =Y aa(i)ba(j)/da. (13)

We name (a,(7),bq(j)) Taxicab contribution scores because they satisfy following (5)

I J
o =Y _laa(i)| = |ba(j)| fora=1,..k (14)
i=1 j=1

Furthermore, they are centered following Step 1

0="> an(i) = Zba(j)) for a=1,..,k (15)

=1 7j=1
And they are conjugate ( in TSVD conjugacy replaces orthogonality in SVD)

I

0=">aa(i) sign(as(i)) = Z ba(4) sign(bs(j)) for a>g. (16)

i=1 j=1

Let S = {i:aq(i) > 0} and T'= {j : ba(j) > 0}, so that at iteration a, SUS = I is an optimal
partition of I and T"UT = J is an optimal partition of J. Besides (14), the taxicab dispersion
0o will additionally satisfy the following useful equations:

/2= aa(i) ==Y aa(i) (17)

i€sS i€S
= bali) = =D balh);
JeET jeT

which tells that the Taxicab principal dimensions are balanced; and
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(4,))€SXT (4,§)ESXT
Z - Z Xa(l,]),
S (i,)ESXT

which tells that the a-th principal dimension divides the residual data matrix X, into 4
balanced quadrants, see Choulakian and Abou-Samra (2020).

Step 3: Calculate Taxicab principal factor scores (f4 (i), go(j)) of X by dividing each term in

(13) by the weights m{m}

k
Tij = Z fa(i)ga(j)/5a> (19)
a=1

where evidently fuo(i) = aa(i)/m] and ga(j) = ba(j)/m§. Equation (19) is named “data
reconstruction formula”.

Remark 2. 1) We have four particular methods:

a) Y = (7i5) = (045) and (Mp,M;) = (Diag(1/I), Diag(1/J)), we get TCov analysis, known
also as interbattery analysis first proposed by Tucker (1958); later on, Tenenhaus and Au-
gendre (1996) reintroduced it within correspondence analysis circles, where they showed that
the Tucker decomposition by SVD produced on some correspondence tables more interesting
structure, more interpretable, than CA.

b) Y = (135) = (Aij) and (M;,My) = (Diag(pi+), Diag(p+;)), we get TCA ( or CA) de-
composition. CA has many interpretations; essentially, for data analysis purposes Benzécri
(1973a) interpreted it as weighted principal components analysis of row and column pro-
files. Another useful interpretation, comparable to Tucker interbattery analysis, is Hotelling
(1936)’s correlation analysis, see Lancaster (1958) and Goodman (1991, 1996).

c)Y = (1ij) = (\yj) and (M, M) = (Diag(wk), Diag(w; Y, where (wk, wc) are prespecified;
we note this case by TLRA. For an example of general prespeciﬁed wezghts see Egozcue and
Pawlowsky-Glahn (2016). For the important particular case (M, M) = (Diag(1/I), Diag(1/.J)),
we get uniformly-weighted taxicab logratio analysis (uwTLRA).

d) Y = (7i5) = (\ij) and (M1, M) = (Diag(piy), Diag(py;)), where (wf,wf) = (pir, p1;)
are data-dependent, we get marginally-weighted tazicab logratio analysis (mwTLRA ).

The TCov and uwTLRA principal factor scores are uniformly weighted

1
OZZ ngaj for  a=1,..,k,
I 1 J 1
ba =) )= Sloald)l for a=1..k
=1 j=1

TCA and mwTLRA principal factor scores are marginally weighted

O—prrfa Zpﬂga j)  for  a=1,.,k,

I J
ba =Y pitlfal@)l =D pijlaa()]  for a=1,..k
i=1 j=1
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What is the consequence to this? The answer is: Benzécri’s principle of distributional equiva-
lence, see Definition 4 below, which states that TCA and mwTLRA results are not changed if
two proportional columns or rows are merged into one. This has the practical consequence that
the effective size of sparse and large data sets can be smaller than the observed size; see Ezx-
ample 2 in section 7. For further details concerning sparse contingency tables see Choulakian
(2017).

2) Aitchison (1983, 1997) and Aitchison and Greenacre (2002) presented principal compo-
nents analysis of a compositional data set by applying SVD to the preprocessed data of equation
(11) using uniform weights. According to Greenacre and Lewi (2009), the marginally-weighted
LRA, named spectral mapping, originates by Lewi (1976).

This shows that, from a mathematical point of view, the form of the resulting equations arising
from two different departure assumptions may be identical in Goodman’s RC association mod-
els for contingency tables and in Aitchison’s principal components analysis of a compositional
data.

3) In all methods, the symmetric maps are obtained by plotting (fo(2), f3()) or (9a(J5), 98(4))
for a # B. Gower (2011) enumerates nine tools of interpretation of maps-biplots, one of them
being the 'nearness’ of points. In case of TCA (or CA), the same idea is explicitly expressed
by (Benzécri 1966, p. 56) as: “que des éléments distributionnellement proches soient proches
sur le diagramme et réciproquement”. For connections between TCov and TCA maps, see
Choulakian (2021). For TLRA, the ’'nearness’ of points can be seen also in equation (20)
approximating the logodds ratios. Often prior knowledge is also used for interpretation, see
Ezample 1 in section 7.

5. The three principles

In this section we review and discuss the basic three principles, on which CA and LRA (RC
association and CoDA) are erected; but the discussion is within the framework of TSVD if
needed. We observe that the aim of each method was different; and only Goodman (1996)
attempted to reconcile both CA and LRA methods, because that was his principal aim.

5.1. Yule’s principle of scale invariance

We start by quoting (Goodman 1996, section 10) to really understand Yule’s principle of scale
invariance: “Pearson’s approach to the analysis of cross-classified data was based primarily on
the bivariate normal. He assumed that the row and column classifications arise from under-
lying continuous random variables having a bivariate normal distribution, so that the sample
contingency table comes from a discretized bivariate normal; and he then was concerned with
the estimation of the correlation coefficient for the underlying bivariate normal. On the other
hand, Yule felt that, for many kinds of contingency tables, it was not desirable in scientific
work to introduce assumptions about an underlying bivariate normal in the analysis of these
tables; and for such tables, he used, to a great extent, coefficients based on the odds-ratios (for
example, Yule’s Q and Y), coefficients that did not require any assumptions about underlying
distributions. The Pearson approach and the Yule approach appear to be wholly different,
but a kind of reconciliation of the two perspectives was obtained in Goodman (1981a)”.

An elementary exposition of these ideas with examples can also be found in Mosteller (1968).
Goodman (1996)’s reconciliation is done in two approaches:

First, Goodman (1996) proposed “marginal-free correspondence analysis”, which is discussed
in Choulakian (2022).

Second, it is based on defining the a priori weights in the association index (11), \;; =
)\(pij,ch,wf), where, by its decomposition into bilinear terms, mwLRA will correspond to
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Pearson’s approach, while uwLRA to Yule’s approach. Because log-odds

log(pZ:]ipil‘h‘) = \ij + )\11]1 — )‘i1j — Aijy
PijiPiqj

k
= Do) = ) 00(7) = 9013 (20)

where the principal factor scores satisfy marginally or uniformly weighted relations, see Re-
mark 2 (1c, 1d).

We note that, in a similar spirit see Remark 4, Kazmierczak (1985, 1987) reconciled Yule’s
scale invariance principle with Benzécri’s principle of distributional equivalence, but in a
mathematical framework in search of Euclidean metrics that satisfy both principles.

To have a clear picture of LRA with general a priori prescribed weights (wC wl?), we first

study the properties of the association index JA;;, that distinguishes it from interaction indices
(9,10).

Scale invariance of an interaction index

We are concerned with the property of scale dependence or independence of the three inter-
action indices (9,10,11). We note that in (9,10,11), p;; depends on nij, pij = nij/>_; ;nij.
To emphasize this dependence, we express an interaction index by 7;(n;;) = 7(pij, ml, mjc)
where: in the case of the association index 7;;(n;;) = A;; is defined in (11), in the case of the
nonhomogeneity index 7;;(n;;) = A;; is defined in (10), and in the case of the nonindependence

index 7;;(ni;) = 04 is defined in (9). Following Yule (1912), we state the following

Definition 1. An interaction index 7;;(n;;) is scale invariant if 7;(n;;) = 75(a;ng;b;) for
scales a; > 0 and b; > 0.

It is important to note that Yule’s principle of scale invariance concerns a function of four
interaction terms, see equation (20); while in Definition 1 the invariance concerns either each
interaction term in a contingency table discussed by Goodman or the relative values of a
compositional vector discussed by Aitchison (see subsection 5.3). A similar interpretation is
expressed in Kazmierczak (1985).

It is evident that neither the interaction indices (9,10) nor mwLRA are scale invariant: because
they are marginal-dependent.

Concerning the association index (11) we have

Lemma 1. The association index (11) is scale invariant.

Proof. Let n* =), . a;n;;bj, w > 0 and wf > 0, satisfying Zj 1 wC ZZI L wk =1; then

1,7
Tij(amijbj) = )\(amijbj/n ch, wR)

= log(a;n;jb;/n*) — Z ch log(a;n;jbj/n*)

j=1
J I
— Zleog a;ngjbj/n*) —G—ZijCwlRlog a;ngjbj/n*)
7j=11i=1
= Ang, w§, wf) = Mpij, w§, wft) = 735(ny;)
= A aipi;b;, wc ,wh). (21)
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Lemma 2. To a first-order approzimation,

Pij Pi+ p+
J i i J

Proof. The average value of the density function g " with respect to the product measure
]

wy
C, R
w; w;

is 1; so the IJ values wg” = are distributed around 1. By Taylor series expansion of

J
log x in the neighborhood of z = 1 we have to a first-order logx ~ x — 1. Putting a; = 1/wi

and bjzl/chi (2 )andbyusmglog( Pzg )zw]g%?—l

C R Pij C R
AMpij, wy ,w;") = /\(W,wj,wi)

log p” chlog p” )

J I
— Z wl log p” )+ Z Z wJCwR log p” )
z j=1 i=
p“ p+
e Ak ( - (e -1 +o,
J i wj
which is the required result. ]

Remark 3. Lemma 2 provides a first order approzimation to mwTLRA and wvwTLRA, where
we see that both first-order approximations are marginal-dependent but in different ways.

a) In the case (a;,bj) = (1/pit,1/p4+;) and (wc wl) = (pij,pit) in Lemma 2, \;jj =

A(Pijs P+js Pit) = PJSZH — 1; which implies that CA (or TCA) is a first-order approzimation
of mwLRA (or mwTLRA), a result stated in Cuadras, Cuadras, and Greenacre (2006). Note
that X(pij, p+j,pit) = )‘(p+gpz+ ,D+j,Pi+) is stated in Goodman (1996). Furthermore mwLRA
(or mwTLRA) is interpreted as prespecified TLRA by defining nij = a;n;jb; in Lemma 1
with prespecified weights (w JwE) = (D4 pit), where pyj =S, nij/n, piy = Zj nij/n and
n= Zz ] T

b) In the case (a;,b;) = (I,J) and (ch,wZR) = (1/1,1/J) in Lemma 2, \ijj = X(pij, 1/J,1/I) =
IJpij — Ipiy — Jpyj + 1; which implies that the bilinear expansion of the right side by TSVD
(or SVD) is a first-order approzimation of uwTLRA (or uvwLRA); a familiar one known as
a FANOVA ( factor analysis and analysis of variance), see Mandel (1971).

5.2. Benzécri’s principle of distributional equivalence

(Benzécri 1966, p. 56) presented his project of uncovering grammatical rules or patterns from
texts by announcing his conceptual formulation of the principle of distributional equivalence
as : “que des éléments distributionnellement proches soient proches sur le diagramme et
réciproquement”; that is, “points that are near in distribution should appear near on the
maps and reciprocally”. And the notion of nearness of two distributions was introduced by
the chi-squared distance (a weighted euclidean distance) in (Benzécri 1973a, p. 150-152). In
the statistical literature, the concept of the principle of distributional equivalence is discussed
in terms of distances, see for example Escofier (1978), Kazmierczak (1985, 1987), Fichet
(2009) and Greenacre and Lewi (2009); except in Nishisato (1984) who named it principle
of equivalent partitioning, and Choulakian (2006) who formulated it as invariance of TSVD
results, see Theorem 1 below.

In the sequel, we separate Benzécri’s idea of distributional equivalence property from its
principle, by observing that (Aitchison 1994, section 1)’s compositional equivalence is identical
to Benzécri (1966)’s distributional equivalence.
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Definition 2. Two non negative vectors x and y of the same size are distributionally/com-
positionally equivalent if x =Cy, where C' is a positive constant.

Definition 3. A method of analysis satisfies distributional/compositional equivalence prop-
erty, if it is applied to a table of nonnegative values where two rows ( or two columns) are
proportional, then the method will produce maps where the two proportional rows (or the
two proportional columns) coincide.

Remark 4. a) Definition 3 is implicitly stated by Benzécri (1966, page 56) as: que des
éléments distributionnellement proches soient proches sur le diagramme et réciproque-
ment.

b) Definition 3 is a nonmetric variant of Kazmierczak (1985, 1987)’s definition of “gener-
alized distributional equivalence property”, which states: Let x and'y be two proportional
rows (or columns) in a nonnegative table of size I by J; if we replace x and 'y by two
proportional vectors x; and y1 such that x+y = x; +y1, then the distances between the
columns (or rows) are not changed. Proposition 1 is discussed by Kazmierczak (1985,
1987) within the framework of Fuclidean and Riemannian geometries. The proof within
Tazicab framework is very simple.

Proposition 1. TCA, mwTLRA and TLRA satisfy the distributional/compositional equiva-
lence property. That is, if the 1st row of a non negative table is proportional to the 2nd row,

and )\ij = Zizl fa(i)ga(j)/da: then fa(l) = fa(2)'
The proof is found in Appendiz 2.

Remark 5. The TCov method does not satisfy the distributional/compositional equivalence
property in Definition 3.

Definition 4. A method of analysis satisfies Benzécri’s principle of distributional equivalence,
when results are not changed if two proportional columns (or rows) are merged into one.

Benzécri’s principle in Definition 4 is very basic and widely used in elementary statistics.
For instance: consider a batch of 4 numbers z; associated with its prespecified weights
w; ¢ (2,1/4),(3,1/4),(7,1/4) and (2,1/4); then the batch is equivalent to the merged batch
(2,2/4), (3,1/4), (7,1/4).

Theorem 1. Let X = (z;5) for i = 1,2,..,1 and j = 1,...,J be a contingency table or
a compositional data set. Suppose the first two rows of X are proportional, x1; = Cxg; for
j=1,...,J, where C is a strictly positive constant. TLRA of X with a priori weights (w,LR, ch)
is equivalent to TLRA of X™9¢ = (z}7) fori=(1+2),3,...1 and j =1,...,J with weights

m R

(whm, ch), where T o = T1j + T2; and wim = wi + wl, and z} = wij and whm = ]

fori=3,.., 1.

Theorem 1 means the following;:

Suppose the first two rows of the correspondence table (p;; = x4/ ZZ j xi;) are proportional,
p1j = Cpg; for j =1,...,J, where C is a strictly positive constant; and (pz?erge) is the merged
correspondence table of size (I — 1) by J, such that

PS3y; =P+ Py with weights (w{iy);, wy)
P9 =py for i=3,.., I with weights (w;",wS)

and consider the bilinear decompositions

k
Xij =Y fa(D)gal§) /e for i=1,., and j=1,...J
a=1



Austrian Journal of Statistics 51

k
ADTIC =N " f(i)g ()0 for i=(142),...] and j=1,..,J.
a=1

Then
o (1+2) = fa(1) = fa(2)
(i) = fa(i) fori=3---1
90 (3) = 9a(J)
527 = da

The proof is found in the Appendix.

Corollary 1. Marginal-dependent TLRA (mwTLRA) satisfies Benzécri’s principle of distri-
butional equivalence.

Corollary 2. TLRA with prespecified weights, and in particular wvwTLRA, does not satisfy
Benzécri’s principle of distributional equivalence.

5.3. Aitchison’s principle of subcompositional coherence

In a paper entitled Principles of compositional data analysis, Aitchison (1994) summarized
his main ideas.

The first is the compositional /distributional equivalence of two proportional compositional
vectors that we stated in Definition 2; which is quantified as a point in unit simplex, see
subsection 2.1.

The second is scale invariance of units for each compositional vector of J parts as we provided
an example in section 2.

The third, which seems to be the most important, is the principle of subcompositional coher-
ence. We think the scale invariance of the odds ratios in Yule’s principle, is intimately related
to the principle of subcompositional coherence in the following way. Let N be a count data
set which can be interpreted both as a contingency table (the row variable has I levels and
the column variable has J columns) and a compositional data set (I individuals, also named
samples, of J compositional parts); see for instance the rodent data set in Example 2. As
a contingency table, we consider the scale invariant odds ratios of the rows (i,4;) and the
columns (7, j1)

PijPiy _ Pij/Pijs (22)

PijiPinj  Ping/Pinjr
which compares the ratio of two odds: the odd of (7, ;1) given level ¢ and the odd of (j,j1)
given level i;. Now suppose that the data set is compositional, then the odds ratio (22) will
compare the relative variation of the odds (7, j1) of two individuals (7,;); for an individual 4
the scale independent representation of a compositional vector will be the odds p;;/pij, . So the
set of distinct but redundant odds of size J(J—1)/2, will be a scale invariant representation of
the compositional vector. That is the relative values of the components are the basic building
blocks in a composition; in addition these relative values of components are unchanged for a
subset of parts. This evident and important observation by Aitchison is named principle of
subcompositional coherence; in fact it can be considered a corollary to Yule’s odds ratio.

Another consequence in considering the ratio p;;/pi;, is, by fixing , without loss of generality,
J1 = J, one gets (J — 1) distinct but basic odds p;;/p;; of size (J — 1), named (alr) transfor-
mation. The clr transformation is p;;/ exp(Gi) of size J, where exp(G;y) is the geometric
mean defined in subsection 4.1.

Another important contribution of CoDA is Aitchison’s geometry, which is the use of Eu-
clidean geometry restricted in the simplex. This has the practical-useful consequence that
a lot of classical multivariate statistical theory can easily be applied in CoDA. But other
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geometries in the simplex have been studied, see for instance Nielsen and Sun (2017), which
to our knowledge have not been applied in CoDA; TSVD falls in this category.

We emphasize the fact that only the principal components analysis of the covariances of the
clr tansformed compositional data is mathematically identical to Goodman’s RC association
model.

Isometric logratio transformation

Another active topic in CoDA is isometric logratio (ilr) representation, introduced by Egozcue
and Pawlowsky-Glahn (2005), and further developed by Fiserova and Hron (2011) and Hron,
Filzmoser, and De Caritat (2017); it is developed within the Euclidean geometry. Isometry
is the study of group transformations that keeps distances invariant between any two points
in a metric space. Given that each metric space can be characterized by its algebraic group
isometries, isometries in the Euclidean space are characterized by the construction of an
orthonormal basis, which can be topic based or data based. In CoDA, ilr transformation
is implicitly considered topic based, similar to the use of discrete wavelet transform used in
image compression, see Strang (2019). Egozcue and Pawlowsky-Glahn (2005, 2019) presented
topic based “easily interpretable” ilr transformation named sequential binary partition (SBP)
of the J parts (almost identical to the discrete Haar wavelet transform); the topic based SBP
can be replaced by or compared with a data based SBP by TSVD.

A particular kind of ilr is the pivot logratios (plr), where the orthonormal basis has a triangular
shape apart from the first row. For example for J = 5 parts, the orthonormal basis is

VAV VAV B VAVE T VAVS B VYA
4/v/20 —1/v/20 —1/v/20 —1/v/20 —1/4/20
0 3/V12  —1/V/12 —1/V/12 —1/V/12
0 0 2/V/6  —1/vV6  —1/V6
0 0 0 V2 —1/V/2

This has very simple interpretation displaying the importance of the log parts in the following
sense. We designate the 5 columns by the 5 ordered log parts x(;): x(1) = T2) = x(3) = T) >
z(5) according to their importance. Then, the second row shows that the first log part, z(q),
being the most important opposes to the rest and it is eliminated; the third row shows that
the second most important log part z() opposes to {x(g),fc(4),w(5)} and it is eliminated;
and so on. The underlying idea is that each row starting with the second is made up by
a heavyweight log-part. In CA heavyweights are discussed by Benzécri (1979) and Lebart
(1979), in TCA by Choulakian (2008b).

Finally, we mention Greenacre (2020)’s amalgamated or summated logratios (slr).

6. Quantifying the intrinsic quality of a taxicab principal axis

We briefly review the quality of measures of a principal dimension in the Euclidean frame-
work, then within the Taxicab framework. We think this comparison will be insightful, see
Choulakian (2021).

6.1. Euclidean framework

Within the Euclidean framework a common used measure of the quality of a principal dimen-
sion a of the residual matrix X; described in (13), is the proportion of variance explained (or
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inertia in the case of CA)

71(a) = proportion(explained variance of dimension «)

2
o

> 3=103
oa

Z(z’,j) ]Xl(z',j)|2'

g for a=1,...,k

Another variant is

To(a) = proportion(explained residual variance of dimension )

2
a

-k 2
Eﬁza Gﬁ

2
_ 9q

g X6 )1

Note that 7i(«) and 7a(«) are extrinsic measures of quality of the residuals in the residual
matrix X, because they compare the intrinsic dispersion of a principal axis o2 to the total
dispersion ZZ:l o2 or to the partial residual dispersion Zg: o 0[23. Furthermore we have the
following evident result lemma 3 that should be compared with Lemma 4. In Lemma 3a
(upper bound of 1 is not attained) while in Lemma 4a (upper bound of 1 is attained).

7 for a=1,...,k

Lemma 3.
a) 1> () fori=1,2 and fora=1,...k— 1.
b) Fora =k, 1 = m(a).

6.2. Taxicab framework

The Taxicab variant of 75 is particularly adapted in TSVD
da

> 6.5 1 Xa(d0)I

which we will interpret as a new intrinsic measure of quality of the signs of the residuals in
the residual matrix X, for a =1, ..., k.

QSRa =

Let SUS = I; be the optimal principal axis partition of I;, and similarly T UT = J; be
the optimal principal axis partition of Ji, such that S = {i : an(i) > 0} = {i : v4(i) > 0} and
T =A{j:ba(j) >0} ={j:ua(y) >0} by (4). Thus the data set is divided into 4 quadrants.
Based on the equations (18), we define a new index quantifying the quality of the signs of the
residuals in each quadrant of the ath residual matrix X, for a« =1, ..., k.

Definition 5. For a =1, ..., k, the measure of the quality of the signs of the residuals in the
quadrant £ x F' C I; x Jp is

[0}

()

1,7 pz'
QSR.(E,F) = 2 i)PxF Eg) and by (21)
)

«
(,))EEXF Ip i,j)|

5o /4

= - for (E,F) = (S,T)or (S,T)
Z(i,j)eExF |p(i,j)|
—00 /4

= - for (E,F) = (S,T)or (S,T)
2 ijerxr P )]

for E=S and S, and, F =T and T. Sometimes we express it also in %.
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We have the following easily proved

Lemma 4.

a) -1 < QSR.(E, F) < 1; furthermore, QSR, = 1 if and only if QSR (S, T) = QSR.(S,T) =
—QSR,(S,T) = —QSR,(S,T)=1 fora=1,...,k— 1.

b) For a =k, QSR, = 1.
The interpretation of QSR (E, F) = +1 is that in the quadrant E x F the residuals have
one sign; and this is a signal for very influential cells or columns or rows; for an example see

Choulakian (2021). So Lemma 4 provides a necessary and sufficient condition for QSR, =1,
which is not true for 71(a) and 7 (a). Geometry plays its unique role.

Notation: QSR (+) = {QSR.(S,T), QSR.(S,T)} and QSR.(—) = {QSR.(S,T), QSR (S,T)} .
Remark 6. The computation of the elements of QSRq(+) and QSR (—) are done easily in
the following way. We note that the a-th principal azis can be written as
Uy = Ug+ + U,
where Ugy = (Uq + 17)/2 and us— = (uy — 1)/2; similarly

Vo = Vot + Vo,

where voy = (Vo +11)/2 and vo— = (v —11)/2, where 1 designates a column vector of 1’s
of size I. So
0 /4
« aT = )
QS Ra(ST) Vi, abs(Xo)uaq
S 00 /4
« 7T = )
Q5Ra(S.T) vl _abs(Xq)ua—
_ 0o /4
« aT = ’
QS5Ra(S.T) vl _abs(Xq)uat
— 00 /4
QSR(X(S7 T) - V:x_’_abS(Xa)ua_ )

where abs(Xqy) = (| Xa(3,4)]).

6.3. Zero counts

In CoDA and RC association models, data with zero values are changed into positive values,
so that the log transformation can be applied. Lubbe, Filzmoser, and Templ (2021) compare
different strategies proposed in the literature. Researchers often distinguish compositional
data that are counts (discrete) from continuous; an interesting discussion on counts compo-
sitional data, named lattice compositions, is discussed in Lovell, Chua, and McGrath (2020).
Here we present a flexible method that includes three different but related Bayesian estimators
of relative frequencies in the presence of zero counts in contingency tables.

First, for a contingency table with zero counts (n;;), Egozcue et al. (2015) consider the
modified table (n;; + 1/(IJ)) named Perks point estimator of the cell counts. This is a
particular instance of a Bayesian point estimator of the relative frequency of a cell with
Dirichlet prior having the general form of (n;; +wj)/(n +t), see (Bernard 2005, equation 4).
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Second, another solution is to consider the modified table (n;; + 1) based on arguments in
(Benzécri 1973b, p. 218) and Emerson and Stoto (1983), that we describe. We consider the
power family of transformations
To(nij) = n% fora >0
= log,(n;j +¢) for a =0.

Find the values of the constants b and ¢ such that the family of curves T,,(n;;) passes through
two common points T, (n;; = 0) = 0 and T, (n;; = 1) = 1 for o > 0. The solution is b = 2 and
¢ =1, and we call it the BES approach; which is equivalent to the Bayes-Laplace estimator,
see (Bernard 2005, subsection 3.2).

A third estimator mentioned by (Bernard 2005, subsection 3.2) is Jeffreys estimator when
c=1/2.

How can we decide the best, if it exists, among these three estimators? A flexible approach
that includes the three estimators is to consider the transformation

T(c) =log(nij +c¢) forec=1,1/2,1/(1J), (23)

and find the value of ¢ that maximizes QSR or QSR + QS Ry measures.

We note that for lattice compositions, it is sufficient to replace IJ by J above.

Remark 7. Another interesting observation is: Suppose Z = (z;;) is an incidence matriz,
a presence-absence data set, where z;; = 0 means level j is absent in the i-th individual,
zij = 1 means level j is present in the i-th individual. CA (or TCA) is a popular method for
the analysis of such tables, see for an example Choulakian and Abou-Samra (2020). Putting
Dij = Zij/zm- zij and supposing that the marginals p4; > 0 and p;y >0, CA (or TCA) data
reconstruction formula is

k
pij = p+ipit (L+ D fali)gal(i)/0a)-

a=1

Now suppose we apply uwLRA (or uwTLRA); observing logy(zi; + 1) = z;j, then the data
reconstruction formula is

2
pij = P/ T+ pir )T = 1/(I) + D fa(D)90(5)/ba;

a=1

which is the first-order approzimation of uwTLRA (or uwLRA) found in Remark 3b: a famil-
iar one known as a FANOVA ( factor analysis and analysis of variance), see Mandel (1971).

Remark 8. Here, we summarize how to analyze a contingency table or a lattice distribution
by CA, mwTLRA and wvwTLRA: we can have 4 cases.

Case 1a) There are not zero counts and there are not 2 proportional rows or columns: Then
we can analyze N by CA, mwTLRA or vwTLRA.

Case 1b) There are not zero counts but there are at least 2 proportional rows or columns:
Then we can analyze N or Npergea by CA or mwTLRA; and only N by vwTLRA.

Case 2a) There are zero counts and there are not 2 proportional rows or columns: Then we
can analyze N by CA, (N + c1;1’)) by mwTLRA or uwTLRA.

Case 2b) There are zero counts but there are at least 2 proportional rows or columns: Then we
can analyze N or Nperged by CA, (Nperged +c111;) by mwTLRA; and (Npoqified+c111’;) by
uwTLRA: where N podified = (njj) is computed in two steps to satisfy Lemma 1 and Proposition
2. In Step 1, n}j = n;j/ ged;, where ged; is the greatest common divisor of the strictly positive
counts of the i-th row (n;; >0 for j =1,...,J and i fized); in Step 2, nj; = nilj/gcd(nilj >0
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fori=1,..,1 and j fized). Step 1 is needed in case there are at least 2 proportional rows;
Step 2 is needed in case there are at least 2 proportional columns. Rodent data set in Example
2 is such an example where there are groups of 7 proportional rows, so Step 2 is not needed,

* 1
SO NG = 1.

7. Examples

Here we consider the analysis of two tables.

7.1. Food compositional data

The food compositional data set, displayed in Appendix 3, is of size 25 by 9 and analyzed
quite in Smail detail by uwLRA in Pawlowsky-Glahn and Egozcue (2011). These data are
percentages of consumption of 9 different kinds of food in 25 countries in Europe in the early
eighties. The 9 different kinds of food are: red meat (RM); white meat (WM); fish (F); eggs
(E); milk (M); cereals (C); starch (S); nuts (N); fruit and vegetables (FV). The 25 countries
are divided into 16 western (w) and 9 eastern (e) countries. It is evident that in Table 1,
TCA QSR; = 77.89% and mwTLRA QSR = 80.1% values are significantly higher than the
uwTLRA QSR; = 68.69%, so we choose either TCA or mwTLRA. On the maps displayed in
Figures 1, 2 and 3, the 9 food kinds are represented by their symbols and the 25 countries by
their symbols eastern (e) or western (w). Applying the R code in Appendices 2 and 3, one
sees that mwTLRA and TCA maps are very similar and they discriminate much better the
eastern and the western countries than the uwTLRA map: All eastern countries are clustered
in the third quadrant, except one located in the first quadrant. We also note that uwTLRA
map is very similar to LRA map in Pawlowsky-Glahn and Egozcue (2011).

In Table 1, we also presented the first three taxicab dispersion measures, d,, for a = 1,2, 3. §;
is of the same order for the three methods; however QSR values are different, which shows
that QSR are not related to d, in general.

Table 1: QSR in (%) of Food data for the first 3 dimensions

TCA
6 QSRa(+) QSRa(-) QSRa 04
1 (86.58,71.16) (-96.04, -65.21) 77.89 0.2524
2 (56.01, 61.84) (—64.99, -46.48) 56.40 0.1041
3 (83.11, 41.49) (-68.57, -54.06) 57.79  0.0848
mwTLRA
a QSR.(+) QSR (-) QSR, dq
1 (90.19, 78.02) (-94.91, -64.55) 80.11 0.2773
2 (b4.77, 67.23) (-66.49, -43.51) 56.21 0.1086
3 (81.41, 48.68) (-69.18, -55.59) 61.29  0.0939
uwTLRA
a QSR.(+) QSR (-) QSR, Oq
1 (87.43,63.19) (-89.99,-50.36) 68.69 0.2755
2 (47.57,68.06)  (-62.51,-47.07) 54.83 0.1541
3 (71.49,61.51) (-62.47,-62.94) 64.37  0.1443

7.2. Rodent abundance data

We consider the rodent data set of size 28 by 9 found in TaxicabCA in R package. This is an
abundance data set of 9 kinds of rats in 28 cities in California. Choulakian (2017) analyzed it
by comparing the CA and TCA maps; Choulakian (2021) showed that it has quasi-2-blocks
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Figure 1: mwTLRA plot of Food Compositional data

diagonal structure; furthermore Choulakian (2022) analyzed it by Goodman’s marginal-free
CA and marginal-free TCA methods.

Let N be the original data set of size 28 by 9; the following function in R calculates the
proportion of zero counts in N

e sum(N == 0)/length(N)
1] 0.6626984

The function “CombineCollinearRowsCols” in the package TaxicabCA in R merges the
rows and the columns of N, which are proportional; we see that the size of the Nmerged
is 21 by 9.

e Nmerged + CombineCollinearRowsCols(N, rows = T, cols = T)

o dim(Nmerged)
1] 21 9

Here, we are in the Case 2b of Remark 8: We can analyze N or Nyerged by CA, (Noperged
+c171;) by mwTLRA; and (Npodified +¢171’;) by uwTLRA. Nyodified can be calculated using
the package “numbers” by Borchers (2021) in the following way:

install.packages("numbers”)
library (numbers)
Nmodified +— N
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Figure 2: TCA plot of Food Composition data

nRow < nrow(N)
nCol <—ncol(N)
for (ii in 1:nRow) {
vpositive < filter(function(i) i > 0, NJii,1:nCol])
numb < length(vpositive)
if(numb < 2){gcd=vpositive}
else {ged=mGCD(vpositive)}
Nmodified[ii,1:nCol] < NJii,1:nCol]/gcd
}
Table 2 displays the numerical values of QSR, and d, for « = 1,2 for TCA, uwTLRA and

mwTLRA methods. For the last two methods, the optimal choice of the constant is ¢ = 1.
We summarize the numerical results in Table 1:

First, it makes sense, that the dispersion values of the uwTLRA and mwTLRA methods using
BES Bayes-Laplace estimator, ¢ = 1, are the smallest among the three methods BES, Jeffreys
and Perks.

Second, for the choice among the three methods TCA, uwTLRA or mwTLRA, QSR; is not
informative, while QS Rs is informative: The choice clearly is TCA or mwTLRA.

In conclusion, we prefer TCA, because it is unaffected by the presence of zeros. This example
shows that, the addition of a constant ¢ > 0 to a count data with zero cells complicates the
application of logratio methods. We completely agree with Egozcue, Pawlowsky-Glahn, and
Gloor (2018) who state “the presence of zeroes introduces a new source of contamination”.
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Figure 3: uwTLRA plot of Food Compositional data

8. Conclusion

In this paper, we, as dwarfs on the shoulders of three giants Benzécri-Goodman-Aitchison,
attempted to see further by relating theory with practice. First, we reviewed the principles
on which three interrelated well developed methods, for the analysis and visualization of
contingency tables and compositional data, are erected: CA based on Benzécri’s principle
of distributional equivalence, Goodman’s RC association model based on Yule’s principle of
scale invariance, and CoDA based on Aitchison’s principle of subcompositional coherence.

Second, we introduced a novel index named the intrinsic measure of the quality of the signs of
the residuals (QSR) for the choice of the preprocessing (double-centering), and consequently
of the method among TCA, mwTLRA and uwTLRA. The criterion is based on taxicab
singular value decomposition (TSVD) on which the package TaxicabCA in R is developed.
We presented a minimal R script that can be executed to obtain the numerical results and
the maps in this paper.

Third, we introduced a flexible method based on the QSR index for the choice of the constant
to be added to contingency tables with zero counts so that TLRA methods can be applied.

We conclude by re-citing (Tukey 1977, p. 400): “the general mazxim—it is a rare thing that a
specific body of data tells us clearly enough how it itself should be analyzed—applies to choice
of re-expression for two-way analysis”. In this paper we studied three choices of re-expression
for contingency tables and compositional data: TCA, mwTLRA and uwTLRA.

59
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Table 2: QSR in (%) and dispersions of Rodent data for the first 2 dimensions

TCA
QSR; QSR 01 [P
67.8 83.9 0.478 0.422
uwTLRA
Estimator QSR; QSR» 61 do
BES 69.1 57.5 0.403 0.198
Jeffreys 67.4 53.9 0.493 0.245
Perks 67.2 51.0 1.356  0.682
mwTLRA
Estimator QSR; QSR, 01 0o
BES 66.0 85.2 0.404 0.373
Jeffreys 65.2 83.8 0.466 0.425
Perks 64.4 74.6 0.891 0.735

Do all roads lead to Rome? In unipolar world, yes; but in multipolar world, no. In the
analysis of contingency tables and compositional data, the world is multipolar.
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Appendix 1

Proposition 2. TCA and TLRA satisfy the distributional/compositional equivalence prop-
erty. That 1s,

k
)\z‘j = Z fa(i)ga(j)/‘sa with fa(l) = foz(2)'
a=1

Proof. We prove it for TLRA, the proof for TCA being similar. Without loss of generality,
suppose that the first two rows of the correspondence table (p;;) are proportional; that is,
p1j = Cpyj for j =1,...,J, where C is a strictly positive constant. The proof is composed in
2 steps.

First, we show that the interaction terms described in (11) satisfy
A1j = Agj.
We have

J
A1y =log(pry) — > wf log(p1;) — Gj + Gy
j=1

J
= log(Cpa;) — Y _ w§ log(Cpa;) — Gj + Gy
j=1
J
=log(C) + log(pz;) — Y _ w§ (log(C) +log(pe;)) — Gj + Gy
j=1

J
= Agj, because Zw]C =1.
Jj=1
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Second, we follow the Steps (1,2,3) described by equations (12,13,14,19) and the required
result follows easily. O

Theorem 2. Let X = (z;5) for i = 1,2,..,1 and j = 1,...,J be a contingency table or
a compositional data set. Suppose the first two rows of X are proportional, x1; = Cxa; for
j=1,....J, where C is a strictly positive constant. TLRA of X with a priori weights (wZR, w]C)
is equivalent to TLRA of X™e9¢ = (xz’;) fori=(142),3,...1 and j =1,...,J with weights
R

Rm _ R R — Rm _
; = 15 + wy; and wils = wi' + wy', and i} = x;; and w;"" = w;

(wFm wS), where iy
fori=3,..,1

142)5

Theorem 2 means the following;:

Suppose the first two rows of the correspondence table (p;; = x;;/ Z - x;5) are proportional,
= Cpgj for j =1,...,J, where C is a strictly positive constant; and (pzwge) is the merged

correspondence table of size (I — 1) by J, such that

Pl sy = P1j +pe; with weights (w(iTy), wf)
p:;;erge = pij for i = 3,..,1 with WelghtS ( R C)

and consider the bilinear decompositions

k
Xij =Y fa(D)gal§) /e for i=1,., and j=1,..J
a=1

merge me ga /5m for i= (1 +2)7377I and .7 = 17"'7‘]‘

Then

Jar(1+2) = fa(1) = fa(2)

Proof. We sketch the steps for a proof:

a) We show )\ﬁfg)e = Ao and we use 1 2.

N = B Z f g8 (a1
J I
R merge C R merge
- Zwi log(p(;73y,) + D D wf wilog(n{ (5.
i=1 j=1i=1

Let us consider separately the four terms, T% for ¢ = 1,2,3,4, on the right-side of equation
(A1).

Tl = log(pﬁfg)e)
= log(C + 1) + log(pa;)-

J
T2=> w§TI
j=1

J
=log(C+1)+ Z ch log(p2;)-
j=1
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I
75 = Y ulog(s) ")
=1

I
=) witlog(pij) +w(iTy) log(py 5y
i>3

I
=Y wftlog(pij) + (wi + wf) [log(C + 1) + log(pz;)]
>3

I
= Z wllog(pij) + (wit + wi)log(C + 1) + witlog(p1;/C) + wi log(p2;)
i>3

I
= Z wilog(pi;) + (Wi + wl) log(C + 1) — witlog(C).
i=1

Now

)\Zlerge:Tl—T2—T3+T4
= )\Qj = )\1j.

b) We show )\Z‘erge =\ fori=3,4,..,1

The proof is similar to a) above.

c) We use the three steps of section 4.2, where Step 1 is double-centering.

In Step 2: wZR)\l-jij = 22:1 aa(i)ba(j)/0a and wZRm)\Z-LergewC =Sk am(@)pm(j) /e,

J a=1 "«
aa(1) aa(2) aa(142)

where = =
wf wf‘ w{%—kwf ’

and b (j) = b7'(j).
In Step 3: Ay = Sy fa(i)ga()/0a and A9 = YOk f1(i)g(§)/0, where by c)
fa(l):fa<2):f&n(1+2)- 0

because of the equalities in a) and b). Furthermore, d, = 7'

Appendix 2: The R code

# dataMatriz holds the raw data

library (TaxicabCA)

dataMatrix = as.matrix(rodent)

rownames (dataMatrix) <— paste('_',1:28,sep="_")
colnames(dataMatrix) <— paste('C',1:9,sep="'_")
# TCA wvisualization

tca.Data <— tca(dataMatrix, nAxes=2 /algorithm = 'exhaustive')
tca.Data$dataName <— 'TCA'

plot (

tca .Data,

axes = c(1, 2),

labels.rc = c(1, 1),
col.rc = c¢('blue','red"'),
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pch.rc = ¢(3, 3, 0.1, 0.1),
mass.rc = c(F, F),
cex.rc = ¢(0.6, 0.6),
jitter = c(F, T)

)

rowProba <— apply(dataMatrix,1 ,sum)/sum(dataMatrix)

colProba <— apply(dataMatrix ,2 ,sum) /sum(dataMatrix)

nRow <— nrow(dataMatrix)

nCol <— ncol(dataMatrix)

#H TCOV, TLRA=uwTLRA and TWLRA=mwTLRA visualizations

and QSR computation

# Uncomment ONE to choose the method depending on the centering
centeringMethod <— 'TCA-TCOV'

centeringMethod <— 'uwTRA'

centeringMethod <— 'mwILRA'

### Step 1 — Centering the data matrix:

# According to the centering method chosen ABOVE

# TCA-TCOV Centering

if (centeringMethod = 'TCA-TCOV') {

Proba <— dataMatrix/sum(dataMatrix)

centeredDataMatrix <— Proba — rowProba %+% t(colProba)

}

37

## mwTLRA or uwTRA Centering

# Add 1 to each cell if there is a cell with 0 count

if (sum(dataMatrix = 0) > 0) {

#dataMatrizxl = dataMatriz + 1

#dataMatrizl = dataMatriz + 1/2

dataMatrixl = dataMatrix + 1/(nRowxnCol)

#rowS <— apply (dataMatriz ,1,sum)

#dataMatrizl = 10000xdataMatriz/rowS + 1

Proba <— dataMatrixl/sum(dataMatrix1)

}

logTaxa <— log(Proba)

# wwTRA centering

if (centeringMethod = 'wwIRA') {

Gj <— t(rep(1/nRow, nRow)) %% logTaxa

Gi <— logTaxa %+% rep(1/nCol, nCol)

Gt <— t(rep(l/nRow, nRow)) %+% logTaxa %+% rep(1/nCol, nCol)
Lambda <— logTaxa + rep(1l, nRow) %% Gt %+% t(rep(l, nCol)) —
((rep(1, nRow) %+% Gj) +(Gi %+% t(rep(1l, nCol))))
centeredDataMatrix <— Lambdax (rep(1/nRow, nRow) %% t(rep(1/nCol,
nCol)))

}

# mwTLRA Centering

if (centeringMethod = 'mwILRA') {

Gjtilda <— t(rowProba) %% logTaxa

Gitilda <— logTaxa %*% colProba

Gtilda <— t(rowProba) %% logTaxa %% colProba

Lambdatilda <— logTaxa + rep(1l, nRow) %% Gtilda %% t(rep(1,
nCol)) —

((rep (1, nRow) %% Gjtilda) +(Gitilda %+% t(rep(1l, nCol))))
centeredDataMatrix <— Lambdatilda*(rowProba %+% t(colProba))

}
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### Step 2 — Compute the Taxzicab SVD for the centered matrix
# Common to the 8 methods

nAxes <— 4 # Must have nAzes < min(nRow,nCol)

axesNames <— paste('Axis',l:nAxes,sep="'_")

# Create the matrices required to receive the results

rowScores <— matrix(NA, nrow = nRow, ncol = nAxes)
rownames (rowScores) <— rownames(centeredDataMatrix)
38

colScores <— matrix(NA, ncol = nCol, nrow = nAxes)

colnames(colScores) <— colnames(centeredDataMatrix )

dispersion <— rep(NA, nAxes) # matriz (0, nrow = nAzes, ncol = 1)
QSR <— matrix(NA, nrow = nAxes, ncol = 5)

colnames (QSR) <— c( '"VHU+', '"V-U-' [ '"V-U4+' | '"VHU-"' | TAILL")

rownames (QSR) <— colnames(rowScores) <— rownames(colScores) <—
names(dispersion) <— axesNames

residuals <— centeredDataMatrix

for (iiAxis in 1l:nAxes) {

# The search functions come from TazxicabCA

# Uncomment ONE search method — As of 2020, on a desktop computer,
# FEzxhaustive is only feasible for nRow < 22

axisResult <— SearchExhaustive(residuals)

# azisResult <— SearchCrissCross(residuals)

# avisResult <— SearchGenteticAlgorithm (residuals)

U <— axisResult$uMax

dispersion [iiAxis| <— axisResult$L1Max

rowScores [, iiAxis] <— residuals %% t(axisResult$uMax)

V <— sign(rowScores [, iiAxis, drop = F])

colScores [1iAxis, | <— t(V) %% residuals

# Compute the quality of the signs of the residuals (QSR) for each UV
"quadrant '

QSR[iiAxis ,1] <— 0.25xaxisResult$L1Max/sum(abs(residuals[V >= 0,U
>= 0]))

QSR[iiAxis ,2] <— 0.25xaxisResult$L1Max/sum(abs(residuals|[V < 0,U <
0]))

QSR[iiAxis ,4] <— —0.25xaxisResult$L1Max/sum(abs(residuals [V >= 0,U
< 0]))
QSR[iiAxis ,3] <— —0.25xaxisResult$L1Max/sum(abs(residuals|[V < 0,U >=

# Compute the owverall quality of the signs of the residuals
QSR[iiAxis ,5] <— axisResult$L1Max/sum(abs(residuals))

# Update the residuals for the next iteration

residuals <— residuals — rowScores|, iiAxis, drop = F] %%
(colScores [iiAxis ,,drop = F|/dispersion [iiAxis])

}

###  Step 3: Visualisation

# TCOV Visualisation

39
if (centeringMethod = 'TCA-TCOV') {
tcov.Data <— list (rowScores = rowScores, colScores = colScores,

dispersion = dispersion , dataName = '"TCOV')

# Add class 'tca' to the class of the list in order to

# call plot.tca from TaxicabCA automatically

class(tcov.Data) <— c(class(tcov.Data), 'tca")

# Open a graphics window outside of RStudio (if RStudio is wused)
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# dev.new(noRStudioGD = TRUE)
# Call plot.tca from TazicabCA (automatically: tlra.Data is class 'tca')

# Use labels.rc = c¢(1,1) only if the data has rownames and/or colnames.
# Otherwise, use labels.rc = ¢(0,0), ¢(1,0) or c(0,1)

plot (

tcov.Data,

axes = c(1, 2),

labels.rc = ¢c(1, 1),

col.rc = c¢('blue', 'red'),

pch.rc = ¢(5, 5, 0.1, 0.1),

mass.rc = c(F, F),
cex.rc = ¢(0.6, 0.6),
jitter = c(F, T)

)

}
# uwTLRA Visualisation

if (centeringMethod = 'uwwTRA') {

tlra.Data <— list (rowScores = rowScores*nRow, colScores = colScores*nCol,
dispersion = dispersion, dataName = 'uwTLRA')

class(tlra.Data) <— c(class(tlra.Data), 'tca'")

plot (

tlra .Data,

axes = c(1, 2),

labels.rc = ¢(1, 1),

col.rc = c¢('blue', 'red'),
pch.rc = ¢(5, 5, 0.1, 0.1),
mass.rc = c(F, F),

cex.rc = ¢(0.6, 0.6),
jitter = c¢(F, F)
)

}
40

# mwTLRA Visualisation

if (centeringMethod = 'mwILRA') {

twlra.Data <— list (rowScores = rowScores/(rowProba %% t(rep(1,nAxes))),
colScores = colScores/(rep(1,nAxes) %% t(colProba)),

dispersion = dispersion , dataName = 'mwILRA')

class (twlra.Data) <— c(class(twlra.Data), "tca')

plot (

twlra .Data,

axes = c(1, 2),

labels.rc = c(1, 1),

col.rc = ¢('blue', 'red'),
pch.rc = ¢(5, 5, 0.1, 0.1),
mass.rc = c(F, F),

cex.rc = ¢(0.6, 0.6),
jitter = c(F, T)

)

}

# Print the numerical results
options(digits=3)

print (centeringMethod)

print (dispersion)

print (QSR)
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Appendix 3: FOOD compositional data in R

# FOOD data set AJS

dataMatrix = matrix(c(10.1, 1.4, 0.5, 8.9, 0.2,
42.3, 0.6, 5.5, 1.7, 8.9, 14.0, 4.3, 19.9, 2.1,
98.0, 3.6, 1.3, 4.3, 13.5, 9.3, 4.1, 17.5, 4.5,
26.6, 5.7, 2.1, 4.0, 7.8, 6.0, 1.6, 8.3, 1.2,
56.7, 1.1, 3.7, 4.2, 9.7, 11.4, 2.8, 12.5, 2.0,
34.3.5.0, 1.1, 4.0, 10.6, 10.8, 3.7, 25.0, 9.9,
21.9, 4.8, 0.7, 2.4, 9.5, 4.9, 2.7, 33.7, 5.8,
26.3, 5.1, 1.0, 1.4, 18.0, 9.9, 3.3, 19.5, 5.7,
28.1, 4.8, 2.4, 6.5, 9.3, 4.6, 2.1, 16.6, 3.0,
43.6, 6.4, 3.4, 2.9, 8.4, 11.6, 3.7, 11.1, 5.4,
94.6, 6.5, 0.8, 3.6, 41,11.4, 12.5, 4.1, 18.8,
3.4, 18.6, 5.2, 1.5, 3.8, 10.2, 3.0, 2.8, 17.6,
5.9, 41.7, 2.2, 7.8, 6.5, 5.3, 12.4, 2.9, 9.7,
0.3, 40.1 4.0, 5.4, 4.2, 13.9, 10.0, 4.7, 25.8,
2.2, 24.0, 6.2, 1.6, 2.9, 9.0, 5.1, 2.9, 13.7,
3.4, 36.8, 2.1, 4.3, 6.7, 9.4, 4.7, 2.7, 23.3,
9.7, 23.0, 4.6, 1.6, 2.7, 6.9, 10.2, 2.7, 19.3,
3.0, 36.1, 5.9, 2.0, 6.6, 6.2, 3.7, 1.1, 4.9,
14.2, 27.0, 5.9, 4.7, 7.9, 6.2, 6.3, 1.5, 11.1,
1.0, 49.6, 3.1, 5.3, 2.8, 7.1, 3.4, 3.1, 8.6,
7.0, 29.2, 5.7, 5.9, 7.2.9.9, 7.8, 3.5, 24.7.
7.5, 19.5, 3.7, 1.4, 2.0,13.1, 10.1, 3.1, 23.8,
2.3, 25.6, 2.8, 2.4, 4.9, 9.5, 13.6, 3.6, 23.4,
2.5, 22.4, 4.2, 1.8, 3.7, 17.4, 5.7, 4.7, 20.6,
4.3, 24.3, 4.7, 3.4, 3.3, 4.4, 5.0, 1.2, 9.5

0.6, 55.9, 3.0, 5.7, 3.2
colnames(dataMatrix) <— c
rownames (dataMatrix) <— c¢

! !

'W','W',G','W','W,W,

Y
3
) ,nrow=25,byrow=T)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !
('RM', WM','E','M','F','C','S','N','FV')
(e "W'7'W','e'7'e'7'W'7'W','W'7'e'7'e',
e

! ! ! ! ! ! ! ! !

w','w o w! tw w! e )
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